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:�ÜÞ� ¥� .À�ª��üõ Â�� ßþ�Û��ì �f Þä ø ´¨� ¤�Èî ý�ûù�ÚÈ÷�¢ ¤¢ üÜÞä Åþ¤À� �b¹�µ÷ ��µî -1.Àª��üõ ¢À¹õ ùb¢�Ôµ¨�Â±¡ ö� Åþ¤À� üÈþ�õ¥� ùb¤ø¢ Âû ö�þ�� ¤¢ ùÀª ��¹÷� ý�ú����ª¥¤� -2¼Î¨ ßµê¤ Â���� �¹�µ÷ ¤¢ ø °ó�Îõ Ý�úÔ� Âõ� ¤¢ ö� ü±Æ÷ ´�Öê�õ ¥���¹÷� �úûøÂð Âþ�¨ �� �Æþ�Öõ �� ¤�î ßþ�) ´¨� �µª�¢ ö�þ�¹È÷�¢ üÞÜä.(´¨� �µêÂð�Æþ�Öõ ¤¢ �î ýÀ� �� ,´¨� á��µõ ý�úó�·õ ¥� ñ�õ��õ Â®�� ��µî -3.´¨� ÂµÈ�� Â��Â� �¨ �� ø¢ ,���Èõ ý�ú��µî ¢¤�À÷�µ¨� ���î ´¨� � ó�bÆõ ø ßþÂÞ� ý¢� þ¥ ¤� �Æ� ¢�Àã � ý�¤�¢ Â®�� ��µî -4Â� .À�� þüõ �õ�¢� °ÜÏ ù¥¤�±õ ���þÂÞ� �� ø ¥�ä� üó�Þãõ Ûþ�Æõ ¥�ßµÈð ÀþÀ� Ûþ�Æõ ñ�±÷¢ �� ý¥��÷ ¢Âð�ª Ýû ø §¤Àõ Ýû §�¨� ß�Þû.À÷¤�À÷ùÀª ù¢�¢ ©¥�õ� Û³�õ ¤��ê� �Â÷ ¥� ù¢�Ôµ¨� ��µî ¶��±õ ñ�¡ ¤¢ -5.¢�ªüõ ýÂ�ð¢�þ ø ©¥�õ� Âõ� âþÂÆ� °��õ ¤�î ßþ� ø ´¨��î ´¨� ��µî ù�ÂÞû üª¥�õ� ×Þî ¢��õ ¥� ù¢ÂÈê ×Æþ¢ ×þ -6�µª�¢ ©¥�õ� Âõ� ¤¢ üêÂÚª ¤��Æ� Â�� À÷���üõ ö� ¥� °¨��õ ùb¢�Ôµ¨�.Àª����Æ� ©¥�õ� Âõ� ¤¢ üÔÜµ¿õ ý�ûù��ª �� ö���üõ ��µî ßþ� ¥�¤�ú� §¤¢ ø¢ :Â�Ñ÷ .¢�Þ÷ ù¢�Ôµ¨� üÜ�Ü½� �¨À�û ø ñ�ÂÚµ÷� ,Û�Æ÷�ÂÔþ¢�¨ ø ,(2 ø 1 ü®�þ¤) ýÀ��ø �¨ §¤¢ ø¢ ,(2 ø 1 ü®�þ¤) ýÀ��ø.(��� ø �� ,� ü®�þ¤) ýÀ��ø ¤�ú� §¤¢ý�ûù�ÚÈ÷�¢ ¤¢ Óó�b õ Åþ¤À � �ú ó�¨ Û¬�� ��µî ßþ� À �� ÂûÅþ¤À� üÈþ�õ¥� �¤�¬ �� ÓÜµ¿õ ùb¤ø¢ ¤�ú� ¤¢ ø ´¨� ù¢�� ÓÜµ¿õý�ûüµ¨�î ý�¤�¢ À÷���üõ ÂÈ� ���Ê½õ �b Þû À�÷�Þû �õ� ,´¨� ùÀª¢¤�¢ �äÀµ¨� �Âµ½õ ùbÀ�÷��¡ ¥� °ÜÎõ ßþ� �� ÝÜä �� Óó�bõ .Àª�� ü÷�ø�Âê��µî ßþ� °ó�Îõ «�Ê¡ ¤¢ ý¢�ú�È�� �þ ø ¢�Öµ÷� ,�µØ÷ �÷�ð Âû �î,ö�Â þ� ´ã�¬ ø ÝÜä ù�ÚÈ÷�¢ ,×õ¤� ÷ ,ö�Âú � :§¤¢� ��) ö�Èþ� � � �¤.¢¤�ÁÚ� ö��õ ¤¢ (ü®�þ¤ ùbÀØÈ÷�¢�¤ °÷�� ßþ� �î ü÷�Æî �b Þû ¥� � � Ý ÷�¢üõ �¥� ¢�¡ Â � �¹� þ� ¤¢� � �î ü÷� þ�¹È÷�¢ �� .Ý�î ÂØÈ� À÷�ù¢�Þ÷ üû�ÂÞû Â�� ßþ� �b �ú� ¤¢�� ø À÷�ùÀþ¢Âð ö� öÀª Â�ùÀ÷��� ¶ä�� ¢�¡ ���� ¢¤�õ ��Ø÷ §�Øã÷�ü¨�¨� ����¬� ¢�¹þ� ¶ä� � ¢�¡ �b ÷�Þ�úê ��¤�ª� � � �î ü÷�¤�ØÞû¤�îÂ¨ ��÷ ø ü÷�µ¨¤¢�� �b Ü��¤ Ý÷�¡ ¤�îÂ¨ �¤ ��µî ßþ� .À÷�ùÀª ö� ¤¢ø À÷�ù¢�Þ÷ ²��� ×�
ü ¤̈�ê ¤��ê� �Â÷ ×Þî �� ñ�ãê ý¤À�� �b ÷�¥ Âê Ý÷�¡Çþ�Âþø ýÀ÷�ó�� ýÀúõ ý�ì� ���� ø åøÂê �®¤ ÀÞ�� ý�ì� �����¤ ÂØÈ� ñ�Þî ö��þ�ä ßþ� �b Þû æþ¤¢ü� ��Þ�¥ ¥� �¹�þ� ¤¢ �î ,À÷�ù¢�Þ÷,Photoshop ,Paint ý�û¤��ê� �Â÷ ×Þî �� ø Óó�bõ Í¨�� �úÜØª .�¤�¢.´¨� ù¢�Þ÷ ��ú� GSview ø Maple

���±þ¢�� Æ � � � ¯� ± �¤� ¤¢ ýÀ Ü � ø¢ ùb¤ø¢ × þ ¥� À Ü � ß � óø� �� µ î ß þ�� ú ÷� ° � �Â µ � � î ,À ª� �ü õ ü Ü � Ü½ � � ¨À � û ø ñ�Â Ú µ ÷� ,Û �Æ ÷�Â Ô þ¢��Æ� ¤¢ üÜ¬� á�®�õ .Ý þ�ùÀ � õ� ÷ "2 ü®� þ¤' ø "1 ü®� þ¤' �¤ü��±¨�½õ ý�û�±�� �� üþ��ª� ,üÜ�Ü½� �¨À�û ø ñ�ÂÚµ÷� ,Û�Æ÷�ÂÔþ¢�b ãó�Îõ �� ×�¨�î ü®�þ¤ ��ó�÷� ¤¢ .Àª��üõ ×�¨�î ü®�þ¤ ��ó�÷�Ûõ�ª �ãó�Îõ ßþ� .¢�ªüõ �µ¡�¢Â� ü¨À�Üì� ý�û�Ìê ß�� â���� «��¡�Ø�þ� Û�ó¢ �� .Àª��üõ "ñ�ÂÚµ÷�' ø "ÕµÈõ' ,"À�' ü¨�¨� Ç¿� �¨�� á�®�õ ,´Æ�÷ ßØÞõ ù¤�� ×þ �� Rn

→ Rm �Âê �� â���� �b ãó�Îõ�ãó�Îõ ¢¤�õ �Ü�Âõ �� �Ü�Âõ ÛØª �� ø ùÀª Ý�ÆÖ� ÓÜµ¿õ ý�úÈ¿���µî ßþ� � � Õ��Îõ �î) ×þ üõ�Þä ü®�þ¤ §¤¢ ¤¢ .¢Â�ðüõ ¤�Âì´ó�� ü�ãþ ,¢¢Âðüõ �ãó�Îõ R → R �Âê �� â���� ,(¢�ªüõ Åþ¤À�,ø¢ üõ�Þä ü®�þ¤ §¤¢ ¤¢ ,°ÜÎõ ßþ� ñ�Ê� ¥� Å� .m = n = 1,�µêÂð ¤�Âì �ãó�Îõ ¢¤�õ (ý¤�¢Â� â����) R → Rm �Âê �� â���� �Àµ���Âê �� â���� ù�Ú÷� ø (ùÂ�çµõ À�� â����) Rn

→ R ÛØª �� â���� Å³¨.¢Â�ðüõ ¤�Âì ü¨¤Â� ¢¤�õ (ý¤�¢Â� ý�ú÷�À�õ ø �úµª�Ú÷) Rn

→ RmÝ�ÖµÆõ Â�è �þ ø Ý�ÖµÆõ �î À�ª��üõ ü±ó�Îõ ,Â®�� ùb¤ø¢ ¶��±õ Âþ�¨.À÷Â�ðüõ ¤�Âì ù¢�Ôµ¨� ¢¤�õ �úµÞÆì Âþ�¨ ¤¢,¢Àä ��úÔõ ö��� �� ñø� ÛÊê ¤¢ .´¨� ÛÊê �÷ ý�¤�¢ ��µî ßþ�¤¢ .´¨� ùÀª �µ¡�¢Â� ÍÜµ¿õ ¢�Àä� ��úÔõ �ÂÏ �fµþ�ú÷ ø ö� Àª¤ Â�¨ßÞ® ø ´¨� ùÀª �ÂÎõ ��µî ¤¢ ù¢�Ôµ¨� ¢¤�õ â���� á��÷� �ø¢ ÛÊê×þ Âû ü��õÀÖõ«��¡ ø Ý�¨Â� üÚ÷�Ú� ,ü��õÀÖõ â���� �� üþ��ª��¨ ¥� üØþ � � ��¨ ÛÊê ¤¢ .´¨� ùÀþ¢Âð �ÂÎõ ×�ØÔ� � � �ú ÷� ¥�ßþ� ¤¢ .¢�ªüõ �µ¡�¢Â � â ��� � üÚµ¨�� � ø À� ü�ã þ ,üÜ¬� á�®�õ´þ�ú��� ý¥¤� Ýû ø �êÂÏ ×þ À� ,��ú�� âê¤ ö�� ü��ä�®�õ ÛÊê×þ â���� ÕµÈõ á�®�õ �� �¤�ú� ÛÊê ¤¢ .¢¢Âðüõ �ÂÎõ �úØ��îø ÕµÈõ«��¡ ñ�¬� ö��� ßÞ® ÛÊê ßþ� ¤¢ .¢�ªüõ �µ¡�¢Â� ùÂ�çµõñ�ÂÚµ÷� üÜ¬� «��¡ .¢¢Âðüõ �ÂÎõ ��÷ ö� ý�û¢Â�¤�î ,Û�Æ÷�ÂÔþ¢.¢Â�ðüõ ¤�Âì ü¨¤Â� ¢¤�õ Ý¹�� ÛÊê ¤¢ ýÂ�Úó�ÂÚµ÷� ý�úªø¤ ø ß�ãõ�÷.¢¢Âðüõ ö� � � ö� á�� µ õ ý�û¢Â �¤� î ø ß�ãõ ñ�ÂÚµ ÷� ÝÈª ÛÊê ¤¢ø ö�Âîü� ý�û��õ�¢ �� ß�ãõ ñ�ÂÚµ÷� üã�±Ï Ý�Þã� �î ,ùÂ¨�÷ ñ�ÂÚµ÷�âÞ� .¢Â�ðüõ ¤�Âì ü¨¤Â� ¢¤�õ ÝµÔû ÛÊê ¤¢ ,´¨� ö�Âîü� â���� �þü� ¤¢ ø �ó�± ÷¢ ��úÔõ �Ø÷� ÂÚõ ,´Æ�÷ ßØÞõ �f Þä ¢�Àä� ´þ�ú�� �ÛÊê ¤¢ .¢¢Âðüõ ÕÖ½õ ÝµÈû ÛÊê ¤¢ Âõ� ßþ� ;¢�ª �ÂÎõ ýÂ¨ ö��� �f µþ�ú÷ �î ¢�ªüõ �µ¡�¢Â� üã��� ý�úþÂ¨ ø �û�ó�±÷¢ ö��� �� ü÷�þ��.Àõ�¹÷�üõ üã��� ý�úþÂ¨ ¶½±õø 2 ,1 üõ�Þä ü®� þ¤ ,üõ�Þä ü®� þ¤ §ø¤¢ �î ´¨� �ú ó�¨(ü®�þ¤ �b µª¤ ö�þ�¹È÷�¢«�Ê¿õ) ��� ø �� ,� ­�þ¤ §ø¤¢ ��÷À ÷�� µ � �î ü±¨� � õ â�Âõ � õ� ,¢�ªüõ Åþ¤À � ¤�Èî ý�ûù�ÚÈ÷�¢ ¤¢�¤ ý¤ø� ß ê ø �� Ö � Ö½ � ,�� Ü ä �Â µ½ õ �¤�¥ø ��Êõ ý�ú ÜÊêÂ¨ÂÑ÷ ¤¢ ��÷ �¤ §¤¢ ßþ� ö�þ�¹È÷�¢ Íþ�Âª ñ�� ß�ä ¤¢ ø ù¢Âî ù¢¤ø�Â�§ø¤¢ ß þ� Åþ¤À � Â õ� � � � ú ó�¨ ¢�¡ �î Óó�b õ .¢¤�À ÷ ¢��ø ¢Â �Ú �ý�û¢¤�À÷�µ¨� �� ���� �� ��÷ ø °ÜÎõ ßþ� �� ÝÜä �� ,´¨� ù¢�� ñ�çÈõ.´¨� ù¢�Þ÷ Â�� ßþ� ßþøÀ� �� ��Àì� ,ö�ú� ¤¢ ¢���õ«�Ê¿õ �ú÷� ¥� ü¡Â� �î ´¨� ý��µÆ�Â� ��Ø÷ ý�¤�¢ ��µî ßþ�





40 . . . . . . . . . . . . . . �êÂÎØþ ¢øÀ� 4.341 . . . . . . . . . . . . . . ºþøÀ÷�¨ �b �Ìì 5.342 . . . . . . . . . . . À� ¢��ø �Àä ��±�� 6.343 . . . . . . . . . . . . . . . . . üÚµ¨��� 7.346 . . . . . . . . . . . . . �úØ��î ´þ�ú��� 8.349 . . . . . . . . . . . . . . Û³�õ ¥� ù¢�Ôµ¨� 9.351 Çþ�û¢Â�¤�î ø ÕµÈõ 451 . . . . . . . . . . . . . . . . . . ÕµÈõ 1.453 . . . . . . . . . . �úÖµÈõ ýÂ±� �b ±¨�½õ 2.456 . . . . . . . . . . . ��� �b ±�Âõ ý�ûÕµÈõ 3.459 . . . . . . . . . . . . . ��õÂµÆî� �b ó�bÆõ 4.462 . . . . . . üª�î ø Ä÷�Âð� ,ñø¤ ý�þ�Ìì 5.465 . . . . . . â���� Ý�¨Â� ¤¢ ÕµÈõ ¥� ù¢�Ôµ¨� 6.467 �úþø�Æõ�÷ ø �û¢�½�� ��±�� ¤¢ ÕµÈõ ¥� ù¢�Ôµ¨� 7.4ø ý¢Â �¤� î Û þ� Æ õ ¤¢ Õ µ È õ ¢Â �¤� î 8.470 . . . . . . . . . . . . . . . ��Üä ÂÚþ¢ ý�ûÇ¿�71 . . . . . . . . . . . . . . ñ�µ���û ùÀä�ì 9.472 . . . . . . . . . . . . . . . . ¤�Ü�� �b �Ìì 10.474 . . . . . . . . . . . . . . . . Û�Æ÷�ÂÔþ¢ 11.475 . . . . . . . . . . . . . . Û³�õ ¥� ù¢�Ôµ¨� 12.4

���¤À�õ ´¨Âúê
9 ¢Àä 19 . . . . . . . . . . üã�±Ï ¢�Àä� �ä�Þ¹õ 1.111 . . . . . . . . . . ¼�½¬ ¢�Àä� �bä�Þ¹õ 2.112 . . . . . . . . . . . . �þ�ð ¢�Àä� �bä�Þ¹õ 3.114 . . . . . . . . . . üÖ�Ö� ¢�Àä� �bä�Þ¹õ 4.116 . . . . . . . . . «�¡ ñ�õÂê ø ¢Àä À�� 5.117 . . . . . . . . . . ÎÜµ¿õ ¢�Àä� �bä�Þ¹õ 6.123 . . . . . . . . . . . . . . Û³�õ ¥� ù¢�Ôµ¨� 7.126 â��� 226 . . . . . . . . . . . . . . . . â��� ÓþÂã� 1.228 . . . . . . . . . . . . . . â���� Â� ñ�Þä� 2.230 . . . . . . . . . . . . . . . . â��� ¤�¢�Þ÷ 3.231 . . . . . . . . . . . â��� ¤�¢�Þ÷ ¤¢ ö¤�Ö� 4.233 üÚµ¨��� ø À� 333 . . . . . . . . . . . . . . . . À� ÓþÂã� 1.336 . . . . . . . . . À� �b ±¨�½õ ýÂ±� ©ø¤ 2.338 . . . . . . . . . . . . . . . . . ��ú�� âê¤ 3.35



107 ß�ãõ ñ�ÂÚµ÷� 6107 . . . . . . . . . . . . . . . ýÂþÁ³ó�ÂÚµ÷� 1.6111 . . . . . . . . . . . ß�ãõ ñ�ÂÚµ÷� «��¡ 2.6114 . . . . . . . . . . �µ��±þ� - ß���÷ �b �Ìì 3.6117 . . . . . . . . ß�ãõ ñ�ÂÚµ÷� ¤¢ Â�çµõ Â��ç� 4.6119 . . . . . . . ß�ãõ ñ�ÂÚµ÷� ¤¢ Ǒ�� �� Ǒ�� 5.6121 . . . . . . . . . . . . . ýÂ�Ú÷�Þó� ©ø¤ 6.6123 . . . . . . . . . . . . . ´��Æõ �b ±¨�½õ 7.6127 . . . . . . . . . . . . §�ì ñ�Ï �b ±¨�½õ 8.6129 . . . ¤�ø¢ ��Æ�� ´��Æõ ø Ý¹� �b ±¨�½õ 9.6131 . . . . . . . . . . . . . . Û³�õ ¥� ù¢�Ôµ¨� 10.6133 ùÂ¨�÷ ñ�ÂÚµ÷� 7133 . . . . . . . . . . . . . . . . . . ÓþÂã� 1.7136 . . . . . . . . . . . . üþ�ÂÚÞû ý�ú÷�õ¥� 2.7140 . . . . . . . . . . . . . ÏøÂÈõ üþ�ÂÚÞû 3.7142 . . . . . Âµõ�¤�� �� �µÆ��ø ùÂ¨�÷ ý�úó�ÂÚµ÷� 4.7147 . . . . . . . . . . . . . . Û³�õ ¥� ù¢�Ôµ¨� 5.7149 ý¢Àä ýÂ¨ ø �ó�±÷¢ 8149 . . . . . . . . . . . . . . �ó�±÷¢ ×þ À� 1.8152 . . . . . . . �û�ó�±÷¢ üþ�ÂÚÞû ý�ú÷�õ¥� 2.8160 . . . . . . . . �ó�±÷¢ À� �� â��� À� �bÎ��¤ 3.8161 . . . . . . . . . . . . . . . . . . .ýÂ¨ 4.8

77 ß�ãõ�÷ ñ�ÂÚµ÷� 577 . . . . . . . . . . . . . . . . . . ÓþÂã� 1.578 . . . . . . . . . . . . ýÂ�Úó�ÂÚµ÷� �b ó�bÆõ 2.580 . . . . . Â�çµõ Â��ç� ©ø¤ �� ýÂ�Úó�ÂÚµ÷� 3.582 . . . . . Ǒ�� �� Ǒ�� ©ø¤ �� ýÂ�Úó�ÂÚµ÷� 4.583 . . . . . . . . ýÂÆî â���� ¥� ýÂ�Úó�ÂÚµ÷� 5.589 . . ýÂÆî â���� ý�Â� üØ¨¢�ÂðøÂµ¨� ©ø¤ 6.5×þ ¥� ý¤Á� Ûõ�ª â���� ¥� ýÂ�Úó�ÂÚµ÷� 7.591 . . . . . . . . . . . . . . . . . �ø¢ ��¤¢ Ûõ�ä94 . . . . . . . ÛØª �� â���� ¥� ýÂ�Úó�ÂÚµ÷� 8.595 . . üÜ�Æ÷�ÂÔþ¢ ý��ÜÞ� ø¢ ¥� ýÂ�Úó�ÂÚµ÷� 9.596 . . . . . . . . . . . . Âóø� ý�ûÂ�çµõ Â��ç� 10.5ø §���¨ ¼�½¬ ý�ú÷��� ¥� ýÂ�Úó�ÂÚµ÷� 11.597 . . . . . . . . . . . . . . . . . . . . . §���Æî99 . . . . ü��·Ü·õ ý�þ�ð â���� ¥� ýÂ�Úó�ÂÚµ÷� 12.5ý�þ�ø¥ �� ü��·Ü·õ â���� ¥� ýÂ�Úó�ÂÚµ÷� 13.5100 . . . . . . . . . . . . . . . . . . . . . �ø�Ôµõ
P (x) cos(ax) ÛØª �� â���� ýÂ�Úó�ÂÚµ÷� 15.5101 . . . . . . . . . . . . . . . . . P (x) sin(ax) �þý�ó�óÁû ø ü��·Ü·õ ��þÀ±� ¥� ù¢�Ôµ¨� 14.5101 . . . . . . . . . . . . . . Ý¬� ý�úó�ÂÚµ÷� ý�Â�102 . . . . . . . �µê�þ Ý�Þã� Ǒ�� �� Ǒ�� ñ�õÂê 16.5103 . . . . . . . . . . . . . . ´Èð¥�� ©ø¤ 17.5105 . . . . . . . . . . . . . . Û³�õ ¥� ù¢�Ôµ¨� 18.5



173 üã��� ýÂ¨ ø �ó�±÷¢ 9173 . . . . . . . . . . . . . . . üã��� �b ó�±÷¢ 1.9178 . . . . . . . . . . . . . . . üã��� ýÂ¨ 2.9180 . . . . . . . ÛØÈØþ üþ�ÂÚÞû ý�ú÷�õ¥� 3.9181 . . . . . . . . . . . . . . . . ö��� ýÂ¨ 4.9
163 . . . . . . . . �úþÂ¨ üþ�ÂÚÞû ý�ú÷�õ¥� 5.8166 . . . . . . . . ÕÜÎõ üþ�ÂÚÞû ý�ú÷�õ¥� 6.8169 . . . . . . . . . . . Â��µêÂÈ�� ö�õ¥� À�� 7.8172 . . . . . . . . . . . . . . Û³�õ ¥� ù¢�Ôµ¨� 8.8





1 ÛÊê
¢Àäüã�±Ï ¢�Àä� �ä�Þ¹õ 1.1¥� � µ ¨¢ ß � óø� ,´¨� �À � � üã � ± Ï ¢�Àä� �� ÷ � î ý¤�Ï ö�ÞûÂû�Ò ���®�þ¤ ÂØÔ� Â�¨ Â�Æõ ¤¢ üã�±Ï ¤�Î� �î À�µÆû ý¢�Àä�.À÷Àõ� ¢���� ø ùÀªü�¤�¬ ¤¢ �¤ A ¢�Àä� ¥� ý��ä�Þ¹õ .ÓþÂã � 1.1.1ý�¥� �� �î Ý���ð ü�ø¤�õ ü�¤�¬ ¤¢ ø ,1 ∈ A �î Ý���ð ¤�ÀØþ.n+ 1 ∈ A Ý�ª�� �µª�¢ ý� n ∈ A ÂûÀ��î ­Âê .ñ�·õ 2.1.1

A = {1,2,3} , B = {5,6, · · · , n, n+ 1, · · ·} ,

C = {2,5} , D = {−1,0,1,2, · · · , n, n+ 1, · · ·} .ü�ø¤�õ B .´Æ�÷ ü�ø¤�õ üóø ,´¨� ¤�ÀØþ A �¤�¬ ßþ� ¤¢
D .ü �ø¤� õ � ÷ ø ´¨� ¤�ÀØ þ � ÷ C .´Æ� ÷ ¤�ÀØ þ ü óø ,´¨�.´¨� ü�ø¤�õ ø ¤�ÀØþ¤�À Ø þ ý¢À ä � ä� Þ¹ õ ß þÂ µ Ø �� î .Ó þÂ ã � 3.1.1ö�È÷ N ¢�Þ÷ �� ø ùÀ�õ�÷ üã � ±Ï ¢�Àä� �ä�Þ¹õ �¤ ü �ø¤� õ øÂÚþ¢ �¤�±ä �� .Ý�û¢üõ

N = {1,2, · · · , n, n+ 1, · · ·}
A = ù�Ú÷� ,Àª�� ü�ø¤�õ ø ¤�ÀØþ A ⊆ N Âð� ,��� ÓþÂã� �����,�úþø�Æ� ��±�� ¤¢ À�õ¢�¨ ý¤���� ö���ä �� ù¢�¨ ÝØ� ßþ� ¥� .N:¢�ªüõ ù¢�Ôµ¨� . . . ø �úþø�Æõ�÷«�Ê¡ ¤¢ üÞØ� P (n) Âð� .Ǒ�ÂÖµ¨� ��Ìì 4.1.1:Ý�÷�À� ø Àª�� n ¢Àä,´¨� ´¨¤¢ P (1) (Óó�,´¨� ´¨¤¢ P (n+ 1) ù�Ú÷� ,Àª�� ´¨¤¢ P (n) Âð� (�.´¨� ´¨¤¢ üã�±Ï n Âû ý�¥� �� P (n) ÝØ� ,�¤�¬ ßþ� ¤¢

�µêÂð ¤�Âì ÂÈ� ���� ¢¤�õ �î ´¨� ü®�þ¤ ��úÔõ ß�óø� ¢Àä��÷ ¢Àä ��úÔõ ,ÀþÀ� ý�û¥��÷ ¢�¹þ� ø ö�õ¥ ´ªÁð �� .´¨�ý��Ü�¨ø ö���ä �� �ú�� �¤ ¢Àä �Àµ�� ¤¢ ,�f ·õ .´¨� �µê�þ ©ÂµÆðÂ�è ¢�Àä� ¤�Ê� �� üõø�ó �¹�µ÷ ¤¢ ø À�µ¡��ªüõ ©¤�Þª ý�Â�.¢�±÷ üã�±Ï��úÔõ �î Àª �¥� ø ´êÂð ��� �±¨�½õ �� ¥��÷ �µê¤ �µê¤ ,�õ�¥� Å� .¼�½¬ ¢�Àä� �b ä�Þ¹õ :¢¢Âð �ÂÎõ ÂÔ¬ ø üÔ�õ ¢Àä�b ó�bÆõ ¤¢ �f ·õ ,Àõ� ¢���� ¢�Àä� ¥� ýÂÆî �b ±¨�½õ �� ¥��÷ ö��� ø ÂÔ÷ �¨ ß�� ¤�µØû ù¢ ´��Æõ �� ü��õ¥ Ý�ÆÖ� �� ¥��÷ �¤�.¢�±÷ ÂÆ�õ ¤�î ßþ� ¼�½¬ ¢�Àä� �� �î Àõ� Ç�� ýø�Æõ Ýú¨.Àþ¢Âð �ÂÎõ �þ�ð ¢�Àä� �bä�Þ¹õ �î ¢�� ¤�Ï ßþ�� � �î À ÷¤�¢ ¢��ø üþ�ú ó�Ï �î Àª ��Üãõ ö�õ¥ ´ªÁð � �Â� .√2 Â�Ñ÷ ,À�µÆ�÷ ö��� Û��ì üã�±Ï ¢�Àä� ¥� �þ�ð ýÂÆî ÛØªö���ä �� �¤ ßØÞõ ýÂ±� ý�úó�Ï �b Þû �b ä�Þ¹õ §�¨� ß�Þû.À÷¢�Þ÷ �ÂÎõ üÖ�Ö� ¢�Àä� �bä�Þ¹õ�¤ ¤�ð¥ø ¤ ö� ö�Æ÷� ý�û¥��÷ �b Þû ´Æ÷��µ÷ ��÷ �ä�Þ¹õ ßþ�¢�� �¥� �µ�ÆþÂµØó� ¤¢ �ÂÎõ Ûþ�Æõ ����� ¤¢ ,�f ·õ .À�î ù¢¤ø�Â�Ý�÷�¢üõ �î üó�� ¤¢ ;Àª�� ���� ý�¤�¢ x2 + 1 = 0 �b ó¢�ãõ �î¢��ø ­Âê .À�îüÞ÷ ëÀ¬ �ó¢�ãõ ßþ� ¤¢ ý�üÖ�Ö� ¢Àä º�û¢�Àä� �b ä�Þ¹õ ÓÈî �� Â¹�õ �î ¢�� �ó�bÆõ ßþ� ý�Â� ����.Àþ¢Âð ÍÜµ¿õüþ� � ¤�ú� ¢�Àä� .¢¤�¢ ø �µª�¢ �õ�¢� ö��»Þû ö�µ¨�¢ ßþ�.À�ª��üõ �úª�� �µ¨¢ ßþ� ¥� ßµÜ�õ�û üþ�� ´Èû ¢�Àä� ø üÜþ�î,´¨� ùÀª �µêÂð Ç�� ¤¢ ��úÔõ ßþ� ö��� ý�Â� Ûþ£ ¤¢ �î üªø¤.¢¤�¢ ��úÔõ ßþ� ü¿þ¤�� À÷ø ¤ �� �¤ üØþ¢�÷ Â·î� À�¥� � µ ¨¢ ö� � � ùÀ � ÷�� ¡ ü þ� � ª� Û Ê ê ß þ� ¥� éÀ ûñ�ÂÚµ÷� ø Û�Æ÷�ÂÔþ¢ ��Æ� ¤¢ �î ´¨� ý¢Àä ý�û�ä�Þ¹õ.N ⊂ Z ⊂ Q ⊂ R ⊂ C :À÷Â�ðüõ ¤�Âì ù¢�Ôµ¨� ¢¤�õ9



¢Àä .1 ÛÊê üã�±Ï ¢�Àä� �ä�Þ¹õ 1.1ßþ� ¤¢ ,4 ≤ n ø Àª�� ´¨¤¢ P (n) Âð� ,ùø�ã� .64 ≤ 81.n3 ≤ 3n ­Âê �� ��� �Âþ¥ ,´¨� ´¨¤¢ ��÷ P (n + 1) �¤�¬.3n3 ≤ 3n+1 :Ý��îüõ �Â® 3 ¤¢ �¤ ýø�Æõ�÷ ßþ� ß�êÂÏüê�î ,P (n + 1) üµ¨¤¢ ��±�� ý�Â� �î Ý��îüõ �Ñ��õ ö��î�:(n+ 1)3 ≤ 3n3 ¢�ª ´��� ´¨�
(n+ 1)3 − 3n3 = −2n3 + 3n2 + 3n+ 1

≤ −2n3 + 3n2 + 3n+ n2
= n2(−2n+ 7).´¨� ùÀª ��±�� ÝØ� ø 7 − 2n ≤ 0 Å� ,n ≥ 4 ö�� �î.´¨� ¼�½¬ ý� n ≥ 4 Âû ý�¥� �� ÝØ� ßþ�Â����:À��î ´��� ü®�þ¤ Ǒ�ÂÖµ¨� ¥� ù¢�Ôµ¨� �� .ßþÂÞ� 8.1.112 + 22 + · · · + n2 =

16n(n+ 1)(2n+ 1) (11+ 3+ · · · + (2n− 1) = n2 (21× 2+2× + · · ·+ n(n+ 1) =
13n(n+1)(n+ 2) (31+ 13 + 17 + · · · + 12n−1 < n2 ù�Ú÷� ,n ≥ 3 Âð� (4

n ¢�ª ùÀ÷��¡) n! = 1×2×3× · · · × n �î ü�¤�¬ ¤¢ (5.2n < n! ý� n ≥ 4 Âû ý�¥� �� ,( "Ûþ¤�µî�ê'ý� n Âû ý�¥�� (6.1× 1! + 2× 2! + · · · + n× n! = (n+ 1)! − 1��¿µ÷�' ¢�ª ùÀ÷��¡) (n
k

)

=
n!

k!(n− k)!
�î ü�¤�¬ ¤¢ (7:Ýþ¤�¢ ,("n ¥� kø ;(n0)+

(
n1)+ · · · +

(
n

n

)

= 2n (Óó�.(n1)+ 2(n2)+ · · · + n

(
n

n

)

= n2n−1 (���÷ n55 +
n42 +

n33 − n30 ¢Àä ,n üã�±Ï ¢Àä Âû ý�¥� �� (8.´¨� üã�±Ïý� n üã�±Ï ¢Àä Âû ý�¥� �� (911× 2(n1)− 12× 3(n2)+
13× 4(n3)− · · ·

· · · + (−1)n+1 1
n(n+ 1)

(
n

n

)

=
12 +

13 + · · · + 1
n+ 1üã�±Ï ¢�Àä� �bä�Þ¹õ ýÂ±� «��¡ ßþÂµÞúõ Âþ¥ �b �Ìì ¤¢.´¨� ùÀª ù¢¤ø�ù�Ú÷� ,n,m, l ∈ N Âð� .��Ìì 9.1.1

´¨� ý� n üã�±Ï ¢�Àä� �bÞû �bä�Þ¹õ A ⊆ N Ý��î­Âê :��±��,�¤�¬ ßþ� ¤¢ .Àª��üõ ´¨¤¢ �ú÷� ý�¥� �� P (n) ÝØ� �î,(�) ­Âê ����� ø ´¨� ¤�ÀØþ A �bä�Þ¹õ ,(Óó�) ­Âê ������¹�µ÷ 3.1.1 ÓþÂã� ¥� ßþ�Â���� ,Àª��üõ ü�ø¤�õ A �bä�Þ¹õ
2 .´¨� ��Þ� ö�ûÂ� ø A = N ,ßþ�Â���� ø N ⊆ A �î ¢¢Âðüõ,m üã�±Ï ¢Àä Âû ý�¥� �� �î À��î ´��� .ñ�·õ 5.1.113 + 23 + · · · + n3 =

14n2(n+ 1)2��� ÝØ� ÂÚÈþ�Þ÷ P (n) Ý��îüõ ­Âê ¤�Ñ�õ ßþ� ý�Â� .Û��¤�¬ ßþ� ¤¢ .´¨�
P (1) ≡ 13 =

14 (1)2(1+ 1)2 ≡ 1 = 1üµ¨¤¢ ø Àª�� ´¨¤¢ P (n) Ý��î ­Âê ñ�� .´¨� ¼�½¬ �î:Ý��îüõ ´��� �¤ P (n+ 1)13 + 23 + · · · + n3 + (n+ 1)3 =

= (13 + 23 + · · · + n3) + (n+ 1)3
=

14n2(n+ 1)2 + (n+ 1)3
=

14 (n+ 1)2(n2 + 4(n+ 1))

=
14 (n+ 1)2(n+ 2)2.´¨� ´¨¤¢ ��÷ P (n+ 1) ü�ãþ ßþ� �î

k0 À��î ­Âê .Ǒ�ÂÖµ¨� �b �Ìì Ý�Þã� ß�óø� 6.1.1.Àª�� üã�±Ï ¢�Àä� «�Ê¡ ¤¢ ý�ù¤��ð P (n) ø üã�±Ï ý¢Àä:�î Ý�÷�À� Âð�,´¨� ´¨¤¢ P (k0) (Óó�,´¨� ´¨¤¢ P (n + 1) ù�Ú÷� ,Àª�� ´¨¤¢ P (n) Âð� (�.´¨� ´¨¤¢ k0 ≤ n Âû ý�¥� �� P (n) ÝØ� ,�¤�¬ ßþ� ¤¢�î ¢�ª ­Âê 4.1.1 �b �Ìì ö�ûÂ� ¤¢ ´¨� üê�î :��±��
A =

{
m ∈ N

∣
∣´¨� ´¨¤¢ n = m+ k0 − 1 ý�¥� �� P (n)

}.A = N ßþ�Â���� ø ´¨� ü�ø¤�õ ø ¤�ÀØþ A �¤�¬ ßþ� ¤¢�þ ø Âµð¤�� ý�û n �bÞû ý�¥� �� P (n) ùb¤��ð �î À�îüõ ´��� ßþ�
2 .´¨� ¼�½¬ k0 �� ýø�Æõ
n ≥ üã�±Ï ¢Àä Âû ý�¥� �� �î À��î ´��� .ñ�·õ 7.1.1.n3 ≤ 3n ý� 4,�f ø� .n3 ≤ 3n ü�ãþ P (n) Ý��î ­Âê ¤�Ñ�õ ßþ� ý�Â� .Û�
P (4) ≡ 43 ≤ 34 ≡ �Âþ¥ ,´¨� ¼�½¬ P (4) �î ´¨� ßªø¤10



¼�½¬ ¢�Àä� �bä�Þ¹õ 2.1 ¢Àä .1 ÛÊê¼�½¬ ¢�Àä� �bä�Þ¹õ 2.1:Àª�� üã�±Ï ý¢Àä ,üã�±Ï ¢Àä ø¢ Û®�Ô� �î ¢¤�À÷ üõø�óöÀª Ýû�Âê ¤�Ñ�õ �� �î ´¨� �¥� Å� .3 − 4 = −1üã�±Ï ¢�Àä��ä�Þ¹õ ,ýÀã� ý�û¤�î ��¹÷� ý�Â� Â�°¨��õ ý¤����.Ý�ûÀ� ©ÂµÆð Âþ¥ �¤�Ê� �¤¢�Þ÷ �� �¤ x + y = x �ó�bÆõ ���� Âð� .ÓþÂã� 1.2.1�� �¤ x + y = 0 �ó�bÆõ ���� Âð� ��÷ ø Ý�û¢ ö�È÷ y = 0�¤�Ê� �¤ ¼�½¬ ¢�Àä� �bä�Þ¹õ ,Ý�û¢ ö�È÷ y = −x ¢�Þ÷
Z =

{
· · · ,−n, · · · ,−3,−2,−1,0,1,2,3, · · · , n, · · ·}.Ý��îüõ ÓþÂã�ù�Ú÷� ,n,m, l ∈ Z Âð� .��Ìì 2.2.1.n+m ∈ Z (âÞ� ö¢�� �µÆ�) (1.n+ (m+ l) = (n+m) + l (âÞ� ýÂþÁ³µîÂª) (2.n+ 0 = 0+ n (âÞ� ü·�¡ ¢��ø) (3.n+ (−n) = (−1) + n = 0 (üãÞ� §�Øãõ ¢��ø) (4.n+m = m+ n (âÞ� üþ�¹���) (5.nm ∈ Z (�Â® ö¢�� �µÆ�) (6.n(ml) = (nm)l (�Â® ýÂþÁ³µîÂª) (7.n0 = 0n = 0 (ÂÔ¬ ý¥�Æ���) (8.n1 = 1n = n (ü�Â® ü·�¡ ¢��ø) (9.n ≤ n (≤ ü���¥��) (10.n ≤ l ù�Ú÷� ,n ≤ m ø m ≤ l Âð� (≤ ýÀã�) (11.n = m ù�Ú÷� ,n ≤ m ø m ≤ n Âð� (12.m = n+ 1 ù�Ú÷� ,n < m ø m ≤ n+ 1 Âð� (13.n+ l ≤ m+ l ù�Ú÷� ,n ≤ m Âð� (14.nm ≥ 0 ù�Ú÷� ,n ≤ 0 ø m ≤ 0 Âð� (15

nm ≤ 0 ù�Ú÷� ,n ≤ 0 ø m ≥ 0 Âð� (16.nm ≤ nl ù�Ú÷� ,n ≥ 0 ø m ≤ l Âð� (17

.n+m ∈ N (âÞ� ö¢�� �µÆ�) (1.n+ (m+ l) = (n+m) + l (âÞ� ýÂþÁ³µîÂª) (2.n+m = m+ n (âÞ� üþ�¹���) (3.n ≤ n (≤ ü���¥��) (4.n = m ù�Ú÷� ,n ≤ m,m ≤ n Âð� (5.n ≤ l ù�Ú÷� ,n ≤ m,m ≤ l Âð� (6.m = n+ 1 ù�Ú÷� , n < m ≤ n+ 1 Âð� (7.nm ∈ N (�Â® ö¢�� �µÆ�) (8.n(ml) = (nm) + l (�Â® ýÂþÁ³µîÂª) (9.n1 = 1n = n (�Â® ü·�¡ ÂÊ�ä) (10.n(m+ l) = nm+ nl (âÞ� ¤¢ �Â® ýÂþÁ³ãþ¥��) (11.nl ≤ ml ù�Ú÷� ,n ≤ m (12.n+ l ≤ m+ l ù�Ú÷� ,n ≤ m (13ÛØª �� �µØþ �¤�Ê� �¤ üã�±Ï ¢Àä Âû .ÓþÂã� 10.1.1:´ª�÷ ö���üõ Âþ¥
n = a0 + 10a1 + 102a2 + · · · + 10kakø k ∈ N ö� ¤¢ �î
a0, a1, a2, · · · , ak ∈ {0,1,2,3,4,5,6,7,8,9}

n = :Ý�Æþ�÷üõ ø Ý�õ�÷üõ Ýì¤ �¤ �û ai ,´ó�� ßþ� ¤¢
n ý¤�Èä� Çþ�Þ÷ �¤ ¤�îÁõ �¤�±ä akak−1 · · · a2a1a0.Ý���ðüõ¢Àä ßþÂµð¤�� [x] Âð� �î À��î ´��� .ßþÂÞ� 11.1.1¢Àä Âû ý�¥� �� �¤�¬ ßþ� ¤¢ Àª�� x �� ýø�Æõ �þ ø ÂµØ��î¢�ªüõ ´ê�þ ý¤�Ï k ∈ {0,1,2, · · ·} ¢Àä ×þ ý� n üã�±Ï:À��î ­Âê .10k ≤ n < 10k+1 �î

ak =
[ n10k ] , ak−1 =

[
n− 10kak10k−1 ]

,

ak−2 =

[

n− 10kak − 10k−1ak−110k−2 ]

, · · ·.n = akak−1 · · · a2a1 �¤�¬ ßþ� ¤¢üã�±Ï ¢Àä ø¢ m ø n À��î­Âê .Ý�ÆÖ� �b �Ìì 12.1.1
r ∈ N∪{0} ø q ∈ N ¢�Àä� �¤�¬ ßþ� ¤¢ .m ≤ n ø À�û��¿ó¢0 ≤ r < ø n = mq+ r �î À÷�ªüõ ´ê�þ ö��� ,�µØþ �¤�¬ ��Ý�ÆÖ� ÛÞä ùÀ÷�Þ�ì�� �¤ r ,��Üä ��ÆÖõ �¤ m ,��ÆÖõ �¤ n .m.À�õ�÷11



¢Àä .1 ÛÊê �þ�ð ¢�Àä� �bä�Þ¹õ 3.1�þ�ð ¢�Àä� �bä�Þ¹õ 3.1ý�¤�¢ ø ´¨� �µÆ� �Â® ÛÞä �� ´±Æ÷ ¼�½¬ ¢�Àä� �bä�Þ¹õý�¤�¢ ö� ¥� �Ìä Âû �î ¢¤�À÷ üõø�ó �õ� ,´¨� ×þ ü·�¡ �Ìä2 ¤¢ �î ¢¤�À÷ ¢��ø ü½�½¬ ¢Àä º�û ,�f ·õ .Àª�� ü�Â® �b �þÂìÂþ¥ �¤�Ê� �¤ ÛØÈõ ßþ� .¢¢Âð ×þ Â��Â� Û¬�� ø ¢�ª �Â®.Ý��îüõ Û�ø m,n ∈ Z �î �¤ mx = n �b ó�bÆõ ���� .ÓþÂã� 1.3.1�� �¤ ü���ª� ß��� �bä�Þ¹õ .Ý�û¢üõ ö�È÷ n
m

¢�Þ÷ �� ,m 6= 0¢�Àä� .Ý���ðüõ �þ�ð ¢�Àä� �bä�Þ¹õ ö� �� ø ù¢�¢ ö�È÷ Q ¢�Þ÷ùø�ã� .ms = nt �î Ý���ð Â��Â� ü�¤�¬ ¤¢ �¤ s
t
ø n

m
ý�þ�ð,ßþ�Â���� .n =

n1 ∈ Q ù�Ú÷� ,n ∈ Z Âð� �î Ý��îüõ ¢�¢¤�Âì.N ⊂ Z ⊂ QÂÊ½�õ Çþ�Þ÷ ý�¤�¢ �î ¼�½¬ ø üã�±Ï ¢�Àä� é�¡ Â�:´ª�÷ ö���üõ �¤�¬ ´þ�ú��� �� �¤ �þ�ð ¢Àä Âû ,À÷¢�� ¢ÂÔ��ÂÎõ �¤ ù¢�¨ ÂÆî ��úÔõ ÛØÈõ ßþ� âê¤ ý�Â� .mn = mℓ
nℓ.Ý��îüõ

m ø n ¼�½¬ ¢�Àä� ø n

m
∈ Q Âð� .ù¢�¨ ÂÆî 2.3.1ý�¹� ù�Ú÷� ,À�ª�� ´ÞÆì Û��ì 1 < k ∈ N üã�±Ï ¢Àä ��,ùø�ã� .q =

m

k
ø p =

n

k
ö� ¤¢ �î Ý��îüõ ù¢�Ôµ¨� p

q
¥� n
m

n

m
¢Àä .À�ª�� ´±·õ �ûÂÆî �Â¿õ ù¤��Þû �î Ý�û¢üõ ���Â�ø Àª�±÷ ö¢Âî ù¢�¨ Û��ì �î Ý���ð ù¢�¨ ÂÆî ×þ ü�¤�¬ ¤¢ �¤.0 < m ùø�ã�ù¢�¨ ÂÆî ×þ �ÂÔ� �¤�¬ ×þ �� �fÖ�ì¢ �¤ �þ�ð ¢Àä Âû:´ª�÷ ¢�ªüõ

Q =
{ n

m

∣
∣
∣ n ∈ Z , m ∈ N , (n,m) = 1}ù�Ú÷� ,n,m, l ∈ Q Âð� .��Ìì 3.3.1.n+m ∈ Q (âÞ� ö¢�� �µÆ�) (1.n+ (m+ l) = (n+m) + l (âÞ� ýÂþÁ³µîÂª) (2.n+m = m+ n (âÞ� üþ�¹���) (3.n+ 0 = 0+ n = 0 (âÞ� ü·�¡ ÂÊ�ä) (4.n+ (−1)n = 0 (üãÞ� §�Øãõ ¢��ø) (5.nm ∈ Q (�Â® ö¢�� �µÆ�) (6.n(ml) = (nm)l (�Â® ýÂþÁ³µîÂª) (7

.nm ≥ nl ù�Ú÷� ,n ≤ 0 ø m ≤ l Âð� (18,0 < m ≤ |n| ø m,n ∈ Z Âð� .Ý�ÆÖ� �b �Ìì 3.2.1�î ¢¤�¢ ¢��ø ý¤�Ï q ø r ¢ÂÔ� ÂÊ½�õ ¼�½¬ ¢�Àä� ù�Ú÷�.0 ≤ r < m ø n = mq + r�÷�Þ�ì�� m Â� n Ý�ÆÖ� ¤¢ �î ü�¤�¬ ¤¢ .ÓþÂã� 4.2.1�¤ n ¢Àä m �þ ø ´¨� m ¥� ü�ÂÌõ n Ý���ðüõ ,¢�ª ÂÔ¬ r×þ m Ý���ðüõ ,m|n′ ø m|n Âð� .m|n Ý�Æþ�÷üõ ø ¢¤�Þªüõ
níÂµÈõ üÔ�õ�÷ Ûõ�ä ßþÂµØ��î .´¨� n′ ø níÂµÈõ Ûõ�ä.Ý�û¢üõ ö�È÷ (n, n′) ¢�Þ÷ �� �¤ n′ ø
n ∈ Z ¼�½¬ ¢Àä Âû .ý¤�Èä� Çþ�Þ÷ 5.2.1
k ∈ N ö�¤¢ �î ,´ª�÷ ö���üõ ±akak−1 · · · a1 ÛØÈ� �¤Çþ�Þ÷ ßþ� a1, · · · , ak ∈ {0,1,2,3,4,5,6,7,8,9} øý�úÈþ�Þ÷ ý�¤�¢ ¼�½¬ ¢Àä ø¢ Âð� ,ü�ãþ .´¨� ¢ÂÔ� ÂÊ½�õ.À÷Â��Â� ù�Ú÷� ,À�ª�� Â��Â�
k0 À��î ­Âê .Ǒ�ÂÖµ¨� �b �Ìì Ý�Þã� ß�õø¢ 6.2.1.Àª�� ¼�½¬ ¢�Àä� «�Ê¡ ¤¢ ý�ù¤��ð P (n) ø ¼�½¬ ý¢Àä´¨¤¢ P (n) Âð� (� ,´¨� ´¨¤¢ P (k0) (Óó� :�î Ý�÷�À� Âð�
P (n) ÝØ� ,�¤�¬ ßþ� ¤¢ ,´¨� ´¨¤¢ P (n+ 1) ù�Ú÷� ,Àª��.´¨� ´¨¤¢ k0 ≤ n ¼�½¬ ¢Àä Âû ý�¥� ���î ¢�ª ­Âê 4.1.1 �b �Ìì ö�ûÂ� ¤¢ ´¨� üê�î :��±��
A =

{
m ∈ N

∣
∣´¨� ´¨¤¢ n = m+ k0 − 1 ý�¥� �� P (n)

}.A = N ßþ�Â���� ø ´¨� ü�ø¤�õ ø ¤�ÀØþ A �¤�¬ ßþ� ¤¢�þ ø Âµð¤�� ý�û n �bÞû ý�¥� �� P (n) ùb¤��ð �î À�îüõ ´��� ßþ�
2 .´¨� ¼�½¬ k0 �� ýø�Æõ.ßþÂÞ� 7.2.1.À��î �±¨�½õ�¤ Ûþ¤�µî�ê 100 ¤¢ ¢���õ 2 Ûõ��ä ¢�Àã� (1ø �µê�þ ù¢¥�þ Â� n üã�±Ï ¢Àä ýÂþÁ�Ç¿� ý�Â� ü÷�õ¥� (2.À��î ´��� �¤ ö� Å³¨üÞì¤ ¤�ú� ¢�Àä� �î À����� ý¤�Ï �¤ abc üÞì¤ �¨ ¢Àä (3.À��î ëÀ¬ abc1 = 3× 2abc �bÎ��¤ ¤¢ 2abc ø abc1�û 1 ¢�Àã� ö� ¤¢ �î an = 1 · · ·1 − 2 · · ·2 À��î ­Âê (4¥� Âþ¢�Öõ ��Àî ý�¥� �� .´¨� n Â��Â� �û 2 ¢�Àã� ø 2n Â��Â�?´¨� Ûõ�î â�Âõ an ¢Àä ,n12



�þ�ð ¢�Àä� �bä�Þ¹õ 3.1 ¢Àä .1 ÛÊê
= 2+

310 +
3100 + · · · + 310n +

13× 10n
?
= 2+

310 +
3102 + · · · + 310n + · · ·Ý�û��¡ ö��� ý¢Àä ý�úþÂ¨ ´ÞÆì ¤¢ �fÀã� �¤ ? ýø�Æ� Û�ó¢:´ª�÷ ¢�ªüõ �î ´¨� Û�ó¢ ß�Þû �� .¢Âî73 = 2.333 · · ·3 · · · = 2.3ßþ� ¤¢ n

m
∈ Q Ý��î ­Âê .ý¤�Èä� Çþ�Þ÷ 6.3.1:´ª�÷ ö���üõ �¤�¬

n

m
= ± akak−1 · · ·a0*b1b2b3 · · · bn · · ·
= ±

(10kak + 10k−1ak−1 + · · ·

+10a1 + a0 +
b110 +

b2102 + · · · + bn10n + · · ·
).k ∈ N ��÷ ø bi, ai ∈ {0,1,2,3,4,5,6,7,8,9} ö� ¤¢ �î.Àª�� ý¤�Èä� Çþ�Þ÷ ×þ ý�¤�¢ �ú�� �þ�ð ¢Àä �î ¢¤�À÷ üõø�ó�f ·õ12 = 0*5 = 0*500 · · ·0 · · · = 0*499 · · ·9 · · ·�±¨�½õ ø Ý�Æþ��� n

m
ÛØÈ� �¤ �þ�ð ¢�Àä� �î ´¨� ö� Âµú�,37*4214242 ý�þ�ð ¢Àä ø¢ ö¢Âî âÞ� �f ·õ ,Ý��î!À¨¤üÞ÷ ÂÑ÷ �� ù¢�¨ -3*214522.ßþÂÞ� 7.3.1. 4√3+2 4√53−2 4√5 =

4√5+14√5−1 �î À�û¢ ö�È÷ (1�î À����� ý¤�Ï �¤ β ø α ý�þ�ð ¢�Àä� (2. 3√7+ 5√2 = α+ β
√29x3 − 6x2 + 15x − 10 = 0 �b ó¢�ãõ ý�þ�ð ý�û�Èþ¤ (3?¢¤�¢ �Èþ¤ �f ¬� �þ� .À����� �¤:Ý��îüõ ÓþÂã� n ∈ N ­øÂÔõ üã�±Ï ¢Àä �b¥� �� (4ý� n Âû ý�¥� �� À��î ´��� .Hn = 1 + 12 + · · · + 1

n.´¨� ¼�½¬ Â�è ý�þ�ð ¢Àä ×þ Hn1
n+ 1 <

p

q
<

1
n
�� ù¢�¨ ÂÆî ×þ p

q
À��î ­Âê (5

p

q
− 1

n+ 1 öÀª ù¢�¨ ¥� Å� �î À�û¢ ö�È÷ .´¨�.´¨� ÂµØ��î p ¥� Ç�¤�¬ �î ¢�ªüõ Û¬�� ýÂÆî�î p

q
ùb¢�¨ ÂÆî Âû �b¥�� �î À��î ´��� �bÂÖµ¨� �� Å³¨

.nm = mn �Â® üþ�¹���) (8.n1 = 1n = n (�Â® ü·�¡ ÂÊ�ä) (9.n× 1
n = 1 ù�Ú÷� ,n 6= 0 Âð� (ü�Â® §�Øãõ ¢��ø) (10.nm ≥ nl ù�Ú÷� ,m ≤ l ø n ≤ 0 Âð� (11.n+ l ≤ m+ l ù�Ú÷� ,n ≤ m Âð� (12.n(m+ l) = nm+ nl (âÞ� ¤¢ �Â® ýÂþÁ³ãþ¥��) (13.n ≤ n (≤ ü���¥��) (14.n ≤ l ù�Ú÷� ,m ≤ l ø n ≤ m Âð� (≤ ýÀã�) (15.m = n ù�Ú÷� ,m ≤ n ø n ≤ m Âð� (≤ ¶�Ü·�) (16.nm ≥ 0 ù�Ú÷� ,m ≤ 0 ø n ≤ 0 Âð� (17.nm ≤ 0 ù�Ú÷� ,m ≥ 0 ø n ≤ 0 Âð� (18.nm ≥ 0 ù�Ú÷� ,m ≥ 0 ø n ≥ 0 Âð� (19.nm ≥ nl ù�Ú÷� ,m ≥ l ø n ≥ 0 Âð� (20.m < l < n �î ¢¤�¢ ¢��ø ý� l ∈ Q ù�Ú÷� ,m < n Âð� (21,Ý�ÆÖ� ÛÞä �� ´±Æ÷ Q ö¢�� �µÆ� Â� ùø�ä �î ¢�ª ����¥� (21) ´�¬�¡ �� ��� �î ü�ãõ ßþ� �� ´¨� ñ�Ú� Q �bä�Þ¹õý�þ�ð ¢Àä×þ Ûì�� ,­øÂÔõ ý�þ�ð ¢Àä ø¢ Âû ß�� ,��� �b �Ìì.´ê�þ ö���üõ ÂÚþ¢,0 < m ≤ |n| ø m,n ∈ Z Âð� .Ý�ÆÖ� �b �Ìì 4.3.1�î À÷�ªüõ ´ê�þ ö��� r ø p ¢ÂÔ� ÂÊ½�õ ý�þ�ð ¢�Àä� ù�Ú÷��b ÷�Þ�ì�� �¤ r ø ´ÞÆì �¤�¡ �¤ p .0 ≤ r < m ø n = mp + r.Ý�õ�÷üõ m �� n Ý�ÆÖ���÷ ø üã�±Ï ¢Àä Âû .��µ¿õ�÷ ý¤�Èä� Çþ�Þ÷ 5.3.1,ü�ãþ) ´¨� ��µ¿õ ý¤�Èä� Çþ�Þ÷ ×þ ý�¤�¢ ¼�½¬ ¢Àä Âûßþ� �þ�ð ¢�Àä� ý�Â� üóø ;(üû��µõ ÂÔ¬ Óó�¿õ ��ì¤� ¢�Àã� ��.´Æ�÷ ´¨¤¢ ¤�Ñµ÷�ý¤�Èä� �¤�Ê� �¤ 73 ý�þ�ð ¢Àä ñ�·õ ö���ä �� À�����ö�� .Ý��îüõ ¤�î 13 ýø¤ Å� 73 = 2 +

13 ö�� .Ý�Æþ���:ßþ�Â���� . . . ø Ý��îüõ ¤�î 13 ýø¤ Â� Ýû ¥�� ,103 = 3+
1373 = 2+

13 = 2+
110 (3+

13) = 2+
310 +

130
= 2+

310+
1100 (3+

13) = 2+
310+

3100+
1300...13



¢Àä .1 ÛÊê üÖ�Ö� ¢�Àä� �bä�Þ¹õ 4.1.ßþÂÞ� 2.4.1Ûõ�î ¤øÁ¹õ �î ´¨� üã�±Ï ¢Àä ×þ n À��î ­Âê (1´��� .´ª�÷ ö���üÞ÷ m ∈ N �î m2 ÛØÈ� ü�ãþ .´Æ�÷.´Æ�÷ �þ�ð √n À��î«��¡ �b �Üî ý�¤�¢ Q(
√2) �bä�Þ¹õ �î À�û¢ ö�È÷ (2.´¨� 3.3.1¤¢ �øÂÈõÀ�û¢ ö�È÷ Å³¨ ø À��î ÓþÂã� Q(

√2) À�÷�Þû �¤ Q(π) (3.´¨� 3.3.1 ¤¢ �øÂÈõ «��¡ �b �Üî ý�¤�¢ �îÙ�ð 3√4+
√15 +

3√4−
√15 ¢Àä �î À�û¢ ö�È÷ (4.´¨�.Àþ¥�Æ� �¤ Q(

√2+
√2) �bä�Þ¹õ (5ßþ� ,´Æ�÷ �þ�ð √2 �î Ýþ¢�Þ÷ ùÀû�Èõ Ç¿� ßþ� ý�Àµ�� ¤¢×þ √2 Â�Ñ÷ �bÎÖ÷ ¤¢ �þ�ð ¢�Àä� Q �bä�Þ¹õ �î ´¨� ü�ãõ ö�À�.¢¤�À÷ üÖ�Ö� ¢�Àä� �bä�Þ¹õ �¤ ÛØÈõ ßþ� .¢¤�¢ ¢��ø ùÂÔ�.Àª��üõ ¥��÷ Âþ¥ ÓþÂã� �� ,°ÜÎõ ßþ� ¼�®�� ý�Â�ü�¤�¬ ¤¢ �¤ s ¢Àä .A ⊆ R À��î ­Âê .ÓþÂã� 3.4.1ý�¥� �� (Óó� �î Ý�û¢üõ ö�È÷ supA ¢�Þ÷ �� ø �µÔð A ��õÂ��¨ý� x ∈ A ×þ 0 < ǫ Âû ý�¥� �� (� .x ≤ s ý� x ∈ A Âû�µÔð A ��Þ�Ô�þ� ü�¤�¬ ¤¢ �¤ s ¢Àä .s − ǫ < x �î ¢�ª ´ê�þ�î Ý�û¢üõ ö�È÷ inf A ¢�Þ÷ �� ø.s ≤ x ý� x ∈ A Âû ý�¥� �� (Óó��î ¢�ª ´ê�þ ý� x ∈ A ×þ 0 < ǫ Âû ý�¥� �� (�.s+ ǫ > xÂû ý�¥� �� �î Ý���ð A ý��� ö�Âî ×þ ü�¤�¬ ¤¢ �¤ s ¢ÀäÝ���ð A ü����� ö�Âî ×þ ü�¤�¬ ¤¢ �¤ s ¢Àä .x ≤ sý� x ∈ A¥� ü�¤�¬ ¤¢ �¤ A �bä�Þ¹õ .s ≤ x ý� x ∈ A Âû ý�¥� �� �î�bä�Þ¹õ .Àª�� �µª�¢ ��� ö�Âî ×þ Ûì�À� �î Ý���ð ¤�À÷�Âî ���ß���� ö�Âî ×þ Ûì�À� �î Ý���ð ¤�À÷�Âî ß���� ¥� ü�¤�¬ ¤¢ �¤ A.Àª�� �µª�¢�¤�¬ ßþ� ¤¢ .A = [0;1] À��î ­Âê .(1 ñ�·õ 4.4.1ü÷�� ¤¢ ø x ≤ 1 ý� x ∈ A Âû ý�¥� �� �f ø� �Âþ¥ .sup(A) = 1�¹�µ÷ x = 1 ý�¥� �� ù�Ú÷� ,x ≤ ℓ ý� x ∈ A Âû ý�¥�� �� Âð�.1 ≤ ℓ �î ¢¢Âðüõ

´ê�þ ö��� nk, · · · , n2, n1 üã�±Ï ¢�Àä� ,0 <
p

q
< 1�î À÷�ªüõ

p

q
=

1
n1 +

1
n2 + · · · + 1

nk ñ�·õ ö���ä ��1915 =
12 +

2330 =
12 +

13 +
14 +

16 +
160

üÖ�Ö� ¢�Àä� �bä�Þ¹õ 4.1Ý�÷�¢üõ �î üó�� ¤¢ !?¢�ªüõ ÂÚõ ?´¨� �þ�ð ý¢Àä √2 �þ��bÎ��¤ c ø b ¤ø�¹õ á�®� ø a Â�ø �� �b þø��ó�Ý��ì ¶Ü·õ ×þ ¤¢
a2 = 2 Àþ�� b = c = 1 ý�¥� �� ø ,´¨� ¤�ÂìÂ� a2 = b2 + c2¢�ª ­Âê Âð� �Âþ¥ ,´Æ�÷ �þ�ð √2 ñ�� Âû ¤¢ !a =

√2 �þ,Àª�� ùÀª �µª�÷ ù¢�¨ ÂÆî �¤�¬ �� √2 =
n

m
ø √2 ∈ Q�¹�µ÷ ýø�Æ� éÂÏ ø¢ öÀ÷�¨¤ ø¢ ö��� �� �� .m√2 = n Ýþ¤�¢ø ´¨� �ø¥ n ü�ãþ ;´¨� �ø¥ n2 Å� ,2m2 = n2 ÝþÂ�ðüõ.m2 = 2k2 �þ 2m2 = 4k2 ßþ�Â���� .n = 2k ´ª�÷ ¢�ªüõ�¤�¬ �� �¤ m ø n ü�ãþ ,´¨� �ø¥ ��÷ m �¹�µ÷ ¤¢ ø m2 Å�

n

m
ÂÆî ö¢�� ù¢�¨ ­Âê �� ßþ� !¢Âî Ý�ÆÖ�¢�ªüõ ø¢ Â� ö�õ�Þû´ì�õ ��ä Q �� √2 ö¢ø�ê� ?¢Âî Àþ�� �� Å� .´¨� Ëì��µõÂµú� Q ¥� �ä�Þ¹õ ßþ� Q(

√2) =
{

a+ b
√2∣∣∣a, b ∈ Q

} :´¨�ßþ� ñ��b¨ Å� .√3 /∈ Q(
√2) �Âþ¥ ,´¨� ���ãõ ¥��û üóø ´¨�×þ ��÷ ��� �bä�Þ¹õ ��√3 ö¢Âî �ê�®� "?¢Âî Àþ�� ��' �î ´¨�:´¨� ´ì�õ ��ä

Q(
√2,√3) =

{

a+ b
√2+ c

√3+ d
√6 |a, b, c, d ∈ Q}�� ��¹÷� Â¨ Å� .¢�ªüõ ��÷ Âµ±ó�� π ¢Àä ¤�úÒ �� ö�µ¨�¢ ßþ� ø?¢Âî Àþ��:Ý��îüõ âê¤ Âþ¥ ÓþÂã� �� �¤ ÛØÈõ ßþ��¤�±ä Û¬�� .ÓþÂã� 1.4.1

±
(

ak × 10k + · · · + a1 × 10+ a0
+b1 × 110 + b2 × 1102 + · · · + bn × 110n + · · ·

)�bä�Þ¹õ .Ý�û¢üõ ö�È÷ ±ak · · · a0*b1 · · · bn · · · ÛØÈ� �¤üÖ�Ö� ¢�Àä� �bä�Þ¹õ ø ù¢�¢ ö�È÷ R ¢�Þ÷ �� �¤ ü���ª� ß���ý¢Àä ý�úþÂ¨ ´ÞÆì ¤¢ �fÀã� �î ü��ä�Ï� �� ���� �� .Ý�õ�÷üõ
lim
n→∞

rn �¤�Ê� �¤ r üÖ�Ö� ¢Àä Âû ,¢¤ø� Ý�û��¡ ´¨À�ø r = ±ak · · · a0*b1 · · · bn · · · ö� ¤¢ �î ´ª�÷ ¢�ªüõ.rn = ±ak · · ·a0*b1 · · · bn14



üÖ�Ö� ¢�Àä� �bä�Þ¹õ 4.1 ¢Àä .1 ÛÊê�ûÂÔ¬ ¢�Àã� ø k Â��Â� �Â¿õ ¤¢ ý�û 9 ¢�Àã� �¹�þ� ¤¢ �î.´¨� m Â��Â�
ℓ À��î ­Âê .üÖ�Ö� ¢�Àä� ü¨À�û Çþ�Þ÷ 9.4.1ø ùÀ�õ�÷ üÖ�Ö� ¢�Àä� ¤�½õ �¤ ö� ø Àª�� üÖê� ´¨�¤ Í¡ ×þ.Ý��î ��¿µ÷� Ǒ�À±õ ���� ö� Â� O ý��ÎÖ÷üêÂãõ üÔ�õ �¤ ö� ²� ´Þ¨ ø´±·õ �¤ Ǒ�À±õ ´¨�¤ ´Þ¨¤¢ ýÂ�ðù¥�À÷� 1 À��ø ö���ä �� �¤ üÎ¡ ù¤�� ñ�� .Ý��îüõ�� ø O ¥� ý�Àµ�� �� ø ,ö� ö¢�¢ ¤�Âì Ýû ü� ¤¢ �� ø �µêÂð ÂÑ÷Û¬�� ¯�Ö÷ .Ý��îüõ �¤Àõ �¤ ùÀõ� ´¨À� ¤�½õ ,´±·õ ´Þ¨ø �¨ ,ø¢ ,×þ ¢�Àä� �� ,Ǒ�À±õ ¥� áøÂª �� ø ý¢�ã¬ °��Â� �� �¤Ǒ�À±õ ²� ´Þ¨ ý�Â� �¤ ÛÞä ß�Þû .Ý��îüõ ý¤�Áð ù¤�Þª ...,-2 ,-1 ¢�Àä� �� ²� �� ´¨�¤ ¥� �¤ Û¬�� ¢�Àä� ø ù¢�¢ ��¹÷�ý�Â� ý��Ü�¨ø °��Â� ßþ� �� .Ý��îüõ ý¤�Áð ù¤�Þª ... ø -3.´¨� ùÀª Ýû�Âê ¼�½¬ ¢�Àä� Çþ�Þ÷ù¢ �� Û¬�� ��Þ�ÆÖ� ¥� ×þ Âû ö¢Âî Ý�ÆÖ� �� �õ�¢� ¤¢Ýû�Âê �¤ ±ā*b̄ �Âê �� ý¤�Èä� ¢�Àä� Çþ�Þ÷ ö�Øõ� ,ýø�ÆõÇ¿�´ÞÆì ù¢ �� ÀþÀ� ��Þ�ÆÖ� ¥� ×þ Âû Ý�ÆÖ� �� ,Å³¨ .Ý��îüõÝû�Âê �¤ ±ā*bc �Âê �� ý¤�Èä� ¢�Àä� Çþ�Þ÷ ö�Øõ� ,ýø�Æõ�� Õê�õ �fµþ�ú÷ ø ,Ý�û¢üõ �õ�¢� ö��»Þû �¤ ¤�î ßþ� .Ý��îüõ¤��Æ� üÖ�Ö� ¤�½õ Â� ¯�Ö÷ ,�õ� .Ýþ¢Âðüõ �þ�ð ¢�Àä� �bÞûÇþ�Þ÷.À�µÆû �þ�ð ¢�Àä� ¥� ÂµÈ��¥� �ó�±÷¢ ×þ À� ÛØª �� �¤ üÖ�Ö� ¢Àä Âû �Ø�þ� �� ���� ��ö���üõ ,(¢�ª ���� 1.4.1 ÓþÂã� ��) ´ª�÷ ö���üõ �þ�ð ¢�Àä�üãì�ø ö�Øõ �� �¤ üØþ¢�÷ Â·î� À� �î ´ê�þ üÖ�Ö� ¤�½õ Â� üÏ�Ö÷ßþ� ,´Ôð ö���üõ ´�ãì�õ ßþ� ¤¢ �î �»÷� !À÷¤�¢ ÂÑ÷ ¢¤�õ ¢Àä�î ´¨� ­Âê¢�Àä� �bä�Þ¹õ ö��õ ×�±Øþ ýÂÒ��� .Û¬� 10.4.1.¢¤�¢ ¢��ø üÖ�Ö� ¤�½õ Â� âì�ø ¯�Ö÷ �bä�Þ¹õ ø üÖ�Ö�Ǒ�È�õ ø ´¨� üÜ�Ü½� �b¨À�û ü�±õ ,Û¬� ßþ� üµ¨¤¢ ­Âê.Àª��üõ ���®�þ¤ ¤¢ ý¤��Æ� °ó�Îõ:°ÜÏ ù¥¤�±õ �ó�Æõ À�� .ßþÂÞ� 11.4.1¢Àä Âû �î À��î ´��� .´¨� üã�±Ï ý¢Àä n À��î ­Âê (1.´¨� ´ÞÆì Û��ì 3n Â� Ýì¤ 3n ��.n = 2k−1 ø ´¨� üû��¿ó¢ üã�±Ï ý¢Àä k À��î ­Âê (2
n ,ù��¿ó¢ üã�±Ï ¢Àä 2n − 1 Âû ß�� ¥� �î À��î ´���
n Â� �ú÷� á�Þ¹õ �î ¢�Þ÷ ��¿µ÷� ö���üõ ý¤�Ï �¤ ¢Àä.´¨� ´ÞÆì Û��ì

ßþ� ¤¢ .A = {x ∈ Q |x <
√2} À��î ­Âê (2 ñ�·õ�¹�µ÷ A ÓþÂã� ¥� .´Æ�÷ A �Ìä �î sup(A) =

√2 �¤�¬
ℓ = �¹�µ÷ ¤¢ ø ´¨� ÂµØ��î √2 ¥� A ¥� �Ìä Âû �î ¢¢Âðüõ
ℓ′ = (ℓ+

√2)/2 > ù�Ú÷� ,ℓ > √2 Âð� ñ�� .sup(A) ≥
√2Ëì��� �î Àª��üõ A üþ��� ö�Âî ×þ ø ´¨� ℓ ¥� ÂµÞî √2

ℓ =
√2 ßþ�Â���� .Àª��üõ�b �Üî ý�¤�¢ R üÖ�Ö� ¢�Àä� �bä�Þ¹õ .��Ìì 5.4.1:ùø�ã� .Àª��üõ Q ý�Â� 3.3.1 �b �Ìì ¤¢ �øÂÈõ «��¡.¢¤�¢ ��õÂ��¨ R ¥� üú� Â�è ø ¤�À÷�Âî ��� ¥� �bä�Þ¹õ Âþ¥ Âû (1.¢¤�¢ ��Þ�Ô�þ� R ¥� üú� Â�è ø ¤�À÷�Âî ß���� ¥� �bä�Þ¹õ Âþ¥ Âû (2.ßþÂÞ� 6.4.1ý��ä�Þ¹õ Âþ¥ A =

{

p ∈ Q

∣
∣
∣ p2 < 2} �î À�û¢ ö�È÷ (1��õÂ��¨ Q ¤¢ üóø ,´¨� Q ¤¢ üú�Â�è ø ¤�À÷�Âî ��� ¥���� ¤¢ �øÂÈõ ((2) ��÷ ø) (1) «��¡ Q ,ü�ãþ .¢¤�À÷.¢¤�À÷ �¤,À�ª�� (a−b3)b > 0 �� �þ�ð ¢�Àä� b ø a Âð� �î À�û¢ ö�È÷ (23√

a +
8b3 + a3b

√

a − b33b
+

3√
a −

8b3 + a3b

√

a − b33b.¢�� Àû��¡ �þ�ð ý¢Àä ��÷1 +
√2 + ,1 +

√2 Ù�ð ¢�Àä� ¥� üØþ a À��î ­Âê (3�þ ø (
√3 +

√2)/(
√3 −

√2) , 3√2 +
3√3 , 3√3 ,√3�� ý��ÜÞ� À�� ×þ .´¨�√√3+

√2+

√√3−
√2.Àª�� ö� �bÈþ¤ a �î À����� ý��÷�ð �� ¼�½¬ °þ�Â®ü�¤�¬ ¤¢ �¤ r ¢Àä ý¤�Èä� Çþ�Þ÷ .��Ìì 7.4.1,´ê�þ ö� ��ì¤� ¤¢ ùÀ÷�ª ¤�ÂØ� í�Ü� ×þ ö��µ� �î Ý���ð ý¤ø¢üÖ�Ö� ¢Àä .13 = 0*33 · · · �þ ø 3*2 = 3*200 · · · À�÷�õý¤ø¢ ý¤�Èä� Çþ�Þ÷ ý�¤�¢ �î ´¨� �þ�ð üµìø �ú�� ø üµìø r.Àª��.ßþÂÞ� 8.4.1�þ�ð −12*324 ø 325*211 ¢�Àä� �î À�û¢ ö�È÷ (1.À�Æþ��� ù¢�¨ ÂÆî ÛØÈ� �¤ �ú÷� Å³¨ ø À�µÆûø 0*1010010001 · · · ¢�Àä� �î À�û¢ ö�È÷ (2.À�µÆû Ù�ð 0*123456789101112 · · ·,À�ª�� Ýì¤ �û bi ø �û ai ø 0 ≤ n ∈ Z Âð� �î À�û¢ ö�È÷ (5ù�Ú÷�

n*a1a2 · · · amb1b2 · · · bk =

= n+
a1 · · · amb1 · · · bk − a1 · · · am99 · · ·900 · · ·015



¢Àä .1 ÛÊê «�¡ ñ�õÂê ø ¢Àä À�� 5.1
√2 ≈ 1*4142135624
√3 ≈ 1*7320508075
√5 ≈ 2*23606797753√2 ≈ 1*2599210503√3 ≈ 1*442249570
ln2 ≈ 0*6931471807
ln3 ≈ 1*0986122887
log e ≈ 0*4342944819

ln10 ≈ 2*3025850930
Γ
(12) =

√
π ≈ 1*7724538509

Γ
(13) ≈ 2*6789385347

Γ
(14) ≈ 3*6256099082ö�þ¢�¤ 1 = 180◦/π ≈ 57*29577951311◦ = π/180 ö�þ¢�¤ ≈ 0*0174532925:Ýþ¤�¢ y ø x ù��¿ó¢ üÖ�Ö� ¢�Àä� Ǒ�¥� ��

(x+ y)2 = x2 + xy + y2
(x− y)2 = x2 − xy + y2
(x+ y)3 = x3 + 3x2y + 3xy2 + y3
(x− y)3 = x3 − 3x2y + 3xy2 − y3
x2 − y2 = (x− y)(x+ y)

x3 − y3 = (x− y)(x2 + xy + y2)
x3 + y3 = (x− y)(x2 − xy + y2)
x4 − y4 = (x− y)(x+ y)(x2 + y2)
x4 + y4 = (x2 +

√2xy + y2)(x2 −
√2xy + y2):Ýþ¤�¢ n üã�±Ï ¢Àä ø y ø x ù��¿ó¢ üÖ�Ö� ¢�Àä� Ǒ�¥� ��

(x+ y)n = xn + nxn−1y +
n(n− 1)2 xn−2y2

+
n(n− 1)(n− 2)3!

xn−3y3 + · · ·

· · · + nxyn−1 + yn

(x− y)n = xn + nxn−1y − n(n− 1)2 xn−2y2
+
n(n− 1)(n− 2)3!

xn−3y3 − · · ·

· · · + nxyn−1 − yn

´��� .abc ≤ 1 ø À�µ±·õ üÖ�Ö� ¢�Àä� c ø b ,a À��î­Âê (3.a
b

+
b

c
+
c

a
> a+ b+ c À��î.À�µÆû x+y+z = 1 �� üÖ�Ö� ¢�Àä� z ø y ,x À��î­Âê (4.6(x3 + y3 + z3)2 ≤ (x2 + y2 + z2)3 À��î ´����� 259 ø 5 Ýì¤ �� 249 ´¨¤¢ 1000! ¤¢ �î À��î ´��� (51000! ý¤�Èä� Çþ�Þ÷ ¤¢ ,�¹�µ÷ ¤¢ ;¢¤�¢ ¢��ø 0 Ýì¤

n! ý�Â� �¤ ÝØ� ßþ� �þ� .¢¤�¢ ¢��ø ÂÔ¬ 249 ´¨¤¢?À�û¢ Ý�Þã� À�÷���üõ«�¡ ñ�õÂê ø ¢Àä À�� 5.1´Üä .Ýþ¥�¢Â�üõ «�¡ ¢Àä À�� üêÂãõ �� �Àµ�� Ç¿� ßþ� ¤¢¤¢ ùø�ã� ø ¢�ªüõ ù¢�Ôµ¨� §¤¢ �õ�¢� ¤¢ �ú÷� ¥� �î ´¨� ßþ� ö�ßµÆ÷�¢ ,¢�ªüõ ù¢�Ôµ¨� �ú÷� ¤¢ ���®�þ¤ �î ��Üä ý�û���õ¥ Âþ�¨¢�½�� À�� üêÂãõ �� �õ¢� ¤¢ .Àª�� �ÈÚû�¤ À÷���üõ ¢�Àä� ßþ�.Ýþ¥�¢Â�üõ À�Ôõ
n 2n 2−n n!1 2 0*5 12 4 0*25 23 8 0*125 64 16 0*0625 245 32 0*03125 1206 64 0*015625 7207 128 0*0078125 50408 256 0*00390625 403209 512 0*001953125 3*6288 × 10510 1056 0*0009765625 3*6288 × 106

π ≈ 3*1415926535
π/2 ≈ 1*5707963268
π/3 ≈ 1*0471975512
π/4 ≈ 0*7853981634
π/6 ≈ 0*5235987756
√
π = Γ

(12) ≈ 1*7724538509
e ≈ 2*7182818285

e/2 ≈ 1*3591409142
√
e ≈ 1*6487212707
eπ ≈ 23*1406926328
πe ≈ 22*459157718416



ÎÜµ¿õ ¢�Àä� �bä�Þ¹õ 6.1 ¢Àä .1 ÛÊê,ÂÚþ¢ ö��� �� .Àª��üõ Q ý�Â� 3.3.1 �b �Ìì ¤¢ �øÂÈõ «��¡.´¨� ö�À�õ ×þ �Â® ø âÞ� ñ�Þä� ù�ÂÞû �� Cø v = 2 − i ,u = 1 − i Âð� (1 .ñ�·õ 3.6.1ù�Ú÷� ,w = 3− i

uvw = u[vw] = (1− i)(2− i)(3− i)

= (1− i)
[

(6− 1) + (−2− 3)i
]

= (1− i)(5− 5i) = (5− 5) + (−5− 5)i

= 0− 10i = −10i.ù�Ú÷� ,v = 3− 4i ø u = 4+ 3i Âð� (2 ñ�·õ
u

v
= u

1
v

= (4+ 3i) 13− 4i
= (4+ 3i)( 39+ 16 +

49+ 16 i)
= (4+ 3i)( 325 +

425 i)
=

(1225 − 1225)+

( 925 +
1625) i = i.ù�Ú÷� ,z = 1+
√2i Âð� (3ñ�·õ

z2 − 2z + 3 = (2√2i− 1) − 2(1+
√2i) + 3 = 0:À��î �±¨�½õ �¤ Âþ¥ Âþ¢�Öõ ¥� ×þ Âû .ßþÂÞ� 4.6.11) (2− i)(1+ i), 2) (3− 2i)(2+ 3i),3)

4+ 2i3− 6i , 4)
1− i2+ i

(2+ 3i).
w2 + w + 1 = 0 �î ´¨� ÍÜµ¿õ ý¢Àä w À��î ­Âê (5ý¤�Ï �¤ b ø a üÖ�Ö� ¢�Àä� (w = −12 +

√32 i ,�f ·õ).7+ 5w + 3w21− 2w = a+ bw �î À��î ß��ã�:À��î �±¨�½õ �¤ Âþ¥ Âþ¢�Öõ6)
(1+ 2i)3 − (1− i)3
(3+ 2i)3 − (2+ i)3 ,7)
1+ i tan θ1− i tan θ

, 8)
(1− i)5 − 1
(1+ i)5 + 1 ..À��î ´��� �¤ 2.6.1 �b �Ìì ¥� (10) ø (7) ¢¤��õ (9

ÎÜµ¿õ ¢�Àä� �bä�Þ¹õ 6.1¢�Àä� �� ÂÈ� ¤�� ß�óø� ý�Â� �î ü÷�õ¥ ¥� ñ�¨ 450 �� ×þ¢�÷�õ�øÂ�ð ,ü¿þ¤�� ��À�µÆõ §�¨� Â� .¢¤Áðüõ Àª ��ª� ÍÜµ¿õ��ª� ÍÜµ¿õ ¢�Àä� �� 1545 ñ�¨ �� �î ´¨� üÆî ñø� 1 �÷�¢¤�î¢¤�¢ ñ�Þµ�� �î ¢�� �µØ÷ ßþ� ¥�Â�� ,¢�¢ ��¹÷� ýø �î ý¤�î .Àª!À�ª�� À�Ôõ Ǒ��ª� ßþ�2 üÜ±õ�� Û��ê�¤ �¤ ÍÜµ¿õ ¢�Àä� �� üÜÞä �b ±¨�½õ ß�óø� ,�õ�ö���üõ ©��ÜÞ� ßþ� ¤¢ �¤ ø� ¤�î �b¹�µ÷ .¢�¢ ��¹÷� 1572 ñ�¨ ¤¢:´¨� �µÔð �î ¢�Þ÷ �¬�¡´Ö�Ö� �� ùÀª �ÂÎõ ý�û��� �bÞû �î À¨¤üõ ÂÑ÷ ��!À�ª�±÷¢�Àä� ßþ� ¢��ø ©ÂþÁ� �Àä �þ ø ©ÂþÁ� ß�� ö�À�ÞÈ÷�¢,¢Âî Ǒ�À�� �¤ i ¢�Þ÷ �µ��±þ� �î 1702 ñ�¨ �� ø ,À÷¢�� ¢¢Âõ�µê¤ ¤�Ø� ����Î¬� ¤¢ �¤ ��ú�� ßþ� .´ª�¢ �õ�¢� À÷ø ¤ ßþ�üµ� .üõ�û�õ ¢Àä �þ ø ÍÜµ¿õ ¢Àä :¢�Þ÷ ùÀû�Èõ ö���üõ�bÎ��¤ ý¤�ÂìÂ� ¤¢ ÂÜþø� ö�� üð¤�� ö�À�®�þ¤ 1770 ñ�¨ ¤¢.À�îüõ üµÔÚª ¤�úÒ�√−2√−3 =
√6À÷Àª ñ�Öó� ÕÔµõ ö�À�ÞÈ÷�¢ �� À�Èî ñ�Ï ýÀþÀõ ý�ú�Àõßþ� �� ;À�µÆû ��÷ ¤�ð¥�¨ ,ùø�ã� ø À÷¤�¢ ¢��ø ¢�Àä� ßþ� �î ¤ üÌì��� �þ ø ��ú�� �÷�ð º�û ùÀª ��¹÷� ��±¨�½õ ¤¢ �î ü�ãõ�� §ø�ð Çþ¤¢Âê �î ¢�� ÝûÀ¹û öÂì ö�þ�� ¤¢ âì�ø ¤¢ .Àû¢üÞ÷Ýû�Âê ¢�Àä� ßþ� ü¨À�û ÝÆ¹� ý�Â� �¤ ù�¤ ÍÜµ¿õ �b½Ô¬ Ǒ�À��ß�� ü�ãþ) ñ�¨ Ûú� ¥� ÂµÞî ü÷�õ¥ �Àõ ¤¢ ö� ¥� Å� .¢�Þ÷ø üª�î ö�� ü÷�À�ÞÈ÷�¢ ´Þû �� ø (1851 ø 1814 ý�úó�¨.´ê�þ �ã¨�� �Àª �� ÍÜµ¿õ ¢�Àä� �b þÂÑ÷ ö�Þþ¤�¤�¬ �� �¤ ÍÜµ¿õ ¢�Àä� �bä�Þ¹õ .ÓþÂã� 1.6.1

C =
{
a+ bi

∣
∣ a, b ∈ R

}�¤�Ê� �¤ �Â® ø âÞ� ñ�Þä� �ä�Þ¹õ ßþ� Â� .Ý��îüõ ÓþÂã�:Ý��îüõ ÓþÂã� Âþ¥
(a+ bi) + (c+ di) := (a+ c) + (b+ d)i,

(a+ bi)(c+ di) := (ac− bd) + (ad+ bc)i.Ý��îüõ ¢�¢¤�Âì1 := 1+ 0i, 0 := 0+ 0i,
−(a+ bi) := (−a) + (−b)i,1
a+ bi

=
a

a2 + b2 +
−b

a2 + b2 i.�b �Üî ý�¤�¢ C ÍÜµ¿õ ¢�Àä� �bä�Þ¹õ .��Ìì 2.6.1
Girolamo Cardano1

Rafael Bombelli217



¢Àä .1 ÛÊê ÎÜµ¿õ ¢�Àä� �bä�Þ¹õ 6.1.|Im(z)| ≤ |z| ø |Re(z)| ≤ |z| (11
z ÍÜµ¿õ ¢�Àä� A ⊆ C �bä�Þ¹õ (1 .ñ�·õ 8.6.1.À��îÉ¿Èõ �¤ |z − 1| + |z + 1| > 4 ýø�Æõ�÷ ¤¢ ë¢�¬,´¨� ÕÜãµõ A �� z = a + bi À��î ­Âê ¤�Ñ�õ ßþ� ý�Â� .Û�ßþ�Â����

|a− 1+ bi| + |a+ 1+ bi| > 4,
√

(a− 1)2 + b2 +
√

(a+ 1)2 + b2 > 4,
(a− 1)2 + b2 − 8√(a− 1)2 + b2 + 16 > (a+ 1)2 + b2,2√(a− 1)2 + b2 > a− 4,4(a2 − 2a+ 1+ b2) > a2 − 8a+ 16,3a2 + 4b2 > 12.Óó�-2.1 ÛØª ¤¢ �¤ �ä�Þ¹õ ßþ� .a24 +

b23 > 1 �¹�µ÷ ¤¢.Ýþ�ù¢�Þ÷ Ý�¨Â�
3 ñ�·õ ¤¢ ¶Ü·õ (� 1 ñ�·õ ¤¢ A �bä�Þ¹õ (Óó� :2.1 ÛØªüµìø z1, z2, z3 ∈ C ÍÜµ¿õ ¢�Àä� �î À�û¢ ö�È÷ (2 ñ�·õø β ø α üÖ�Ö� ¢�Àä� �î À÷¤�¢ ¤�Âì ´¨�¤ Í¡×þ Â� üµìø �ú�� ø.α+β+γ = 0 ø αz1+βz2+γz3 = 0 �î À÷�ª ´ê�þ ö��� γ
z3 ø z2 ø z1 ¯�Ö÷ �î Ý��îüõ ���� ,¤�Ñ�õ ßþ� ý�Â� .Û�
−−→z1z2 ý�û¤�¢Â� �î À�ãì�ø ´¨�¤ Í¡ ×þ Â� üµìø �ú�� ø üµìø¢�ª ´ê�þ α À�÷�õ üÖ�Ö� ý¢Àä ü�ãþ ,À�ª�� ý¥��õ −−→z1z3 ø�þ z3 − z1 = t(z2 − z1) ÂÚþ¢ ö��� �� .−−→z1z3 = t−−→z1z2 �î¢�ª ­Âê ´¨� üê�î ö��î� .(t − 1)z1 − tz2 + z3 = 0�¤�¬ �� ÝØ� ßþ� ÅØä Â� .γ = 1 ø β = −t ,α = t − 1.Àª��üõ ��±�� Û��ì ���Èõø z1 + z2 + z3 = 0 À��î ­Âê (3 ñ�·õ

|z1| = |z2| = |z3| = 1á�®�� ýø�Æµõ ¶Ü·õ ×þ §��¤ z3 ø z2 ,z1 �î À�û¢ ö�È÷ÛØª �� .À�µÆû (C : |z| = 1 ,ü�ãþ) À��ø ùbÂþ�¢ ¤¢ ¯�½õ

À��î ­Âê .ÍÜµ¿õ ¢�Àä� ü�¤�î¢ Çþ�Þ÷ 5.6.1.´¨� üó�Þãõ ü�¤�î¢ �b½Ô¬ R2 = {(x, y) | x, y ∈ R}ÓþÂã� C ÍÜµ¿õ ¢�Àä� �bä�Þ¹õ ø R2 ß�� Âþ¥ �¤�Ê� ýÂÒ���´¨� ×�±Øþ ÂÒ��� ßþ� C ∋ a + bi 7→ (a, b) ∈ R2 :Ý��îüõ�¤ ÍÜµ¿õ ¢�Àä� ö���üõ Å� .(¢�ª ���� Óó�-1.1 ÛØª ��)�¤ C �î ´¨� Û�ó¢ ß�Þû �� .¢Âî ÝÆ¹� R2 �b½Ô¬ ¯�Ö÷ ö���ã�´¨� ö� Âµú� ,¢¤��õ ¥� ý¤��Æ� ¤¢ .À�õ�÷üõ ��÷ ÍÜµ¿õ �b½Ô¬
(a, b) �bÎÖ÷ �� �¤ (0,0) Ǒ�À±õ �î ý¤�¢Â� �� �¤ a + bi ¢Àä �îÍÜµ¿õ ¢Àä ø¢ âÞ� ,ù�ðÀþ¢ ßþ� �� .ÝþÂ�Ú� üØþ ,À�îüõ ÛÊµõ.(¢�ª ���� �-1.1 ÛØª ��) ¢�� Àû��¡ ¤�¢Â� ø¢ âÞ� ö�»Þû
ÍÜµ¿õ ¢�Àä� âÞ� Â�±ã� (� ,ü�¤�î¢ Çþ�Þ÷ (Óó� :1.1 ÛØªý¤�¢Â� âÞ� ö���ä ���¤�¬ ßþ� ¤¢ ,z = a + bi À��î ­Âê .ÓþÂã� 6.6.1ÓþÂã�√a2 + b2 �¤�Ê� ø ù¢�¢ ö�È÷ |z| ¢�Þ÷ �� �¤ z ÕÜÎõ ¤Àìö�È÷ Re(z) ¢�Þ÷ �� ø ùÀ�õ�÷ z üÖ�Ö� ´ÞÆì �¤ a .Ý��îüõö�È÷ Im(z) ¢�Þ÷ �� ø ùÀ�õ�÷ z üõ�û�õ ´ÞÆì �¤ b .Ý�û¢üõ
z ¢�Þ÷ �� ø ù¢Âî ÓþÂã� a − bi �¤�Ê� �¤ z �ø¢�õ .Ý�û¢üõ.Ý�û¢üõ ö�È÷:�¤�Ê�þ� ¤¢ ,z, w ∈ C À��î ­Âê .��Ìì 7.6.1

|z| ≥ 0 (ÕÜÎõ ¤Àì ö¢�� üÔ�õ�÷) (1.z = 0 Âð� �ú�� ø Âð� |z| = 0 (2.|zw| = |z||w| (3.|z + w| ≤ |z| + |w| (ü·Ü·õ ýø�Æõ�÷) (4.z − w = z − w ø z + w = z + w (5.( zw) =
(
z
w

) ø zw = zw (6.Im(z) = 12 (z − z) ø Re(z) = 12 (z + z) (7.|z|2 = zz (8.z ∈ R Âð� �ú�� ø Âð� z = z (9.|z| = |z| ø z̄ = z (1018



ÎÜµ¿õ ¢�Àä� �bä�Þ¹õ 6.1 ¢Àä .1 ÛÊê!À�µÆû �ø¢�õ ���� ø¢ ßþ� Û±ì ßþÂÞ� ����� �î ¢�ª ����.ßþÂÞ� 9.6.1Àª�� |z| = 1 ÕÜÎõ ¤Àì �� z ÍÜµ¿õ ¢Àä Âð� �î À��î ´��� (1�î ¢�ªüõ ´ê�þ ý� t üÖ�Ö� ¢Àä ù�Ú÷� ,z 6= −1 ��÷ ø.z = 1+ti1−tiý¥��µõ ùÀä�ì) À��î ´��� ,À�û��¿ó¢ z, w ∈ C À��î­Âê (2.|z + w|2 + |z − w|2 = 2(|z|2 + |w|2) :(á�®��.À��î ´��� �¤ 7.6.1 �b �Ìì ¥� (11) ø (6) ,(3) ¢¤��õ (3�î À�û¢ ö�È÷ ,|α| = |β| �î α, β, γ ∈ C À��î ­Âê (4.|α+ γ|2 + |α− γ|2 = |β + γ|2 + |β − γ|2ù�Ú÷� ,|β| ≤ 1 ø |α| < 1 Âð� �î À�û¢ ö�È÷ (5?¢�ªüõ ¤�ÂìÂ� ýø�Æ� ü�¤�¬ �� ¤¢ .|β+α| ≤ |1+αβ|:À�Æþ��� �¤ Í��ø ¤ ¤¢ ë¢�¬ ý�û z �bÞû �bä�Þ¹õ ,¢¤�õ Âû ¤¢6) Re(z) ≥ Im(z), 7) |z − 1+ 3i| < 4,8) |z − 1| + |z + i| = 2, 9) |z − 1+ i| = |z + 1− i|,10) |z − 1| ≤ |z + 1|, 11) |z| + Re(z) ≤ 1,12)

(
z + 1
z − i

)4
= 1, 13) 3|z| − Re(z) = 12,14) |z − 2| = |1− 2z̄| 15) 2|z − i| = Re(z) + 1�î À�û¢ ö�È÷ ,|α| = |β| = |γ| = 1 À��î ­Âê15) |βγ + γα+ αβ| = |α+ β + γ|,16)

(β + γ)(γ + α)(α + β)

αβγ
∈ R.ø¢ §��¤ z ø y ø x ��÷ ø c ø b ø a Âð� �î À�û¢ ö�È÷ (17¶Ü·õ ø¢ ßþ� ü�¤�¬ ¤¢ ù�Ú÷� ,À�ª�� R2 = C ¤¢ ¶Ü·õ:À÷����Èµõ

∣
∣
∣
∣
∣
∣

1 1 1
a b c
x y z

∣
∣
∣
∣
∣
∣

= 0.:À��î Û� x ∈ R ­Âê �� �¤ Âþ¥ ��¢�ãõ (181) (x+ i)n − (x − i)n = 0,2) cosx+ i sinx = sinx+ i cosx.

.¢�ª ���� �-2.1�î ¢¢Âðüõ �Ñ��õ ,7.6.1 �b �Ìì �� ���� �� .Û�
|z2 − z3|2 = (z2 − z3)(z2 − z3)

= z2z2 + z3z3 − z2z3 − z3z2
= 2|z2|2 + 2|z3|2 − (z2 + z3)(z2 + z3)
= 4− |z2 + z3|2 = 4− | − z1|2 = 4− |z1|2 = 3.�ú÷� �b Ü¬�ê Å� ,¢¤�¢ ¢��ø ö¤�Ö� z3 ø z2 ø z1 ß�� ö�� ø.À÷Â��Â� ø¢��ø¢À��îÉ¿Èõ �¤ üþ�û z = a+bi ∈ C �bÞû �bä�Þ¹õ (4 ñ�·õ.|z2 − 1| = α �îù�Ú÷� ,À�î ëÀ¬ ¯Âª ßþ� ¤¢ z = a+ bi Âð� .Û�

α = |z2 − 1| = |a2 − b2 + 2abi− 1|
=
√

(a2 − b2 − 1)2 + (2ab)2.
a4 + b4 + 1− 2a2b2 + 2b2 − 2a2 + 4a2b2 = α2

(a2 + b2 + 1)2 = 4a2 + α2
b2 = −a2 − 1±

√

α2 + 4a2ü�ãþ ,´¨� ñ�±ì ¢¤�õ + Å� ,À÷�üÖ�Ö� ¢Àä b ø a ö�� �î´±·õ ñ�Øþ¢�¤ Âþ¥ üµÆþ�� .b = ±
√
√

α2 + 4a2 − 1− a2ßþ�Â���� .(a2−1)2 ≤ α2 �þ ,1+a2 ≤
√

α2 + 4a2 ü�ãþ ,Àª��´¨� ß��� �ó�bÆõ ����
{
a+ bi

∣
∣1− α ≤ a2 ≤ 1+ α ,

b = ±
√
√

α2 + 4a2 − 1− a2}.°þ�Â® �� ý��ÜÞ� À�� ×þ P (x) Âð� �î À�û¢ ö�È÷ (5 ñ�·õÀ�� ßþ� �bÈþ¤ ��÷ z ù�Ú÷� ,ö� ¥� �Èþ¤ ×þ z ø Àª�� üÖ�Ö�.´¨� ý��ÜÞ�
P (x) = anx

n + · · · + a1x + a0 Ý��î ­Âê .Û�ù�Ú÷� ,Àª�� P (x) �bÈþ¤ z Âð� .À÷�üÖ�Ö� ¢�Àä� �û ai �î:ÝþÂ�ðüõ �ø¢�õ �Î��¤ ßþ� ß�êÂÏ ¥� .P (z) = 00 = 0 = P (z) = anzn + · · · + a1z + a0
= anzn + · · · + a1z + a0
= anzn + · · · + a1z + a0 = P (z)Ý��î ­Âê .üÔ�õ ý�µó¢ �� �ø¢ ��¤¢ �b ó¢�ãõ Û� (6 ñ�·õ�¤�Ê�þ� ¤¢ .△ = b2 − 4ac < 0 ø ax2 + bx + c = 0ßþ�Â���� .(x− b2a )2 = b2−4ac4a2 �þ ,a(x− b2a )2 + c− b24a = 0

x =
b2a ±

√

b2 − 4ac4a2 =
b2a ±

√4ac− b22a i.19



¢Àä .1 ÛÊê ÎÜµ¿õ ¢�Àä� �bä�Þ¹õ 6.17) (reiθ)n = rnenθi, 8) − reiθ = rei(θ+π),9) reiθ = re−θi, 10) (reiθ)−1 =
1
r
e−θi,:Ýþ¤�¢ ,1+ i =

√2eπ/4 ö�� (1 .ñ�·õ 13.6.1
(1+ i)25 =

(√2eπi/4)25 (7)
=
(√2)25 e25π/4i

= 212√2e(6π+πi/4) (3)
= 212√2eπi/4

(2)
= 212√2 cos

(π4)+ 212√2 sin
(π4)

= 212(1+ i)ù¢�Ôµ¨� ¢¤�õ ÝØ� ùb¤�Þª �� ,�û�µ÷�Â� Û¡�¢ ¢�Àä� ,�Ø�þ� ¼�®��.À÷¤�¢ ù¤�ª� 12.6.1 �b �Ìì ¥�:1− i =
√2eπi/4 ø 1+

√3i = 2eπi/4 ö�� (2 ñ�·õ
(1+

√3i1− i

)30
=

( 2eπi/3√2e−πi/4)30
(6)
=

(√2e(πi/3+πi/4)
)30 (7)

= (
√2)30e30(7πi/12)

= 215e(17π+πi/2) (3)
= 215e−πi/2

(2)
= 215 cos

(

−π2)+ 215 sin
(

−π2) = −215i.ù¢�Ôµ¨� ¢¤�õ ÝØ� ùb¤�Þª �� ,�û�µ÷�Â� Û¡�¢ ¢�Àä� ,�Ø�þ� ¼�®��.À÷¤�¢ ù¤�ª� 12.6.1 �b �Ìì ¥�´¨À� �¤ sin θ+sin2θ+· · ·+sinnθ �¤�±ä ¤�ÀÖõ (3 ñ�·õ:Ýþ¤�¢ ,12.6.1 ��Ìì ¥� (1) ´ÞÆì ¥� ù¢�Ôµ¨� �� .Ýþ¤ø�üõ
sin θ + sin(2θ) + · · · + sin(nθ)

= Im(eθi) + Im(e2θi) + · · · + Im(enθi)

= Im(eθi + e2θi + · · · + enθi)

(7)
= Im(eθi + (eθi)2 + · · · + (eθi)n)

= Im

(1− (eθi)n1− eθi
eθi
)

(2)
= Im

(1− enθi1− eθi
eθi
)

= Im

(

enθi/2(enθi/2 − e−nθi/2)
eθi/2(eθi/2 − eθi/2) eθi

)

(5)
= Im

(

e(n+1)θi/22i sin (nθ2 )2i sin ( θ2) )
(3)
= sin

(
n+ 12 θ

)
sin
(
nθ2 )

sin
(
θ2) .ù¢�Ôµ¨� ¢¤�õ ÝØ� ùb¤�Þª �� ,�û�µ÷�Â� Û¡�¢ ¢�Àä� ,�Ø�þ� ¼�®��.À÷¤�¢ ù¤�ª� 12.6.1 �b �Ìì ¥�

�î À��î ´��� ,´¨� üû��¿ó¢ üã�±Ï ¢Àä α À��î ­Âê (19
(1+ i tanα1− i tanα

)n

=
1+ i tan(nα)1− i tan(nα)

.´��� �¤�¬ ßþ� ¤¢ ,(cosα + i sinα)n = 1 À��î ­Âê (20.(cosα− i sinα)n = 1 �î À��îÂÔ¬ ø ×þ Óó�¿õ ÍÜµ¿õ ¢�Àä� b ø a À��î ­Âê (21ø a ø 1 ,O §��¤ �� ¶Ü·õ ø¢ �î À�û¢ ö�È÷ .À�ª��üõ.À�µÆû ���Èµõ ab ø b ,O §��¤ �� ��÷À��î ­Âê .ÍÜµ¿õ ¢�Àä� ü±Îì Çþ�Þ÷ 10.6.1�b Ü¬�ê .´¨� ÂÔ¬ Óó�¿õ ÍÜµ¿õ ¢Àä ×þ z = a + bi ∈ C�¤ Oz Í¿Þ�÷ ø Re ¤�½õ ß�� ´±·õ �b þø�¥ ø r �¤ Ǒ�À±õ �� z �bÎÖ÷:Ý�õ�÷üõ θ
r := |z| =

√

a2 + b2.
θ := arg(z) =







arctan (b/a) a > 0 Âð�
π/2 a = 0 < b Âð�3π/2 a = 0 > b Âð�
arctan (b/a) + π a < 0 Âð�ùø�ã� .Ý�õ�÷üõ z ö�õ�ð¤� �¤ θ ø z ñ�Ï �¤ r ,�¤�¬ ßþ� ¤¢:Ý��îüõ ÓþÂã�

Arg(z) := {arg(z) + 2kπ | k ∈ Z}ßþ� ¤¢ .b = r sin θ ø a = r cos θ �î ¢�ªüõ ��±�� üð¢�Æ�Ý�Æþ�÷üõ ´ó��
z = r exp(iθ) �þ z = reiθ:Ýþ¤�¢ ÓþÂã� �� ���� �� .ñ�·õ 11.6.1

z=a+bi Re(z) Im(z) |z| arg(z) z=reθ1 1 0 1 0 1e0i
−1 −1 0 1 π 1eπi
i 0 1 1 π/2 1eπi/2
−i 0 −1 1 3π/2 1e3πi/21+ i 1 1 √2 π/4 √2eπi/41− i 1 −1 √2 −π/4 √2e−πi/4

−1+ i 1 −1 √2 3π/4 √2e3πi/4
−1− i −1 −1 √2 5π/4 √2e5πi/4ý�¤�¢ ÍÜµ¿õ ¢�Àä� ü±Îì Çþ�Þ÷ .��Ìì 12.6.1:´¨� Âþ¥ �Âª �� «��¡1) reiθ = r1eiθ1 ⇔

{
r = r1,
θ = θ1 + 2kπ, k ∈ Z,2) reiθ = 1 ⇔ r = 1 ø θ = 2kπ , k ∈ Z3) reiθ = r cos θ + r sin θi,4) cos θ =

eiθ + e−iθ2 ), 5) sin θ =
eiθ − e−iθ2i ,6) (r1eiθ1)(r2eiθ2) = (r1r2)ei(θ1+θ2),20



ÎÜµ¿õ ¢�Àä� �bä�Þ¹õ 6.1 ¢Àä .1 ÛÊê.´¨� ù��¿ó¢ k ∈ Z �î ,nθ1 = θ = 2kπ ø r = rn1 ÝþÂ�ðüõ.θ1 = (θ + 2kπ)/n ø r1 = n
√
r ßþ�Â����ö���üõ ù�Ú÷� ,v = e2πi/n ø u = n

√
reθi/n Ý��î ­Âê Âð�́ ª�÷

n
√
re(θ+2kπ)i/n = n

√
reθi/n

(

e2πi/n)k = uvk.�f Þä uvn ßþ�Â���� ,un =
(

e2πi/n)n = e2π = 1 üêÂÏ ¥�ø ÂÔ¬ ß�� Âþ¢�Öõ k �î ´¨� üê�î Å� .´¨� uv0 = u ö�Þû
2 .À�î ¤��µ¡� �¤ n− 1ßþ� ¤¢ n = 3 ø z = 1 À��î ­Âê (1 .ñ�·õ 16.6.1�� À÷Â��Â� ×þ ¢Àä ��¨ �bÈþ¤ �¨ ,�¤�¬3√1 =

3√1e0i =
3√1 exp

{0+ 2kπ3 i

}Ýþ¤�¢ ,k = 0 ý�Â� .k = 0,1,2 ö� ¤¢ �î3√1 =
3√11e0i = cos0+ i sin0 = 1Ýþ¤�¢ ,k = 1 ý�Â�3√1 = 1e2π/2 = cos

(2π3 )+ i sin

(2π3 ) = −12 −
√32 iÝþ¤�¢ ,k = 2 ý�Â�3√1 = 1e4πi/3 = cos

(4π3 )+ i sin

(4π3 ) = −12 +

√32 i,´¨� ×þ Ý¹�� ý�û�Èþ¤ ¥� üØþ z 6= 1 À��î ­Âê (2 ñ�·õ�î À��î ´��� �¤�¬ ßþ� ¤¢
z1+ z2 +

z21+ z4 +
z31+ z

+
z41+ z3 = 2ß��»Þû .z4 =

1
z
ü�ãþ .zz4 = 1 ßþ�Â���� ,z5 = 1 ö�� .Û���� ýø�Æ� ñø� éÂÏ ,ßþ�Â���� .z3 =

1
z2 ü�ãþ ,z2z3 = 1¥� ´¨� �¤�±ä

z1+ z2 +
z21+ 1/z +

z31+ z
+

z41+ 1/z2 =

=
z1+ z2 +

z3
z + 1 +

z31+ z
+

z6
z2 + 1

=
2z31+ z

+
2z1+ z2

=
2z5 + 2z3 + 2z2 + 2z

(1+ z2)(1+ z)

=
2(1+ z + z2 + z3)(1− z)

(1+ z2)(1− z2)
=

2(z4 − 1)

(z2 + 1)(z2 − 1)
= 2.

.ßþÂÞ� 14.6.1,−1 − i
√3 ,−√2 + i

√2 ,−2 ¢�Àä� ¥� ×þ Âû (1.À�Æþ��� ü±Îì ÛØª �� �¤ (1+cosα+i sinα1+cosα−i sinα

)22
(√2+

√2i√3+i

)12 ,(1− i)10 ,(1+
√3i1−√3i)41 Âþ¢�Öõ ¥� ×þ Âû (2.À��î �±¨�½õ �¤ (1−i1+i

)22 øù�Ú÷� ,θ ∈ R Âð� �î À�û¢ ö�È÷ (3,sin2θ = 2 sin θ cos θ (Óó�ø , sin3θ = 4 sin θ sin
(π3 − θ

)

sin
(π3 + θ

) (�
sin4θ = 8 sin θ cos θ sin

(π4 − θ
)

sin
(π4 + θ

) (��î À��î ´��� ,n ≥ 2 �î ü�¤�¬ ¤¢ (4
sin
(
π
n

)
sin
(2π
n

)

· · · sin
(

(n−1)π
n

)

= n/2n−1�î À����� �¤ ý� m ø n üã�±Ï ¢�Àä� ßþÂµØ��î (5.(1+
√3i)m = (1− i)nÝ��îüõ ÓþÂã� ,z = a+ bi ∈ C Âð� (6

ez := eaebi = ea cos b+ (ea sin b) i­Âê �� �¤�¬ ßþ� ¤¢
sin z =

12i (ezi − e−zi
) ø cos z =

12 (ezi + e−zi
)À��î ´��� �¤�¬ ßþ� ¤¢,sin2 z + cos2 z = 1 (Óó�ø tan z =

sin(2a) + i sinh(2b)
cos(2a) + cosh(2b) (�.sin z = sin a cosh b+ i cosa sinh b (�:À�û¢ ö�È÷ ,xn + iyn =
(1+ i

√3)n �î ü�¤�¬ ¤¢ (7ø xnyn+1 − xn+1yn =
√322n (Óó�.xn+1xn + yn+1yn = 22n (�:À��î �±¨�½õ �¤ Âþ¥ ý�ú�¤�±ä ¥� ×þ Âû á�Þ¹õ (8ø cosx+ cos(2x) + · · · + cos(nx) (Óó�.sinx+ sin(3x) + · · · + sin((2n− 1)x) (�ø z = reθi ∈ C − {0} ÝþÂ�ð .¤ø��õ¢ �b �Ìì 15.6.1¥� À��¤�±ä z ¢Àä �� n �bÈþ¤ n �¤�Ê�þ� ¤¢ .n ∈ N

n
√
z = n

√
r exp

(
θ + 2kπ

n
i

).k = 0,1,2, · · · , n− 1 ö� ¤¢ �î.w = n
√
z ø w = r1eiθ1 ,z = reiθ À��î ­Âê :��±��Ýþ¤�¢ ,12.6.1 �b �Ìì ¥� (7) ´ÞÆì ����� ø z = wn ßþ�Â�����¹�µ÷ 12.6.1 �b �Ìì ¥� (1) ´ÞÆì ¥� ö��î� .reiθ = rn1einθ121



¢Àä .1 ÛÊê ÎÜµ¿õ ¢�Àä� �bä�Þ¹õ 6.1´¨�¤ Í¡ Âû (ý¤�Ú¹�ð Âþ�Ê� ,�þ) ö�Þþ¤ ´ª�Ú÷ ¥� ù¢�Ôµ¨� ��
S Â� ýÂþ�ø¢ �� ´¨�¤ ¯�Î¡ .¢�ªüõ �µª�Ú÷ S Â� ùÂþ�¢ Âû ø¤¢ C ¤¢ ¯�Î¡ ��Þ� Å� .À÷¤Áðüõ N ¥� �î À÷�ªüõ Âþ�Ê�¢�Þ÷ �� �¤ (ý¤�Ú÷�) �bÎÖ÷ ßþ� !À�¨¤üõ �ÎÖ÷ ×þ �� ´þ�ú����� �ÎÖ÷ ßþ� .(¢�ª ���� �-3.1 ÛØª ��) Ý�û¢üõ ö�È÷ ∞ÂÒ��� ¤¢ N �� �î �¤ C∗ = C ∪ {∞} .´¨� ÂÒ��µõ N ∈ S«��¡ ßþÂµÞúõ .À�õ�÷üõ �µê�þ ©ÂµÆð ÍÜµ¿õ �b½Ô¬ ,´¨�¥� À��¤�±ä ∞1) z + ∞ = ∞ 2)

w0 = ∞3) z∞ = ∞ 4)
w

∞ = 0´þ�ú��� �� ,ßþ�Â���� .w ∈ C∗ = C − {0} ø z ∈ C ö� ¤¢ �î�ú�� .¢Âî ¤�î ö���üõ ÍÜµ¿õ ¢�Àä� ¢�¡ À�÷�Þû∞ ÍÜµ¿õ ¢�Àä�´ó�� �� �î ´¨� ßþ� ¢�ª �µêÂð ÂÑ÷ ¤¢ üµÆþ��üõ �î ý��µØ÷¼�½¬ �f õ�î ��±¨�½õ �¤�¬ ßþ� ¤¢ .Ý�¨Â÷ ∞∞ �þ ø 00 Ýú±õ!À�µÆû
�b½Ô¬ ©ÂµÆð (� ý¤�Ú�¹�ð ´ª�Ú÷ (Óó� :3.1 ÛØª

∞ ö¢ø�ê� �� ÍÜµ¿õ.ßþÂÞ� 19.6.1ÛØª �� üõ�¨ �b�¤¢ ýÂ±� �b ó¢�ãõ À��î ­Âê (1
E : X3 +AX2 +BX + C = 0¤¢ .À�µÆû üÖ�Ö� ¢�Àä� ö� °þ�Â® �î ,´¨� ùÀª ù¢�¢ö���üõ X = x−A/3­Âê �� �î À�û¢ ö�È÷ �¤�¬ ßþ�ÛþÀ±� E ′ : x3 + bx + c = 0 Â�ù¢�¨ �Âê �� �¤ E �b ó¢�ãõ�î À�û¢ ö�È÷ ø x = s + t �î À��î ­Âê ñ�� .¢�Þ÷éÁ� �� ,ö��î� .s3 + t3 = −c/2 ø st = −b/3 üµÆþ��

s3 °Æ� Â� �ø¢ �b�¤¢ ý��ó¢�ãõ �� ,��� �b ó¢�ãõ ø¢ ß�� t�¤ E ý�ú���� ,ùÀõ� ´¨À� �b ó¢�ãõ Û� �� ,Å³¨ .À�¨Â�.¢�ª ���� ?? �� .À�����¢Àä ø¢ N = c2 + d2 øM = a2 + b2 Âð� �î À�û¢ ö�È÷ (2üã�±Ï ¢Àä ø¢ ¥� üä�Þ¹õ �¤�¬ �� �î À�ª�� üã�±Ïüä�Þ¹õ �¤�¬ �� ��÷ �¤ MN ù�Ú÷� ,À÷�ùÀª �µª�÷

.ßþÂÞ� 17.6.1, 8√ 1+i√3−i , 3√−2+ 2i , 3√i , 4√−8 Âþ¢�Öõ ¥� ×þ Âû (1�±¨�½õ �¤ 5√√2 (cos π6 + i sin π6) ø √2+ 2√2i.À��î.À����� �¤ 32 Ý¹�� ý�û�Èþ¤ ��Þ� (2ý�û�Èþ¤ Å³¨ ø �µª�÷ ü±Îì ÛØÈ� �¤ 8 − 8√3i ¢Àä (3.À����� �¤ ö� �¤�ú�.À��î �±¨�½õ �¤ (1− i)5/4 ÓÜµ¿õ Âþ¢�Öõ ��Þ� (4×þ �� n ý�û�Èþ¤ 1 = w1, · · · , wn Âð� �î À�û¢ ö�È÷ (5.w1 + w2 + · · · + wn = 0 ù�Ú÷� ,À�ª��Âþ¥ �¤�±ä �î À�û¢ ö�È÷ ,m ∈ N ø a ∈ R À��î ­Âê (6:´¨� x2m−a2m

x2−a2 Â��Â�
(

x2 − 2ax cos
( π

m

)

+ a2)
×
(

x2 − 2ax cos

(2π
m

)

+ a2)
×
(

x2 − 2ax cos

(
(m− 1)π

m

)

+ a2) .ù�Ú÷� ,w = −12 +

√32 i Âð� �î À�û¢ ö�È÷ (7
(x + y + z)(x+ yw + zw2)(x+ yw2 + zw) =

= x3 + y3 + z3 − 3xyz.À��î Û� �¤ a ∈ R �î x3−3ax+(a3+1) = 0 �b ó¢�ãõ (8.�µê�þ ©ÂµÆð ÍÜµ¿õ �b½Ô¬ ø ö�Þþ¤ ùbÂî 18.6.1�� ��÷ �¤ R2 ùø�ã� .´êÂð üØþ ¢�ªüõ R2 �� �¤ C �î Ý�÷�¢üõ
C ¢�ªüõ �¹�µ÷ ¤¢ .´êÂð üØþ ö���üõ R3 �Ìê ¥� xOy �½Ô¬�� ý�ùÂî ñ�� .´êÂð üØþ xOy := {(x, y,0) | x, y ∈ R} �� �¤:ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ À��ø á�ãª �� ø (0,0,1) �îÂõ

S : x2 + y2 + (z − 1)2 = 1��) Àª��üõ S ñ�Þª °Îì N(0,0,2) À��î ­Âê ß��»Þû¥� x+iy = (x, y,0) �ÎÖ÷ Âû Ǒ�¥�� .(¢�ª ���� Óó�-3.1 ÛØªÛ½õ ø �µêÂð ÂÑ÷ ¤¢ �¤ N ø �ÎÖ÷ ßþ� ß�� Û¬� ø ´¨�¤ Í¡ ,Cßþ� �� .Ý�û¢üõ ö�È÷ f(x + iy) ¢�Þ÷ �� �¤ S ùbÂî �� �¤ ö� üì��ßþ� .Àþ�üõ ´¨À� S − {N} �� C ¥� ×þ��×þ üµª�Ú÷ °��Â�:À�õ�÷üõ ö�Þþ¤ ùbÂî �¤ S ø ü÷�Þþ¤ ´ª�Ú÷ �¤ ´ª�Ú÷
f : C −→ S − {N}

f(x+ yi) =
11+ x2 + y2 (x, y, x2 + y2)22



Û³�õ ¥� ù¢�Ôµ¨� 7.1 ¢Àä .1 ÛÊêß�Þû �� ø À��îüõ ¤�î ö� �� ö�Â�¤�î ¥� ý¤�ÞÈ�� ¢�Àã� (8.´¨� ýÂµÞî üó�Þµ�� ü÷�ú�� ��ØÈõ ý�¤�¢ Û�ó¢�¢�÷�î �óÂ��ø ù�ÚÈ÷�¢ ¤¢ �î ´¨� ý¤��ê� �Â÷ §�¨� ¤¢ Û³�õý�Â� .¢�Þ÷ üÏ �¤ ¢�¡ üÜõ�Ø� Â�¨ �µê¤ �µê¤ ø Àõ� ¢��ø ���� À�÷���üõ ö� ©ÂµÆð ñ�� ¤¢ ý�ú�ðÄþø ø �»¿þ¤�� �bÑ��õ�ã��Âõ ´÷Âµ�þ� �bØ±ª Â� http:\www.maplesoft.com §¤¢�.À��î�ÂÎõ ¢¤�õ ßþ� ¤¢ �¤ Âþ¥ Ûþ�¢ ö��µ� Àþ�ª .�Â� 1.7.1¥� ù¢�Ôµ¨� ý�Â� üê�î Û�ó¢ ö���üõ üþ�ú�� �� ��Àî Âû �î ¢�Þ÷�î À�µÆû üÜþ�¢ �ú�� �ú�þ� �î üó�� ¤¢ ,Àª�� ©¥�õ� ¤¢ Û³�õ:À�¨¤üõ ÂÑ÷ �� ö��î ��ý¤�ÂØ� ¶��±õ �� öÀª Â�ð¤¢ ¥� ùÀ�÷��¡ ø ÝÜãµõ ,§¤Àõ (1.¢�ªüõ é�ãõÛ�¿� ¤¢ �î üþ�û��� À÷���üõ ö� ×Þî �� §¤Àõ (2�¤ °ÜÎõ Ý�úÔ� üÚ÷�Ú� ø ù¢�¢ ö�È÷ ö��� ö��ä �� �¤ À¹�ðüõ.À�î âþÂÆ�¥� Û¬�� ùÀõ� ´¨À� ´¬Âê ¥� ö���üõ §¤Àõ (3ýÂµÈ�� ���þÂÞ� �þ ø ¢¥�¢Â³� °ó�Îõ ÕÞä �� ,Û³�õ ýÂ�ð¤�Ø�.À�î Û� §�î ¤¢ �¤�Â�� ÂµãþÂ¨ �¤ ¢�¡ üó�Þµ�� ý�ûùÀþ� À÷���üõ ùÀ�÷��¡ (4.¢�ª âÜÎõ ö� üµ¨¤¢ üÚ÷�Ú� ø ù¢�Þ÷¢¤�õ ¤¢ üµ��Â� ��Üä ß�ÊÊ¿µõ ö��õ ¤¢ .�÷�Ú� 2.7.1ü÷�ø�Âê ��·��±õ üª¥�õ�×Þî ý�û¤���� ýÂ�ð¤�Ø� ö���õ ø ù�½÷¤¢ üóø À�ó�Öó� ÕÔµõ ö� ¢��ø Û¬� ¤¢ üÚÞû ¤¢ �î ¢¤�¢ ¢��ø.À�µÆû ü�ø�Ôµõ ��ÂÑ÷ ý�¤�¢ ö� ¥� ù¢�Ôµ¨� üÚ÷�Ú� ø ö���õ,À��îüõ �ÂÎõ �û��ê� �Â÷ ¤� ¢øÀ½õ�÷ ùb¢�Ôµ¨� ßþÀÖµ�õ �î ý��µØ÷öÀª ¤ø¢ ñ�Þµ�� ,�û¤��ê� �Â÷ ¥� ù¢ÂµÆð ýÂ�ð ¤�Ø� �� �î ´¨� ßþ��î ÛØÈõ ßþ� .¢ø ¤üõ Âû�Ò ø� ö¢Â� ù��� ø °ÜÎõ ÕÞä ¥� ÝÜãµõâÔ�Âõ ü���ª¥¤� ø Åþ¤À� ùb��ª �� ö���üõ �¤ À¨¤üõ Õ� �� ÂÑ�ÛØª �� �� ´¨� �µÆ÷�¢ ¢�¡ Â� ùÀ�Æþ�÷ §�¨� ß�Þû Â� .¢�Þ÷ý�Â� üÜÞä ý�û¤�Øû�¤ ø ù¢�Þ÷ Õ�Ö½� «�Ê¡ ßþ� ¤¢ ¯�Æ±õ.Àþ�Þ÷ ���¤� �¤ Ýúõ ßþ� ��¹÷�Âþ¥ ��Ø÷ �� �Âµ½õ ùbÀ�÷��¡ �î ¢�ªüõ ��¬�� §�¨� ß�Þû Â�:Àª�� �µª�¢ üê�î ����Í�½õ �� ý�ù¥�À÷� �� Û³�õ ¤��ê� �Â÷ �� üþ��ª� ý�Àµ�� ¤¢ (1üóø À��î Û� ö� ×Þî �� ��÷ �¤ ù¢�¨ ñ�·õ À�� ø ùÀª ��ª� ö��Ü� ��µî �� �� À�û¢ ´¬Âê ø À��î ý¤�¢¢�¡ ÂµÈ�� ´ìø éÂ¬ ¥�.ÀþøÂ�Ûõ�î ¤�Î� �¤ ((ýÂÑ÷ ¶½�)) �Àµ�� «�¡ á�®�õ Âû ¤¢ (2�î ((Û³�õ ¥� ù¢�Ôµ¨�)) Ç¿� �� Å³¨ ø À�û¢ ¤�Âì ���� ¢¤�õ.À��î �ã��Âõ ,´¨� ùÀª ù¢¤ø� üÜÊê Âû ö�þ��

�¤�±ä :üþ�Þ�û�¤) .´ª�÷ ö���üõ üã�±Ï ¢Àä ø¢ ¥�(.ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ |(a+ bi)(c+ di)|2:°ÜÏ ù¥¤�±õ �ó�Æõ À�� .ßþÂÞ� 20.6.1­Âê �� �¤ x+ y = 3 ø x5 + y5 = 33 ��¢�ãõ ù�Úµ¨¢ (1.À��î Û� x, y ∈ CÀ�µÆû �½Ô¬ ¤¢ �ÎÖ÷ ¤�ú� D ø C ,B ,A À��î ­Âê (2ýø�Æõ�÷ .(À�µÆû ÍÜµ¿õ ¢Àä ¤�ú� ÂÚþ¢ �¤�±ã�)�¤ |AB|.|CD| + |BC|.|AD| ≥ |AC|.|BD| ö�Ï�ê�.À��î ��±��ýø�Æµõ ¶Ü·õ ø¢ B1B2B3 ø A1A2A3 À��î ­Âê (3À�÷���üõ ÍÜµ¿õ ¢�Àä� �¤ �ú÷� §��¤) À�û��¿ó¢ á�Ìó�
AiBi Í¡ ù¤�� Í¨ø Ci À��î ­Âê .(ÀþÂ�Ú� ÂÑ÷ ¤¢��÷ C1C2C3 ¶Ü·õ À��î ´��� .i = 1,2,3 �î ,´¨�.´¨� á�®�� ýø�Æµõ¤¢ .´¨� üÖ�Ö� ý¢Àä a ø üã�±Ï ý¢Àä n À��î ­Âê (4�¤�±ä ¤�ÀÖõ ÍÜµ¿õ ¢�Àä� ×ÞØ� ,�¤�¬ ßþ�
(
n1) sin a+

(
n2) sin(2a) + · · · +

(
n

n

)

sin(na).Àþ¤ø� ´¨À� �¤Û³�õ ¥� ù¢�Ôµ¨� 7.1¥� .´¨� ý�ì ¤��Æ� ýÂ���³õ�î ¤��ê� �Â÷ ×þ ��÷ (Maple) Û³�õ¢Â�¤�î ø Õ�Ö½� ,©¥�õ� ¤¢ ý�ù¢ÂµÆð ÛØª �� ¤��ê� �Â÷ ßþ��î ´¨� ý¤�ÞÈ�� ý�þ��õ ý�¤�¢ Û�³õ .¢�ªüõ ù¢�Ôµ¨� ü®�þ¤,ÀØµõ ,°Üµõ ,�Ø�µÞµõ ,Â�Ñ÷) ���Èõ ý�û¤��ê� �Â÷ Âþ�¨ ¥� �¤ ö��Âª �� �ú�ðÄþø ßþ� ¥� ü¡Â� .¢¥�¨üõ �þ�Þµõ (. . . ø �þ�¤¢:À÷Âþ¥.¢�¢ ��¹÷� ö���üõ ö� ¤¢ �¤ ¼�½¬ ¢�Àä� �� ��±¨�½õ (1.¢�¢ ��¹÷� ö���üõ Ýì¤ ¢�Àã� Âû �� �¤ ý¢Àä ��±¨�½õ (2.¢�¢ ��¹÷� ö���üõ ö� ×Þî �� �¤ ßþ¢�Þ÷ ��±¨�½õ (3ö��¥ �� ý¤�ÞÈ�� ý¤��ê� �Â÷ ý�û�µÆ� ø ùÀª �µ¡�¨ â���� (4¤�Ø� «�Ê¿� üä�®�õ ¤¢ À÷���üõ ��Àî Âû �î ¢¤�¢ ¢��ø Û³�õ.Àþ���ãê¢ ¤¢ ø ù¢Âî Í±® ö���üõ �¤ ý��±þ�½õ �÷�ð Âû (5.¢�Þ÷ ù¢�Ôµ¨� ýÀã�ýÂ���³õ�î °¨��õ ¤�µþ¢� ×þ ö���ä �� ö� Í�½õ ¥� (6.¢�Þ÷ ù¢�Ôµ¨� ö���üõñ�� ß�ä ¤¢ ø ý�ì ¤��Æ� üÆþ�÷ �õ�÷Â� ö��¥ ×þ Û³�õ (7.´¨� ù¢�¨23



¢Àä .1 ÛÊê Û³�õ ¥� ù¢�Ôµ¨� 7.1.À��î ùÂ�¡£ü¡Â� Âþ¥ ñøÀ� ¤¢ .üó�Þãõ â���� ø ý�û¢�Þ÷ 6.7.1:´¨� ùÀª Âî£ �ú÷� ñ¢�ãõ ø ���®�þ¤ ñ�Þãõ ý�û¢�Þ÷ ¥�üó�Þãõ ßµõ ¤¢ Û³�õ Í�½õ ¤¢
a+ b a+ b
a− b a− b
ab a ∗ b
a/b a/b
ab aˆb
sin sin
cos cos
tan tan
cot cot
sec sec
csc csc
sinh sinh
cosh cosh
tanh tanh
coth coth
sech sech
csch csch

arcsinh arcsinh
arccosh arccosh
arcsin arcsin
arccos arccos
arctan arctan
arccot arccot
√

(x) sqrt{x}
ln(x) ln(x)
[x] floor(x)
|x| abs(x)

n
√

(x) root[n]{x}
max(x, y) max{x, y}
min(x, y) min{x, y}
log10(x) log10(x)
logn(x) log[n](x)
π Pi

i =
√
−1 I

Re(x) Re(x)
Im(x) Im(x)
x̄ conjugate(x)1/x 1/x

sgn(x) sgn(x)
ex exp(x)

�� ø ù¢Âî �Â�� �¤ C ¤�µ¨¢ À��î­Âê .ý¤��ð¢�Þ÷ 7.7.1:´ª�÷ Ý�û��¡ �¤�¬ ßþ� ¤¢ ,Ý�ª�� ùÀ�¨¤ R �b¹�µ÷
C

Û³�õ
−−−−→ R

�¤ �ú÷� Å³¨ ø ´¨¢ �� �Àµ�� �¤ ��óø� ý�úó�·õ À��î üã¨ (3.À�þ�Þ÷ Û� Û³�õ ×Þî ��45 �µÔû Âû ,§¤¢ �ø¢ �b µÔû ¥� Àã� �� ¢�ªüõ ��¬�� (4ö� ¤¢ ø ¢�ª �µêÂð ÂÑ÷ ¤¢ (ü®�þ¤ ù�ÚÈþ�õ¥�) ö���ä �� �Ö�ì¢üÈ¿�¢�¨ ��÷ ø ù¢�Ôµ¨� üÚ÷�Ú�©¥�õ� �� Û³�õ �� ÍÜÆõ ¢�µ¨�.¢¥�¢Â³� ö�Û� �� ù�ÂÞû �¤ üÜþ�Æõ �Ï��Âõ §¤Àõ �î ¢�ªüõ ��¬�� (5.À�î °ÜÏ ö�¢Âð�ª ¥� ÝÑ�õ ¤�Ï �� Û³�õ ¥� ù¢�Ôµ¨� �� Û� ø üµ¨¢ùbÀ�÷��¡ �� ´¨� �¥� Û³�õ ¥� ù¢�Ôµ¨� ý�Â� .¥���È�� 3.7.1üþ��ª� ßÞ® ,�Ï��Âõ üª¥�õ� °µî ¥� üØþ �� �ã��Âõ �� �Âµ½õ²þ�� üÚ÷�Ú� ø ×Þî ¥� ù¢�Ôµ¨� ö�� ü±ó�Îõ ,Û³�õ Í�½õ ��.¢Â�Ú�Âê �¤ ö� ¤¢ °ó�ÎõÛ³�õ Í�½õ ¤¢ ¤�µ¨¢ Âû .ö� ý�Â�� ø ¤�µ¨¢ 4.7.1öÂî ¢¤�ø Û��ì ¢¤��üî Í¨�� �î ´¨� �û¢�Þ÷ ø éøÂ� ¥� ý��ó�±÷¢ù¢�Ôµ¨� ; �� ø : ý�û¢�Þ÷ ¥� Àþ�� ¤�µ¨¢ Âû ý�úµ÷� ¤¢ .Àª��üõ¤¢ ö� �b¹�µ÷ ø ùÀª �Â�� ¤�µ¨¢ ,¢�ª ù¢�Ôµ¨� ; ¢�Þ÷ ¥� Âð� .¢�ª¤�µ¨¢ ×þ Â¡� ¤¢ : ¢�Þ÷ ¤� Âð� üóø ,¢¢Âðüõ Âû�Ò ýÀã� Í¡ù¢�¢ Çþ�Þ÷ ø ¢�ªüõ �Â�� �Ñê�� ¤¢ �ú�� ¤�µ¨¢ ö� ,¢�ª ù¢�Ôµ¨�.Àª Àû��¿÷�¤ ö� .��µî ù�ÂÞû ý¢ ü¨ ¥� ù¢�Ôµ¨� ¥ÂÏ 5.7.1
Maple7 ý¤�µîÂþ�¢ �� ø ù¢�¢ ¤�Âì ý¢ ü¨ «�Ê¿õ �þ�¤¢ ¤¢�Â÷ ¤�î¢�¡ ¤�Ï �� �Þª ù�Úµ¨¢ .À��î �Â�� �¤ Setup Ûþ�ê ,ÀþøÂ�.¢�Þ÷ Àû��¡ °Ê÷ �¤ Û³�õ ¤��ê�ïÂ� ,ü�ãþ) Û³�õ ÛØª ö� Â� �î ßØþ� ×þ ,°Ê÷ ¥� Å�¤�î �� áøÂª ý�Â� .¢¢Âðüõ Âû�Ò ,´¨� �µÆ� ÇÖ÷ (��î ´¡¤¢×þ ¤�î ßþ� ¥� Å� .À��î ×�Üî ¤�� ø¢ ßØþ� ö� Â� ´¨� üê�îö� ý��� ø ²� ´Þ¨ �bª�ð ¤¢ �î ¢¢Âðüõ Âû�Ò À�Ô¨ �b½Ô¬´¨� üê�î ��¤�µ¨¢ ö¢�Þ÷ ¢¤�ø ý�Â� ,¤�Âì ö�ØÞÈ� Â¨Âî ×þÂû Â¡� ¤¢ .À��î ²þ�� �� áøÂª ø ù¢Âî ×Ü�Üî ¤�îÁõ �b½Ô¬ Â�.¢¢Âðüõ ��ä� �¹�µ÷ ø ùÀª �Â�� ¤�µ¨¢ ,ö¢¥ Enter Âµ÷� �� ¤�µ¨¢Âµ÷� À�Üî ,Àþ�ù¢ÂÈê �¤ Shift ´Ô�ª À�Üî �î üó�� ¤¢ �»÷���¢¤�ø ý�Â� ÀþÀ� Í¡ ×þ ,¢�ª �Â�� ¤�µ¨¢ �Ø�þ� öøÀ� ,À�÷�� �¤.¢�ª üõ ¥�� üÜ±ì ��¤�µ¨¢ �b õ�¢� ö¢Âî´¨� üê�î ,ý¢ ü¨ ¤¢ ¢���õ ý�úó�·õ ¥� ù¢�Ôµ¨� ý�Â�ý¤�µîÂþ�¢ ø ù¢�¢ ¤�Èê °��Âµ� �¤ Open ø File ý�ûÀ�ÜîÂû Û¡�¢ ñ�� .Àþ¤ø��� �¤ ý¢ ü¨ ¤¢ Examples\Volume_1(worksheet) ¤�î �½Ô¬ Â� ø ùÀª ÂÑ÷ ¢¤�õ ý�úÜÊê ¥� ×þ.À��î ×�Üî ÂÑ÷ ¢¤�õ ñ�·õ Û
 õ�ªÀ�÷���üõ ,Àþ¢�¢ ��¹÷� �úó�·õ ý�µ½õ ¤¢ ü��Â��ç� �»÷���(¢¤�¢ ¤�Âì �Þª ù�Úµ¨¢ ¤¢ �î) ýÂÚþ¢ ý¤�µîÂþ�¢ �¤ ¤�î �b¹�µ÷24



Û³�õ ¥� ù¢�Ôµ¨� 7.1 ¢Àä .1 ÛÊêý¢�ä ´ó�� ¤¢ .ÍÜµ¿õ ¢�Àä� �� ñ�Þä� 11.7.1
x + ÍÜµ¿õ ¢Àä ö¢�Þ÷ ¢¤�ø ý�Â� .´¨� ÍÜµ¿õ Û³�õ Í�½õÂð� .x+y*I ¢�ª ²þ�� ,Û³�õ Í�½õ ¤¢ yi = x + y

√
−1´¨� üê�î ,Ý�û¢ ´ó�¡¢ �±¨�½õ ¤¢ x üÖ�Ö� ¢Àä Ý�û��¿�.Ý��î �Â�� �¤ assume(x,real) ¤�µ¨¢ùø�ä �¤�¬ ßþ� ¤¢ ,Àª�� Íó´¿õ ¢�Àä� w ø z Ý��î ­ÂêÝþ¤�¢ ,Û±ì ��¤�µ¨¢ Â�üó�Þãõ ßµõ ¤¢ Û³�õ Í�½õ ¤¢

z üÖ�Ö� ´ÞÆì Re(z)
z üõ�û�õ ´ÞÆì Im(z)

z �ø¢�õ conjugate(z)ñ�Ï �þ �Â÷ abs(z)

z = reθ ¢Àä polar(r, theta)

z ö�õ�ð¤� argument(z)
z ü±Îì Çþ�Þ÷ convert(z, polar)

z öø¤�ø 1/zø �ó¢�ãõ Âû .�ó¢�ãõ�÷ ø �ó¢�ãõ Û� 12.7.1,Ý��îüõ ¢¤�ø Û³�õ Í�½õ ¤¢ Ý¨� ×þ �� �¤ ý��ó¢�ãõ�÷ �þ�î ¢ÂþÁ� üõ �¤�¬ eq_name:=equation ¤�µ¨¢ �� ¤�î ßþ�À�÷�õ .Àª��üõ �ó¢�ãõ �bÎ��® equation ø �ó¢�ãõ ��÷ eq_name
eq_1 ��÷ �� �¤ x2 + y2 = 1 �b ó¢�ãõ �î eq_1:=x^2+y^2=1.À�îüõ üêÂãõ��¢�ãõ Ûõ�ª ��¢�ãõ ù�Úµ¨¢ Ý�û��¿� �»÷���¢�µ¨¢ ¥� ´¨� üê�î ,Ý��î Û� �¤ eq_m ø ... ,eq_1¢�ª ù¢�Ôµ¨� solve({eq_1,...,eq_m},{x_1,...,x_n}).À�µÆû �ó�bÆõ ���ú¹õ x_n ø ... ,x_1 �îüµ÷Âµ�þ� §¤¢� ¤¢ . 13.7.1
http://webpages.iust.ac.ir/m_nadjafikhah/r1.html.´¨� ùÀª ù¢¤ø� ���õ¥ ßþ� ¤¢ ÂµÈ�� â���õ ø �úó�·õ

m ø n Ý��î ­Âê .¼�½¬ ¢�Àä� �� ñ�Þä� 8.7.1�¤�¬ ßþ� ¤¢ ,Àª�� üã�±Ï ¢�Àä�üó�Þãõ ßµõ ¤¢ Û³�õ Í�½õ ¤¢
m �b ÷�Þ�� �� n n mod m

n ¢Àä �b þ�¹� factor(n)?´¨� ñø� ý¢Àä n �þ� isprime(n)íÂµÈõ ��Üä ��ÆÖõ ßþÂµØ��î gcd(m, n)

n ø míÂµÈõ �ÂÌõ ßþÂµð¤�� lcm(m, n)Ûþ¤�µî�ê n n!
(
n
m

) ��¿µ÷� binomial(m, n)ñø� ¢Àä ß�õ� n ithprime(n)
m �� n ¥� e(k) á�Þ¹õ sum(′e(k)′,′ k′ = n..m)¢�Àä� m ø n Ý��î ­Âê .�þ�ð ¢�Àä� �� ñ�Þä� 9.7.1Ýþ¤�¢ ,Û±ì ��¤�µ¨¢ Â� ùø�ä �¤�¬ ßþ� ¤¢ ,Àª�� �þ�ðüó�Þãõ ßµõ ¤¢ Û³�õ Í�½õ ¤¢

n ¢Àä �b þ�¹� ifactor(n)
n ùbÀª ù¢�¨ simplify(n)
n ÂÆî �¤�¬ numer(n)
n ÂÆî �Â¿õ denom(n)ý¢�ä ´ó�� ¤¢ .üÖ�Ö� ¢�Àä� �� ñ�Þä� 10.7.1­Âê üÖ�Ö� ¢�Àä� À�û��¿� �»÷��� ø ´¨� ÍÜµ¿õ Û³�õ Í�½õ.À��î �Â�� �¤ with(RealDomain) ¤�µ¨¢ �Àµ�� üµÆþ�� À÷�ªÂ� ùø�ä �¤�¬ ßþ� ¤¢ ,Àª�� üÖ�Ö� ¢�Àä� m ø n Ý��î ­ÂêÝþ¤�¢ ,Û±ì ��¤�µ¨¢üó�Þãõ ßµõ ¤¢ Û³�õ Í�½õ ¤¢
m �� k �bÈþ¤ root[k](m)

n �bÈþ¤ sqrt(n)
n ùbÀª ù¢�¨ simplify(n)
n ùbÀª ¥�� expand(n)Ýì¤ m �� n ý¤�Èä� Çþ�Þ÷ evalf(n,m)

n ùbÀª �þ�ð �¤�¬ rashnalize(n)

25
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2 ÛÊê
â���

�Âþ¥ ,´Æ�÷ â��� "x = y2 Âð� ÍÖê ø Âð� x 7→ √
x' ÂÒ��� (3.¢�ªüõ ÂÒ��µõ y = −1 ø y = 1 ÂÊ�ä ø¢ �� x = 1

f ÓþÂã� �b �õ�¢ .f : X → Y À��î­Âê .ÓþÂã� 3.1.2
f(x) ö� ý�¥� �� �î üþ�û x ∈ X �bÞû �bä�Þ¹õ ¥� ´¨� �¤�±ä:¢�ªüõ ÓþÂã�

Df := {x ∈ X | f(x) ∈ Y }:x ∈ Df �î ´¨� üþ�û f(x) �bÞû �bä�Þ¹õ ¥� �¤�±ä f â��� ¢Â�
Rf := {f(x) |x ∈ Df}ü�¤�¬ ¤¢ ø Df = X �î Ý���ð ýÂ¨�Â¨ ü�¤�¬ ¤¢ �¤ f â���×�±Øþ �¤ f â��� ü�¤�¬ ¤¢ .Rf = Y �î Ý���ð �ª�� �þ øÂ�ýø�Æ� ,f(x) = f(y) ýø�Æ� ¥� ý� x, y ∈ X Âû Ǒ�¥� �� �î Ý���ð.¢¢Âð �¹�µ÷ x = yñ�·õ ´Èû .R = X = Y À��î ­Âê (1 .ñ�·õ 4.1.2ýÂ¨�Â¨ ø ö¢�� �ª�� ,ö¢�� ×�±Øþ «��¡ �î À�û¢üõ ö�È÷ Âþ¥�µª�¢ �¤ «��¡ ßþ� ¥� üØþ À÷���üõ â��� ü�ãþ .À�ÜÖµÆõ ö¢��!Àª�±÷ �Ø�þ� �þ ø Àª�� �¤�¢ �¤ ÂÚþ¢ «��¡ �Ø�þ� ¥� ÛÖµÆõ ,Àª��

f(x) Df Rf ×�±Øþ �ª�� ýÂ¨�Â¨
x R R

√ √ √
log x (0; +∞) R

√ √10x R (0; +∞)
√ √

√
x [0; +∞) [0; +∞ √

x3 + x R R
√ √

tanx R−{kπ+ π2} R
√

x2 R [0; +∞)
√1/x2 R − {0} (0; +∞)

f(x) =
x21+ x

�bÎ��® �� f : R → R À��î ­Âê (2 ñ�·õ×�±Øþ f �þ� �î À��îÉ¿Èõ ,f ¢Â� ø ��õ�¢ ß��ã� ßÞ® .´¨�?´¨�

ø Û�Æ ÷�Â Ô þ¢ ��Æ� ¤¢ ��úÔ õ ß þÂ � üÜ¬� ¢Àä ¥� Å� â �� �ø Û�Æ÷�ÂÔþ¢ ��Æ� ¥� ý�ùÀÞä ´ÞÆì ,âì�ø ¤¢ .´¨� ñ�ÂÚµ÷�ÓþÂã� ö���üõ Rn → Rm �Âê �� â���� �b ãó�Îõ ÝÜä �¤ ñ�ÂÚµ÷��� �Àµ�� ,¶½� ¤¢ ´ó�½¨ ¢�¹þ� ý�Â� �î ´¨� ßªø¤ ,�µ±ó� ;¢�Þ÷�¤ Â�üÜî ´ó�� ø .Ýþ¥�¢Â�üõ m = n = 1 Â�ù¢�¨ ´ó�� �b ãó�ÎõùÀ�÷��¡ üþ��ª� ÛÊê ßþ� ¥� éÀû .Ý��îüõ �ãó�Îõ �ø¢ ÀÜ� ¤¢�î ,´¨� R → R ÛØª �� üã���� ü�ãþ ,â���� ¥� ü¬�¡ á��÷� ��â���� 7 ÛÊê �� .À÷Â�ðüõ ¤�Âì ù¢�Ôµ¨� ¢¤�õ ýÀã� ��ãó�Îõ ¤¢.¢�� À�û��¡ â���� ß�Þû �õ ùb¢�Ôµ¨� ¢¤�õâ��� ÓþÂã� 1.2Â¬��ä �î üû�Úµ¨¢ !´¨� ù�Úµ¨¢ ×þ ý¢�úª ÂÑ÷ ¥� â �� �Â� «�Ê¿� ü���ÜÞä ��¹÷� Å� ø �µêÂð Ûþ�½� �¤ ý��ä�Þ¹õ:´¨� ß��� â��� üÞ¨¤ ÓþÂã� .¢¤�¢üõ ��ä� �¤ �¹�µ÷ ,ö�.À�û��¿ó¢ �bä�Þ¹õ ø¢ Y ø X À��î­Âê .ÓþÂã� 1.1.2
Y ø X Ǒ�Ìä� ß�� ´¨� ýÂÒ��� ,Y �� X ¥� â��� ×þ ¥� ¤�Ñ�õ´±Æ÷ �¤ Y ¥� �Ìä ×þ Â·î�À� X ¥� �Ìä Âû �� �î ý��÷�ð ��
f : X → Y Ý�Æþ�÷üõ ,Ý�û¢ ö�È÷ f �� �¤ ÂÒ��� ßþ� Âð� .Àû¢üõÍ¨�� x ∈ X �Ìä Âð� .´¨� Y �� X ¥� üã��� f Ý�÷��¡üõ ø¢�Þ÷ �� ø ùÀ�õ�÷ x Ǒ�¥� �� f ¤�ÀÖõ �¤ y ,¢�ª ÂÒ��µõ y ∈ Y �� fö¢�¢ ö�È÷ ý�Â� x 7→ f(x) ý¤�Áð¢�Þ÷ ¥� .Ý�û¢üõ ö�È÷ f(x).¢�ªüõ ù¢�Ôµ¨� f �bÎ��®�¤�¬ ßþ� ¤¢ .R = X = Y À��î ­Âê .ñ�·õ 2.1.2.f(5) = 5 ,�f ·õ .(ü÷�Þû â���) ´¨� â��� ×þ x 7→ x ÂÒ��� (1
f(2) = 4 ,f(1) = 1 ,�f ·õ .´¨� â��� ×þ x 7→ x2 ÂÒ��� (2

f(−x) = f(x) ≥ 0 â��� ßþ� ¤¢ .f(−3) = 9 ø26



â��� ÓþÂã� 1.2 â��� 2 ÛÊê15) f

(

x+
1
x

)

= x2 +
1
x2 , (|x| ≥ 2)16) f

(1
x

)

= x+
√1+ x2, (x > 0)À�ª�� ù��¿ó¢ üÖ�Ö� ¢�Àä� c ø b ,a Âð� �î À�û¢ ö�È÷ (17ù�Ú÷� ,f(x) = ax2 + bx+ c ø

f(x+ 3) − 3f(x+ 2) + 3f(x+ 1) − f(x) = 0×þ I ⊆ Df ø f : R → R Ý��î ­Âê .ÓþÂã� 6.1.2Ǒ�¥� �� �î ´¨� ý¢�ã¬ I Â� f Ý���ðüõ ü�¤�¬ ¤¢ .´¨� ù¥��ü�¤�¬ ¤¢ .f(x) ≤ f(y) Ý�ª�� �µª�¢ x < y �î ý� x, y ∈ I Âûý� x, y ∈ I Âû Ǒ�¥� �� �î ´¨� ý¢�ã¬ �fÀ�î� I Â� f Ý���ðüõâ��� ���Èõ �¤�¬ �� .f(x) < f(y) Ý�ª�� �µª�¢ x < y �î���Øþ ü�¤�¬ ¤¢ �¤ â��� .¢¢Âðüõ ÓþÂã� üóø�÷ �fÀ�î� ø üóø�÷���Øþ �fÀ�î� ü�¤�¬ ¤¢ �¤ ö� ;Àª�� üóø�÷ �þ ø ý¢�ã¬ �î Ý���ð�î ´¨� ßªø¤ .Àª�� üóø�÷ �fÀ�î� �þ ø ý¢�ã¬ �fÀ�î� �î Ý���ð.Àû¢üõ �¹�µ÷ �¤ ö¢�� ×�±Øþ ,üþ���Øþ �fÀ�î��¤ ùÀª ù¢�¢ â��� üþ���Øþ �b �õ�¢ ,¢¤�õ Âû ¤¢ .ñ�·õ 7.1.2:Ý��îüõÉ¿Èõ.ÝþÂ�Ú� ÂÑ÷ ¤¢ �¤ f(x) =
√1− x2 â��� (1 ñ�·õø ,x2 < y2 �¤�¬ ßþ� ¤¢ ,0 ≤ x < y ≤ 1 Ý��î ­Âê .Û�ßþ�Â���� .1− x2 > 1− y2 �Áó

f(x) =
√1− x2 >√1− y2 = f(y)Ý��î ­Âê Âð� .´¨� üóø�÷ �fÀ�î� I = [0;1] ùb¥�� Â� f ,ü�ãþ.f(x) < f(y) �Áó ø y2 < x2 �¤�¬ ßþ� ¤¢ ,−1 ≤ x < y ≤ 0�� ���� �� .´¨� ý¢�ã¬ �fÀ�î� I = [−1;0] ùb¥�� Â� f â��� ü�ãþ.´¨� ��Þ� ¤�î ,Df = [−1;1] �Ø�þ�.ÝþÂ�ðüõ ÂÑ÷ ¤¢ �¤ f(x) =

x+ 1
x− 2 â��� (2 ñ�·õü¨¤Â� �¤ f(x) < f(y) ¯Âª .2 < x < y À��î ­Âê .Û�,À�µÆû ´±·õ x − 2 ø y − 2 ö�� .x+ 1

x− 2 <
y + 1
y − 2 Ý��îüõ:Ý��î �Â® (x− 2)(y − 2) ¤¢ �¤ éÂÏ ø¢ Ý�÷���üõ

(x + 1)(y − 2) < (y + 1)(x − 2).y < x �þ ø ,xy − 2x + y − 2 < xy − 2y + x − 2 Å�´��� ���Èõ �¤�Ê� .´¨� üóø�÷ �fÀ�î� I = (2; +∞) Â� f Å��� ,ö��î� .´¨� üóø�÷ �fÀ�î� ��÷ I = (−∞;2) Â� f �î ¢�ªüõ×þ Âû Â� f �î ÝþÂ�ðüõ �¹�µ÷ ,Df = R − {2} �Ø�þ� �� ����.´¨� üóø�÷ ©���õ�¢ ý�ûù¥�� ¥�

ü�ãþ ,¢�ª ÓþÂã� x21+x
ÂÆî �î x ∈ Df üµìø �ú�� ø üµìø .Û�.Df = R − {−1} ¥� ´¨� �¤�±ä f �b �õ�¢ ,Å� .1+ x 6= 0

f(x) = y �b ó¢�ãõ .y ∈ R Ý��îüõ ­Âê f ¢Â� ß��ã� ý�Â�ßþ�Â���� .x2 − yx− y = 0 �þ , x21+ x
:ÝþÂ�ðüõ ÂÑ÷ ¤¢ �¤

x =
12 (y ±√y2 + 4y)

=
12 (y ±√(y + 2)2 − 4)ý� x ù�Ú÷� ,|y+2| ≥ 2 Âð� ü�ãþ ,(y+2)2−22 ≥ 0 Âð� Å��î ´¨� �µÔð ßþ� �� ñ¢�ãõ ¯Âª ßþ� ,�õ� .f(x) = y �î ´Æû,ü�ãþ .y + 2 ≤ −2 �þ y + 2 ≥ 2¥� ´¨� �¤�±ä f ¢Â� ,ßþ�Â���� .y ∈ (−∞;−4] ∪ [0; +∞),´Æ�÷ ×�±Øþ f â��� ,ùø�ã� .Rf = (−∞;−4] ∪ [0; +∞).f(1) = f

(
−12 ) = 12 �î ¢�ªüõ �Ñ��õ �Âþ¥ýø�Æ� ¤¢ ý� x Âû Ǒ�¥� �� f : R → R Âð� (3 ñ�·õ.À��îüõÉ¿Èõ �¤ f �bÎ��® ,À�îüõ ëÀ¬ f

(
x

x+ 1) = x2
xy+y = Å� ,y =

x

x+ 1 Ý��îüõ­Âê ¤�Ñ�õ ßþ� ý�Â� .Û��� ö��î� .f(y) =

(
y1− y

)2 ßþ�Â���� .x =
y1− y

�þ ,x¢�ª ���� .f(x) =
x2

(1− x)2 Ýþ¤ø�üõ ´¨À� ,x �� y Ëþ�ã�´¨¤¢ ×þ üÔ�õ ø ×þ Óó�¿õ ý�û x ý�Â� �ú�� ýø�Æ� ßþ� �î?�Â� .´¨�Âþ¥ �¤�Ê� y = f(x) �î ü�¤�¬ ¤¢ .ßþÂÞ� 5.1.2:À��îÉ¿Èõ �¤ f �b �õ�¢ ,Àª�� ùÀª üêÂãõ1) y =
√3x− x3, 2) y =

√

sin(
√
x),3) y = (x− 2)

√

x+ 11− x
, 4) y = log(x2 − 4),5) y = sin

√
x, 6) y =

1
√

|x| − x
.:À��îÉ¿Èõ �¤ y = f(x) ¢Â� ø ��õ�¢ ,¢¤�õ Âû ¤¢7) y =

√2+ x− x2, 8) y = (−1)x,9) y = ln(1− 2 cosx), 10) y =
x1+ x2 .:À�µÆû ×�±Øþ Âþ¥ y = f(x) â���� ¥� ×�õ�Àî11) y = 3x− x3, 12) y = 10x + 10−x,13) y = x3, 14) y = 10x − 10−x.:�î À����� ü�¤�¬ ¤¢ �¤ y = f(x) â���27



â��� 2 ÛÊê â���� Â� ñ�Þä� 2.2
f(x)g(x) = (x2 + 1)(2− x) = −x3 − 2x2 − x+ 2,
f(x)

g(x)
=

(x2 + 1)

(2− x)
= −x− 2− 3

x− 2 ,
f(g(x)) = f(2− x) = (2− x)2 + 1 = x2 − 4x+ 5,
g(f(x)) = g(x2 + 1) = 2− (x2 + 1) = −x2 + 1,
f(f(x)) = f(x2 + 1) = (x2 + 1)2 + 1

= x4 + 2x2 + 2,
g(g(x)) = g(2− x) = 2− (2− x) = x.ÂÑ÷ ¤¢ �¤ g(x) = x2 ø f(x) = 1/x ùb¢�¨ â���� (2 ñ�·õø Dg = R ,Df = R − {0} �¤�¬ ßþ� ¤¢ .ÝþÂ�ðüõ
(f ◦ g)(x) = f(g(x)) =

1
x2 , Df◦g = R − {0}.

(g ◦ f)(x) = g(f(x)) =

(1
x

)2
=

1
x2 , Dg◦f = R − {0}.

(f ◦ f)(x) = f(x2) = x4, Df◦f = R.

(g ◦ g)(x) = g

(1
x

)

=
11/x = 1, Dg◦g = R − {0}.�¤�¬ ßþ� ¤¢ .f(x) = 1/(1− x) À��î ­Âê (3 ñ�·õ

f2(x) := f(f(x)) = f

( 11− x

)

=
11− 1/(1− x)

=
1− x1− x− 1

=
x− 1
x

= 1− 1
x

f3(x) := f(f2(x)) = f

(1− 1
x

)

=
11− (1− 1/x) =

11/x = xÝ��î ÓþÂã� ø Àª�� üû��¿ó¢ üã�±Ï ¢Àä n Âð� ,Ûî ¤¢ øù�Ú÷� , fn(x) := f(f(· · · f(x)))
︸ ︷︷ ︸¤�� n

f(x) = f4(x) = f7(x) = · · · = f3n+1(x) =
11− x

f2(x) = f5(x) = f8(x) = · · · = f3n+2(x) = 1− 1
x

f3(x) = f6(x) = f9(x) = · · · = f3n(x) = x,f(g(x)) â���� ,Âþ¥ ¢¤��õ ¥� ×þ Âû ¤¢ .ßþÂÞ� 3.2.2:À����� �¤ g(g(x)) ø f(f(x)) ,g(f(x))1) f(x) = x2, g(x) = 2x+ 3.2) f(x) = 1/x, g(x) = x+ 1.

É¿Èõ �¤ Âþ¥ â���� üþ���Øþ ý�û��õ�¢ .ßþÂÞ� 8.1.2:À��î1) y = x2 − 3x+ 2, 2) y = x− [x],3) y =
√5− 4x2, 4) y = 10x,5) y = log x, 6) y = sin(x+ π).Âþ¥ â���� üþ���Øþ ý�û��õ�¢ d ø c ,b ,aÓÜµ¿õ Âþ¢�Öõ Ǒ�¥� ��:À��îÉ¿Èõ �¤

∗7) y = ax2 + bx+ c, 8) y =
ax+ b

cx+ d
.

∗9) y =
√

(ax− b)(cx− d) â���� Â� ñ�Þä� 2.2,ù¢�¨ â���� ��÷ ø Àõ� Àû��¡ ö� �Âª �î üó�Þä� ¥� ù¢�Ôµ¨� ����¨Âõ ¤��Æ� ©ø¤ ßþ� .¢¤ø� ´¨À� �¤ Â�ùÀ�»�� â���� ö���üõ�f ·õ Âð� �Ø�þ� �ÜÞ� ¥� .´¨� ý¢Àãµõ ¸þ�µ÷ ý�¤�¢ ø ´¨�´¨� üê�î ,Ý��î á�À�� â���� ¥� ýÂ�ÚÖµÈõ ý�Â� üªø¤ Ý�û��¿�ÕµÈõ �î Ý�û¢ ö�È÷ ø ù¢�Þ÷ ö��� Â�ù¢�¨ â���� ý�Â� �ú�� �¤ ö�©�ùÀ�û¢ Û�ØÈ� Â�ù¢�¨ â���� ÕµÈõ ×Þî �� �¤ Â�ùÀ�»�� â����.¢¤ø� ´¨À� ö���üõ �÷�Ú�.À�µÆû R �� R ¥� â���� ��Þ� Ç¿� ßþ� ¤¢ßþ� ¤¢ ,a ∈ R ø À�ã��� g ø f À��î ­Âê .ÓþÂã� 1.2.2:Ý��îüõ ÓþÂã� f ◦ g ø f/g ,fg ,f + g ,af â���� �¤�¬
af : x 7→ af(x), f + g : x 7→ f(x) + g(x),

fg : x 7→ f(x)g(x),
f

g
: x 7→ f(x)

g(x)
,

f ◦ g : x 7→ f(g(x)).�¤ fg ,g �� f âÞ¹Ü¬�� �¤ f + g ,f ¤¢ a �ÂÌÜ¬�� �¤ af
f ◦ g ùÂ¡��� ø g Â� f ´ÞÆì �¤�¡ �¤ f/g ,g ø f �ÂÌÜ¬��ùø�ã� .Ý�õ�÷üõ g �� f °�îÂ� �¤
Daf = Df Df+g = Dfg = Df ∩Dg,

Df/g = Df ∩Dg −
{
x ∈ Dg

∣
∣ g(x) = 0},

Df◦g =
{
x ∈ Dg

∣
∣ g(x) ∈ Df

}
= g−1(Rg ∩Rf ).ø f(x) = x2 + 1 ùb¢�¨ â���� (1 .ñ�·õ 2.2.2�¤�¬ ßþ� ¤¢ .ÝþÂ�ðüõ ÂÑ÷ ¤¢ �¤ g(x) = 2− x

f(x) + 2g(x) = (x2 + 1) + 2(2− x) = x2 − 4x+ 5,28



â���� Â� ñ�Þä� 2.2 â��� 2 ÛÊêÀ�� �þ ø ø¢ ¥� ù¢�Ôµ¨� �� .ý��Î��® À�� â���� 9.2.2��¿µ÷� �� ¤�î ßþ� .¢�Þ÷ ÓþÂã� ö���üõ �¤ ýÀþÀ� â���� ,â���À�÷�õ .¢ÂþÁ�üõ �¤�¬«�Ê¿� ý�ûù¥�� Â� â����
f(x) =

{ √1− x x < 1 Âð�
x2 + x 1 ≤ x Âð��bÎ��® �� [1;∞) ùb¥�� Â� ø √1− x �bÎ��® �� (−∞;1) ùb¥�� Â� �îÀ�� â��� ÓþÂã� ý�Â� �î üÏÂª �ú�� .´¨� ùÀþ¢Âð ÓþÂã� x2+x,ü�ãþ ,À�ª�� ¤�ð¥�¨ �û�Î��® �î ´¨� ßþ� ¢¤�¢ ¢��ø ý��Î��®Âþ¢�Öõ ö� ù�Ú÷� ,¢�ª ÓþÂã� ¤�ÀÖõ ø¢ �� x = x0 Ǒ�¥� �� f Âð�.À�ª�� Â��Â�â��� ¢Â� ø ��õ�¢ �Àµ�� .ñ�·õ 10.2.2

f(x) =

{
x− 1 x < 1 Âð�
x2 1 ≤ x Âð�.Àþ¤ø� ´¨À� �Â÷� §�Øãõ Å³¨ ø �µê�þ �¤¤¢ ,1 ≤ x < y À��î ­Âê .R ¥� ´¨� �¤�±ä f â��� �b �õ�¢ .Û�,x < y < 1 Âð� ,ùø�ã� .f(x) = x2 < y2 = f(y) �¤�¬ ßþ�Âð� ,ß��»Þû .f(x) = x − 1 < y − 1 = f(y) ù�Ú÷�Å� .f(x) = x−1 < 0 ≤ 1 ≤ y2 = f(y) ù�Ú÷� ,x < 1 ≤ y×�±Øþ ý¢�ã¬ �fÀ�î� â��� Âû ø ´¨� ý¢�ã¬ �fÀ�î� R Ûî Â� fö� §�Øãõ ßµê�þ ý�Â� .´¨� ÂþÁ³¨�Øãõ f ,�¹�µ÷ ¤¢ .Àª��üõ:Ý��îüõ ÛÞä Âþ¥ ©ø¤ ��.x = f(x) + 1 ßþ�Â���� ø f(x) = x − 1 ù�Ú÷� ,x < 1 Âð�,�¹�µ÷ ¤¢ .x =

√

f(x) ßþ�Â���� ø f(x) = x2 ù�Ú÷� ,1 ≤ x Âð�¥� ´¨� �¤�±ä f §�Øãõ
f−1(x) =

{
x+ 1 x < 0 Âð�√
x 1 ≤ x Âð�¥� ´¨� �¤�±ä f ¢Â� ,ùø�ã�

Rf = Df−1 = (−∞;0) ∪ [1; +∞)�¤ Âþ¥ â���� ¥� ×þ Âû ¢Â� ø ��õ�¢ .ßþÂÞ� 11.2.2¢��ø �¤�¬ ¤¢ �¤ �ú÷� ¥� ×þ Âû §�Øãõ Å³¨ ø À��îÉ¿Èõ:À�����1) f(x) =







x x < 1 Âð�
x2 1 ≤ x ≤ 4 Âð�2x 4 < x Âð�2) f(x) =







x+ 1 x ≤ 0 Âð�2x+ 3 0 < x < 1 Âð�
(x+ 2)2 1 ≤ x Âð�Âþ�¨ .¢�ªüÞ÷ ¢øÀ½õ ¢¤�õ ¤�ú� ß�Þû �� â���� ÓþÂã� ©ø¤.Àª À�û��¡ Âî£ �fÀã� ø À�µÆû ¤��Æ� ýÂÑ÷ ��õÀÖõ ý�¤�¢ �úªø¤

f(x) = 1 + x + x2 + · · · �¤�Ê� �¤ üã��� ´¨� ßØÞõ ,�f ·õ!Ý��î ÓþÂã�

´¨À� �¤ fn(x) â��� ,f(x) = x/
√1+ x2 �Ø��¤�¬ ¤¢ (2ùÀþ¢Âð ÓþÂã� 2.2.2ñ�·õ ¥� (3) ´ÞÆì ¤¢ fn) .Àþ¤ø�(.´¨�É¿Èõ �¤ f(x) ,f(x+1) = x2−3x+2 �î ü�¤�¬ ¤¢ (3.À��îü�¤�¬ ¤¢ �¤ f : X → Y â��� .§�Øãõ 4.2.2ø Dg = Rf �b �õ�¢ �� g : Y → X üã��� �î Ý���ð ÂþÁ³¨�Øãõ�î ¢¢Âð ´ê�þ ö��� Rg = Df ¢Â�1) ∀x ∈ Df : g(f(x)) = x,2) ∀y ∈ Dg : f(g(y)) = y.

y = f−1(x) ¢�Þ÷ �� �¤ ø ùÀ�õ�÷ f §�Øãõ �¤ g ´ó�� ßþ� ¤¢.À�û¢üõ ö�È÷â��� ×þ ýÂþÁ³¨�Øãõ ß��ã� ¤¢ ÂµÈ�� üµ��¤ ¢�¹þ� ý�Â�.¢¤�¢ ¢��ø Âþ¥ �Âª �� À�õ¢�¨ ý���Ìì ,­øÂÔõ
f : X → â��� �Ø�þ� ý�Â� üê�î ø �¥� ¯Âª .��Ìì 5.2.2.Àª�� ×�±Øþ �î ´¨� ßþ� ,Àª�� ÂþÁ³¨�Øãõ YÂ��Â� Ç¨�Øãõ â��� ¢Â� �� â��� Âû �b �õ�¢ .��Ìì 6.2.2§�Øãõ .´¨� Â��Â� Ç¨�Øãõ â��� �b �õ�¢ �� â��� Âû ¢Â� .´¨�,üóø�÷ â��� Âû §�Øãõ .´¨� ý¢�ã¬ üã��� ,ý¢�ã¬ â��� Âû.´¨� ×�±Øþ üã��� ,×�±Øþ â��� Âû §�Øãõ .´¨� üóø�÷ üã���.´¨� Â��Â� â��� ¢�¡ �� ,â��� Âû §�Øãõ §�ØãõÉ¿Èõ �¤ f(x) =

2x+ 34x+ 5 â��� §�Øãõ .ñ�·õ 7.2.2.À��î.Df = R −
{

−54 } �f ø� �î Ý��îüõ ���� ¤�Ñ�õ ßþ� ý�Â� .Û��þ ø 4xf(x) + 5f(x) = 2x + 3 ù�Ú÷� ,x 6= −54 Âð� §�ßþ� .x = (3−5f(x))
(4f(x)−2)

ßþ�Â���� .(4f(x) − 2)x = 3 − 5f(x)ùø�ã� .f−1(x) = 3−5x4x−2 �î Àû¢üõ ö�È÷
Rf = D−1

f = R −
{12}�¤�¬ ¤¢ �¤ Âþ¥ â���� ¥� ×þ Âû §�Øãõ .ßþÂÞ� 8.2.2:À����� ¢��ø1) y =

x− 12x+ 3 , 2) y = 10 x

x + 2 ,3) y = x3/5 + 1, 4) y =
√

x3 − x2.29



â��� 2 ÛÊê â��� ¤�¢�Þ÷ 3.2ß��»Þû ø Df = [0;2] �î ¢¢Âðüõ �Ñ��õ ,¤�Ñ�õ ßþ� ý�Â�ø Rf = [0;1) ∪ (4;5]

x 0 1/2 1 3/2 2
f(x) 0 1/4 1 5 4 9/2 5.¢¢Âðüõ Û¬�� �-1.2 ÛØª ßþ�Â����:À��î Ý¨¤ �¤ Âþ¥ â���� ¥� ×þ Âû ¤�¢�Þ÷ .ßþÂÞ� 4.3.21) y =
√

x− 1, 2) y = [sinx],3) y = x− [x], 4) y = x3 − 2x2,5) y =
√

cosx, 6) y =
1
[x]
,7) y =

1
√

x2 − x
, 8) y = arctan(x2),9) y =

x+ 1
x− 2 .:À��î Ý¨¤ �¤ ý��Î��® À�� â���� ¥� ×þ Âû10) y =







2x x ≤ −1 Âð�1/x −1 < x < 0 Âð�
x2 x ≥ 0 Âð�11) y =







√
x+ 1 x < −1 Âð�

arcsinx −1 ≤ x ≤ 1 Âð�√
x− 1 x > 1 Âð�â��� ¤�¢�Þ÷ ö¢�� ��Üãõ �� ���� �� �¤ Âþ¥ â���� ¥� ×þ Âû ¤�¢�Þ÷:À��î Ý¨¤ y = f(x)12) y = f2(x), 13) y = |f(x)|,14) y =

√

f(x), 15) y =
1
f(x)

,16) y = −f(x), 17) y = [f(x)].�µª�¢ �¤ y = g(x) ø y = f(x) â���� ¤�¢�Þ÷ �î ü�¤�¬ ¤¢:À��î Ý¨¤ �¤ Âþ¥ â���� ¤�¢�Þ÷ ,Ý�ª��18) y = f(g(x)), 19) y = f(x)g(x),20) y = f(x) + g(x), 21) y =
f(x)

g(x)
.ø y = f(x)f(x− a) �î ü�¤�¬ ¤¢ (22

f(x) =

{ 1− |x| |x| ≤ 1 Âð�0 |x| > 1 Âð��î À��î Ý�¨Â� üó�� ¤¢ �¤ y â��� ¤�¢�Þ÷.a = 2 (� ø a = 1 (� ,a = 0 (Óó�

â��� ¤�¢�Þ÷ 3.2�¤ f : X → Y ­øÂÔõ â��� ¤�¢�Þ÷ .ÓþÂã� 1.3.2ÓþÂã� Γf := {(x, f(x)) ∈ X × Y | x ∈ Df} �¤�Ê�
R2 �� �¤ X×Y ö���üõ Å� ,X = Y = R °Üè� ö�� .Ý��îüõ.¢�¢ ö�È÷ R2 ü�¤�î¢ �b½Ô¬ ¤¢ �¤ Γf ¯�Ö÷ ø ´êÂð üØþÝ�¨Â� ¤¢ ©ø¤ ßþÂ� ��¨Âõ .ü��þ�ÎÖ÷ ©ø¤ 2.3.2À�� ©ø¤ ßþ� ¤¢ .ü��þ�ÎÖ÷ ©ø¤ �� ��¨�õ ´¨� üªø¤ ,â����½Ô¬ ¤¢ �¤ (x, f(x)) ¯�Ö÷ Å³¨ ø ù¢Âî ��¿µ÷� �¤ Df ¥� �ÎÖ÷ßþ� .Ý��îüõ Û¬ø Ýú� �¤ ¯�Ö÷ ßþ� ,ù�Ú÷� .Ý��îüõ É¿ÈõüÜ�ó¢ �� :´Æ�÷ Õ�ì¢ ��ø º�û �� üóø ,´¨� ù¢�¨ ¤��Æ� ©ø¤¤¢ ?Àª�� ÛÊµõ ­øÂÔõ �bÎÖ÷ ø¢ ß�� â��� ¤�¢�Þ÷ �î ¢¤�¢ý¤��Æ� ø ?Â�¡ �þ ´¨� ö�¨�÷ ý�¤�¢ �þ� ,ö¢�� ÛÊµõ �¤�¬¥� ×þ Âû �� ¾¨�� ý�Â� ø ´¨� �ÂÏ Û��ì �î ÂÚþ¢ ����ÿ¨�î Àþ¢ Ý�û��¡ ,�fÀã� .Àª��üõ ýÂ�â�¨ø ��ä�Ï� �� ¥��÷ ,�ú÷�¢�Àã� ø ´¨� ö� üÚµ¨��� ü�ãõ �� ,â��� ×þ ¤�¢�Þ÷ ö¢�� ÛÊµõ.¢¤�¢ üÚµÆ� f ′′ ø f ′ ý�ûÂÔ¬ ¢�Àã� �� ��÷ f ý�ú÷�¨�÷�¤ f(x) = x2/(1 + x) â��� ¤�¢�Þ÷ (1 .ñ�·õ 3.3.2.À��î Ý¨¤�î Ýþ¢�¢ ö�È÷ 4.1.2 ñ�·õ ¥� (2) ´ÞÆì ¤¢ .Û��� üóøÀ� .Rf = (−∞;−4] ∪ [0; +∞) ø Df = R − {1}Ý��îüõ ��ú� Âþ¥ �Âª
x −4 −3 −2 −1 0 1 2 3

f(x) −16/3 −9/2 −4 ùÀÈ÷ ÓþÂã� 0 1/2 −4/3 9/4Û¬�� ¯�Ö÷ ø ù¢�Þ÷ Ý�¨Â� R2 ¤¢ �¤ ¯�Ö÷ ßþ� ´¨� üê�î ö��î�.(¢�ª ���� Óó�-1.2 ÛØª ��) À��î ÛÊµõ Ýú� �¤

(Óó� :1.2 ÛØªf(x) = x2/(1+x) 2 ñ�·õ ¤¢ â��� ¤�¢�Þ÷ (�â��� ¤�¢�Þ÷Ý��îüõ Ý¨¤ �¤ Âþ¥ â��� ¤�¢�Þ÷ (2 ñ�·õ

f(x) =







x2 0 ≤ x < 1 Âð�5 x = 1 Âð�
x+ 3 1 < x ≤ 2 Âð�30



â��� ¤�¢�Þ÷ ¤¢ ö¤�Ö� 4.2 â��� 2 ÛÊê
= ln

∣
∣
∣
∣

x+ 1
x− 1 ∣∣∣∣ = − ln

∣
∣
∣
∣

x− 1
x+ 1 ∣∣∣∣ = −f(x):À��î ß��ã� �¤ Âþ¥ â���� ö¢�� ¢Âê ø �ø¥ .ßþÂÞ� 4.4.21) y = 2x3 − x, 2) y = sinx+ cosx,3) y = x sin2 x, 4) y = x2 − |x|,5) y = arcsinx. 6) y = x
ex − 1
ex + 1 ,7) y = 5 sin4x, 8) y = sin(sin(cosx)),9) y = x+ sinx.?¢¤�¢ ¢��ø Àª�� ¢Âê Ýû ø �ø¥ Ýû �î üã��� �þ� (10��÷ �Â÷� ¤�¢�Þ÷ ?´¨� ��Àî ö� �Î��® ,´¨� ´±·õ ¾¨�� �»÷���!À��î Ý¨Â�¤¢ �¤ Df = R �b �õ�¢ �� y = f(x) â��� .ÓþÂã� 5.4.2ý� x Âû Ǒ�¥� �� �f ø� �î Ý���ð T �ø��� �� ø �ø��µõ ü�¤�¬�î Àª�� ´�¬�¡ ßþ� ý�¤�¢ T1 Âð� �f�÷�� ø f(x + T ) = f(x)�� .0 < T ≤ |T1| ù�Ú÷� ,f(x + T1) = f(x) ý� x Âû Ǒ�¥� ��ýø�Æ� ¤¢ �î ´¨� üµ±·õ ¢Àä ßþÂµØ��î T ,ÂÚþ¢ ö���

∀x : f(x+ T ) = f(x)Àª�� T �ø��� �� ø �ø��µõ üã��� y = f(x) Âð� .À�îüõ ëÀ¬¤¢ ¤�ÂØ� �� ù�Ú÷� ,Ý�ª�� ù¢Âî Ý¨¤ [0;T ] ùb¥�� ¤¢ �¤ f ¤�¢�Þ÷ ø¥� ýÂÚþ¢ ��ãÎì ,T �¤�Ìõ ùb¥�À÷� �� ø �û x ¤�½õ ý�µ¨�¤.(3.2 ÛØª) Ýþ¤ø�üõ ´¨À� �¤ y = f(x) â��� ¤�¢�Þ÷

�ø��µõ â��� ×þ ¤�¢�Þ÷ :3.2 ÛØªø T �ø��� �� y = f(x) À��î ­Âê .��Ìì 6.4.2¤¢ ,ÂÔ¬ Óó�¿õ ý¢Àä a 6= 0 ø ´¨� S �ø��� �� y = g(x)�¤�¬ ßþ�.´¨� T �ø��� �� üã��� af(x) (1

â��� ¤�¢�Þ÷ ¤¢ ö¤�Ö� 4.2ö¤�Öµõ ü�¤�¬ ¤¢ �¤ I ⊆ R �bä�Þ¹õ Âþ¥ .ÓþÂã� 1.4.2.Àª�� ÕÜãµõ I �� ��÷ −x ,ý� x ∈ I Âû Ǒ�¥� �� �î Ý���ð�ø¥ ü�¤�¬ ¤¢ �¤ ´¨� ö¤�Öµõ ©���õ�¢ �î y = f(x) â���Âû Ǒ�¥� �� �î Ý���ðüã��� ß��� ¤�¢�Þ÷ .f(−x) = f(x) Ý�ª�� �µª�¢ ý� x ∈ D���� Óó�-2.2 ÛØª ��) ´¨� ö¤�Öµõ �û y ¤�½õ �� ´±Æ÷.(¢�ª¢Âê ü�¤�¬ ¤¢ �¤ ´¨� ö¤�Öµõ ©���õ�¢ �î y = f(x) â���Âû Ǒ�¥� �� �î Ý���ðüã���� ß��� ¤�¢�Þ÷ .f(−x) = −f(x) Ý�ª�� �µª�¢ ý� x ∈ D.(¢�ª ���� �-2.2 ÛØª ��) ´¨� ö¤�Öµõ Ǒ�À±õ �� ´±Æ÷

¢Âê â��� ×þ ¤�¢�Þ÷ (� �ø¥ â��� ×þ ¤�¢�Þ÷ (Óó� : 2.2 ÛØªâ��� ø¢ �þ ø �ø¥ â��� ø¢ �ÂÌÜ¬�� (1 .��Ìì 2.4.2.´¨� �ø¥ üã��� ,¢Âê.´¨� ¢Âê üã��� ,¢Âê â��� ×þ ø �ø¥ â��� ×þ �ÂÌÜ¬�� (2�þ) �ø¥ üã��� ,(¢Âê �þ) �ø¥ â��� ×þ ¤¢ ý¢Àä �ÂÌÜ¬�� (3.´¨� (¢Âê.´¨� ¢Âê üã��� ,¢Âê â��� ø¢ °�îÂ� (4.´¨� �ø¥ üã��� ,¢Âê ø �ø¥ üã��� �þ ø ø �ø¥ â��� ø¢ °�îÂ� (5.´¨� (¢Âê) �ø¥ üã��� (¢Âê) �ø¥ â��� ×þ öø¤�ø ø §�Øãõ (6Ý��î ÓþÂã� ø ,Àª�� ù��¿ó¢ üã��� y = f(x) Âð� (7
y1 =

f(x) + f(−x)2 ø y2 =
f(x) − f(−x)2

f = �¤�¬ ßþ� ¤¢ .´¨� ¢Âê üã��� y2 ø �ø¥ üã��� y1 ù�Ú÷�ø �ø¥ â��� ×þ âÞ¹Ü¬�� �¤�Ê� �¤ üã��� Âû ,ü�ãþ .y1 + y2.´ª�÷ ö���üõ ¢Âê â��� ×þ�Âþ¥ ,´¨� �ø¥ f(x) = x sinx â��� (1 .ñ�·õ 3.4.2
f(−x) = (−x) sin(−x) = (−x)(− sinx)

= x sinx = f(x)�Âþ¥ ,´¨� ¢Âê f(x) = ln

∣
∣
∣
∣

x− 1
x+ 1 ∣∣∣∣ â��� (2 ñ�·õ

f(−x) = ln

∣
∣
∣
∣

(−x) − 1
(−x) + 1 ∣∣∣∣ = ln

∣
∣
∣
∣

−x− 1
−x+ 1 ∣∣∣∣31



â��� 2 ÛÊê â��� ¤�¢�Þ÷ ¤¢ ö¤�Ö� 4.2ùb¤ø¢ �î Ýþ¤ø�üõ �ø��µõ â��� ×þ ¥� üó�·õ ×�þ� (5 ñ�·õÀ��î ­Âê !¢¤�À÷ �ø���
f(x) =

{ 1 x ∈ Q Âð�0 x /∈ Q Âð�
x ∈ R Âð� �¤�¬ ßþ� ¤¢ .Àª�� �þ�ð ý¢Àä T À��î ­Âê ��÷ ø�¹�µ÷ ¤¢ ø ´¨� �þ�ð ��÷ x+ T ù�Ú÷� ,Àª�� �þ�ð

f(x) = f(x+ T ) = 1ø ´¨� Ù�ð ��÷ x + T ù�Ú÷� ,Àª�� Ù�ð x ∈ R Âð� �õ�ý� x ∈ R Âû Ǒ�¥� �� ,Å� .f(x) = f(x + T ) = 0 ßþ�Â����!¢�� ù��¿ó¢ 0 < T ∈ Q �î Ýþ¤�¢ ���� ,f(x) = f(x+ T )0 < T < 2π �î À�û¢ ö�È÷ (1 .ßþÂÞ� 8.4.2.Àª�� y = sinx â��� ý�Â� �ø��� ×þ À÷���üÞ÷�ø��µõ â���� ¥� ×þ Âû �ø��� ùb¤ø¢ ,À��ø��µõ Âþ¥ â���� ��Àî:Àþ¤ø� ´¨À� �¤2) y = cos4x, 3) y = sin(2πx),4) y = sin2 x, 5) y = tanx+ sinx,6) y = cos

(
x− π2 )

, 7) y = x− 2 [x2] ,8) y = 3 arctan(2x), 9) y = | cosx|,10) y = x2 + sinx.­øÂÔõ ¢Àä �� ¼�½¬ ¢Àä ßþÂµØþ¢�÷ f(x) À��î ­Âê (11À��î ´��� ,f(x) â��� �bÎ��® ß��ã� ßÞ® .Àª�� x ∈ RÅ³¨ ø ´¨� �ø��µõ f(x) − x üóø ´Æ�÷ �ø��µõ f(x).À��îÉ¿Èõ �Â÷� �ø���ö� ¤�¢�Þ÷ ø ´¨� R �b �õ�¢ �� üã��� y = f(x) À��î ­Âê (12´��� .Àª��üõ ö¤�Öµõ x = b ø x = a Í¡ ø¢ �� ´±Æ÷.´¨� �ø��µõ â��� ßþ� �î À��î¥� ×þ Âû �ø��� ùb¤ø¢ Å³¨ ø À��ø��µõ Âþ¥ â���� �î À�û¢ ö�È÷:À����� �¤ �ú÷�13) y =
√

x− [x] 14) y = sin{4π(x− [x])}15) y = (10x − [10x])2

.´¨� T|a| �ø��� �� üã��� f(ax) (2Àª�� üµ±·õ ¢Àä ßþÂµð¤�� N ø ù¢�� �þ�ð ý¢Àä S

T
Âð� (3â���� ¥� ×þ Âû ù�Ú÷� ,À�ª�� üã�±Ï ¢�Àä� S

N
ø T

N
�îÀ��ø��µõ f(x)

g(x)
ø f(x)g(x) ,f(x) − g(x) ,f(x) + g(x)�»÷���) .Àª��üõ �ú÷� ¥� ×þ Âû �ø��� ¥� ü�ÂÌõ N ø(.À��ø��µõ�÷ ¤�îÁõ â���� ,Àª�±÷ �þ�ð ý¢Àä S

T,´¨� 2π �ø��� �� y = sinx â��� (1 .ñ�·õ 7.4.2â��� ø ´¨� 4π = 2 × 2π �ø��� ý�¤�¢ sin
( x2) â��� �¹�µ÷ ¤¢.Àª��üõ 2π �ø��� ý�¤�¢ −5 sinxßþ� ¤¢ .´¨� 2π �ø��� ý�¤�¢ y = cosx â��� (2 ñ�·õ.À�µÆû 2π �ø��� �� − sinx ø 2 cosx ,�¤�¬¤¢ ´¨� π �ø��� ý�¤�¢ y = tanx =

sinx

cosx
â��� (3 ñ�·õ¢¤�õ ¤¢ ��� �b �Ìì ¥� (3) ´ÞÆì ¤¢ ùÀª üêÂãõ N ¢Àä �î üó���î ¢�ª ���� .´¨� 2π Â��Â� y = cosx ø y = sinx â����.2π = 2×N�ø��� ý�¤�¢ ((x)) = x − [x] ýÂÆî Ǒ�� â��� (4 ñ�·õ�f ø� �Âþ¥ ,´¨� T = 1

((x+ 1)) = (x+ 1) − [x+ 1] = x+ 1− ([x] + 1)

= x− [x] = ((x)),((x + T )) = ((x)) ý� x Âû ý�¥� �� ø 0 < T Âð� ,ü÷�� ¤¢ øø ((T )) = α Âð� �Âþ¥ ,Àª�� üã�±Ï ý¢Àä T üµÆþ�� ù�Ú÷��b ±¨�½õ �� ���� �� ø T = n + α üµÆþ�� ù�Ú÷� ,0 < α < 1��¿µ÷� T ö���ä �� À÷���üõ ��÷ 0 + α �î ¢�ªüõ ùÀû�Èõ ���ø n = 0 �fÞµ� ,Àª�� ßþÂµØ��î T Àþ�� ö�� ,ßþ�Â���� .¢�ª�Ø�þ� �� ���� �� ö��î� .0 < α < 1 �î T = α �¹�µ÷ ¤¢Ýþ¤�¢ ,((x + T )) = ((x))0 = ((1+ (T − α)))

= ((1− α+ T )) = ((1− α)) = 1− α.´¨� üã�±Ï ¢Àä ×þ T Å� .´¨� Ëì��õ �î α = 1 ü�ãþ�bÎ��¤ ¤¢ ë¢�¬ üã�±Ï ¢Àä ßþÂµØ��î ×þ �Ø�þ� �� ���� �� ñ��.T = 1 �î ÝþÂ�ðüõ �¹�µ÷ ,´¨� ((x+ n)) = x

32



3 ÛÊê
üÚµ¨��� ø À�

�Ü�Âõ �f �Þãõ ,ÂÚþ¢ ö��� �� .Ý��î üêÂãõ �¤ δ ,ù��¿ó¢ 0 < εéÀû �bãó�Îõ �� �¤ ¤�î ßþ� .Ý��îüõ éÁ� �¤ Âþ¥ Ýµþ¤�Úó� �¤�ú�:¢�¢ ��¹÷� ö���üõ Âþ¥ �bÎ��¤ ý¤�ÂìÂ� ü�ãþ �ÜÿÆõ0 < |x− x0| < δ ⇒ |f(x) − ℓ| < ε.´¨� ùÀª ���¤� Âþ¥ ñ�·õ ¤¢ Ýµþ¤�Úó� �÷�ð¤�ú� Û��Âõ,f(x) = x2 + 3x À��î ­Âê (1 .ñ�·õ 3.1.3ßþ� lim
x→2(x2 + 3x) �î Ý��îüõ �ä¢� ,ü�ãþ .ℓ = 10 ø x0 = 2:�î ´¨� ü�ãõ ö�À�

∀ε∃δ∀x
(0 < |x− 2| < δ ⇒ |x2 + 3x− 10| < ε

):Ý��îüõ ¥�è� |x2 + 3x− 10| �� :δ °þÂ® ßµê�þ :1 �b Ü�Âõ
|x2 + 3x− 10| = |(x+ 5)(x− 2)|

= |x+ 5||x− 2| < |x+ 5|δÅ� ,δ < 1 Ý��î ­Âê :δ °þÂ® ö¢Âî ý¢Àä :2 �b Ü�Âõßþ�Â���� .|x− 2| < 1 Ýþ¤�¢ |x− 2| < δ ��óø� ­Âê ����� ö��.|x2+3x−10| < 8δ �¹�µ÷ ¤¢ .6 < x+5 < 8 �þ 1 < x < 3�ø¢ éÂÏ �î ´¨� ßþ� éÀû :δ ¤�ÀÖõ §À� :3 �b Ü�Âõ�f ±ì �õ� .δ < ε8 �þ 8δ < ε üµÆþ�� Å� ,Àª�� ε ��� ýø�Æõ�÷ßþ� ö�õ�Þû ý¤�ÂìÂ� ý�Â� ,ßþ�Â���� .δ ≤ 1 �î Ýþ¢�� ù¢Âî ­Âê.δ = min
{1, ε8} �î Ý��î ­Âê ´¨� üê�î ,­Âê ø¢

δ ¢¤�õ ¤¢ ��� §À� �î Ý�û¢üõ ö�È÷ :�ä¢� ��±�� :4 �b Ü�Âõ
δ = min

{1, ε8} Ý��î ­Âê ,¤�Ñ�õ ßþ� ý�Â� .´¨� ´¨¤¢¥� .|x − 2| < ε8 ø |x − 2| < 1 Å� .|x − 2| < δ ø�þ−1 < x − 2 < 1 �î ¢¢Âðüõ �¹�µ÷ |x − 2| < 1 ¯Âªßþ�Â���� ,6 < x+ 5 < 8
|x2 + 3x− 10| = |x+ 5||x− 2| < 8× ε8 = ε

¤¢ ö� ¥� ù¢� Ô µ¨� Å³¨ ø À� ��úÔ õ �b ��¤� ÛÊê ßþ� ¥� éÀû�� �õ ¢¤�¡Â� ß�óø� ¶½±õ ßþ� .Àª��üõ â��� üÚµ¨��� �b ãó�Îõ.´¨� (ñ�ÂÚµ÷�ø Û�Æ÷�ÂÔþ¢ ��Æ�) ö���Æ� á�®�õÀ� ÓþÂã� 1.3.0 < ε ø ε, x0 ∈ R À � � î ­Â ê .Ó þÂ ã � 1.1.3
(x0 − ε;x0 + ε) ùb¥�� x0 ¥� ü Ú þ� Æ Þ û−ε × þ ¥� ¤� Ñ � õ¥�� �bä�Þ¹õ ,x0 ¥� �µÔ¨ üÚþ�ÆÞû−ε ¥�¤�Ñ�õ .´¨� R ¥�
(x0 − ε;x0) ∪ (x0;x0 + ε) = (x0 − ε;x0 + ε) − {x0}üÚþ�ÆÞû−ε×þ ¥� ´¨� �¤�±ä �ä�Þ¹õ ßþ� âì�ø ¤¢ .Àª��üõ.Ýþ��µª�¢Â� ö� ¥� �¤ x0 �bÎÖ÷ ¢�¡ �î x0 ¥�
x0 ø â��� ×þ y = f(x) À��î ­Âê .ÓþÂã� 2.1.3¤�Âì f �b �õ�¢ ¤¢ ö� ¥� �µÔ¨ üØþ�ÆÞû−ε ×þ �î ´¨� ý¢Àäø ¢�ªüõ ÓþÂã� x0 ¥� üÚþ�ÆÞû ×þ ¤¢ f ÂÚþ¢ ö��� �� ,¢¤�¢.¢¢ÂðüÞ÷ ÓþÂã� x0 �bÎÖ÷ ¢�¡ ¤¢ �f �Þµ��Û�õ x0 �� x üµìø y = f(x) â��� À� Ý���ðüõ ü�¤�¬ ¤¢×þ ,ù��¿ó¢ 0 < ε Âû ý�¥�� �î ´¨� ℓ ∈ R ¢Àä Â��Â� À�îüõ�b µÔ¨ üÚþ�ÆÞû−δ ¤¢ x Âû ý�¥� �� �î ¢¢Âð ´ê�þ ö��� 0 < δüÚþ�ÆÞû−ε �� f(x) ¢Àä ,x0 �bÎÖ÷ ¥� (x0−δ;x0+δ)−{x0}ÂÚþ¢ �¤�±ã� .Àª�� ÕÜãµõ ℓ ¥� (ℓ− ε; ℓ+ ε)

∀ε∃δ∀x
(0 < |x− x0| < δ ⇒ |f(x) − ℓ| < ε

)¢�Þ÷ �� ø ùÀ�õ�÷ x0 �ÎÖ÷ ¤¢ y = f(x) â��� À� �¤ ℓ�¤�¬ ßþ� ¤¢.Ý�û¢üõ ö�È÷ lim
x→x0 f(x)Â��Â� À�îüõ Û�õ x0 �� x üµìø f À�” �î ý�ä¢� ßþ� ö��ÝØ� ßþ� ¤¢ ø ,´¨� üÖÎ�õ ÝØ� ×þ ��±�� �� ñ¢�ãõ ”´¨� ℓý�¥� �� �î ´¨� üê�î Å� ,¢¢ÂðüõÂ� δ ¢��ø �� üÜ¬� ý�ä¢�33



üÚµ¨��� ø À� 3 ÛÊê À� ÓþÂã� 1.3:´¨� ùÀª­Âê
∣
∣
∣
∣
∣

√
x+ 1− 1

x
− 12 ∣∣∣∣∣ =

=

∣
∣
∣
∣
∣

√
x+ 1− 1

x
×

√
x+ 1+ 1√
x+ 1+ 1 − 12 ∣∣∣∣∣

=

∣
∣
∣
∣

(x+ 1) − 1
x(
√
x+ 1+ 1)

− 12 ∣∣∣∣
=

∣
∣
∣
∣

1√
x+ 1+ 1 − 12 ∣∣∣∣ =

∣
∣
∣
∣
∣

1−
√
x+ 12(

√
x+ 1+ 1)

∣
∣
∣
∣
∣

=

∣
∣
∣
∣
∣

1−
√
x+ 12(

√
x+ 1+ 1)

×
√
x+ 1+ 1√
x+ 1+ 1 ∣∣∣∣∣

=

∣
∣
∣
∣

1− (x+ 1)2(
√
x+ 1+ 1)2 ∣∣∣∣

=
|x|2(

√
x+ 1+ 1)2 < δ2(

√
x+ 1+ 1)2Å� ,δ ≤ 1 Ý��î ­Âê :δ °þÂ® ö¢Âî ý¢Àä :2 �b Ü�Âõßþ�Â���� .−1 < x < 1 Ýþ¤�¢ ,|x| < δ ��óø� ­Âê ����� ö��:�¹�µ÷ ¤¢ .0 < √

x+ 1 < √2 �þ 0 < x+ 1 < 2
∣
∣
∣
∣
∣

√
x+ 1− 1

x
− 12 ∣∣∣∣∣ =

δ2(
√
x+ 1+ 1)2 < δ2(0+ 1)2 =

δ2�ø¢ éÂÏ �î ´¨� ßþ� éÀû :δ ¤�ÀÖõ §À� :3 �b Ü�Âõ�f ±ì �õ� .δ ≤ 2ε �þ δ2 ≤ ε üµÆþ�� Å� ,Àª�� ε ��� ýø�Æõ�÷ßþ� ö�õ�Þû ý¤�ÂìÂ� ý�Â� ,ßþ�Â���� .δ ≤ 1 �î Ýþ¢�� ù¢Âî ­Âê.δ = min{1,2ε} Ý��î ­Âê ´¨� üê�î ,­Âê ø¢
δ ¢¤�õ ¤¢ ��� §À� �î Ý�û¢üõ ö�È÷ :�ä¢� ��±�� :4 �b Ü�Âõø δ = min{1,2ε} Ý��î ­Âê ,¤�Ñ�õ ßþ� ý�Â� .´¨� ´¨¤¢¯Âª ¥� .|x| < 2ε ø |x| < 1 ,x 6= 0 Å� .0 < |x| < δ�þ ø 0 < x + 1 < 2 �þ −1 < x < 1 ÝþÂ�ðüõ �¹�µ÷ |x| < 1:Ýþ¤�¢ ,1 �b Ü�Âõ ¤¢ ��±¨�½õ Õ��Îõ �Áó ,0 < √

x+ 1 < √2
∣
∣
∣
∣
∣

√
x+ 1− 1

x
− 12 ∣∣∣∣∣ =

|x|2(
√
x+ 1+ 1)2 < 2ε2(0+ 1)2 = ε.´¨� ��Þ� ö�ûÂ� ø�� ´¨� üã��� f : R → (0; +∞) À��î ­Âê (4 ñ�·õ. lim

x→0f(x) = 1 À��î ´��� . lim
x→0(f(x) +

1
f(x)

)

= 2üêÂÏ ¥� .f(x) +
1
f(x)

≥ 2 Å� ,f(x) > 0 ö�� .Û�×þ ε > 0 Âû ý�¥� �� ,ßþ�Â���� , lim
x→0(f(x) +

1
f(x)

)

= 2ù�Ú÷� ,|x| < δ Âð� �î ¢¤�¢ ¢��ø ý� δ > 00 ≤ f(x) +
1
f(x)

− 2 < ε

.´¨� ��Þ� ö�ûÂ� ø
f(x) = ,ßþ�Â���� ; lim

x→1 x+ 2
x− 2 = −3 �î Ý��îüõ ´��� (2 ñ�·õÝ��î ´��� Ý�û��¡üõ ,ÂÚþ¢ ö��� �� .ℓ = −3 ø x0 = 1 ,x+ 2

x− 2�î
∀ε∃δ∀x

(0 < |x− 1| < δ ⇒
∣
∣
∣
∣

x+ 2
x− 2 − (−3)

∣
∣
∣
∣
< ε

).Ý��îüõ ¥�è� ∣∣∣
∣

x+ 2
x− 2 − (−3)

∣
∣
∣
∣
�� :δ °þÂ® ßµê�þ :1 �b Ü�Âõ

∣
∣
∣
∣

x+ 2
x− 2 + 3∣∣∣

∣
=

∣
∣
∣
∣

4x− 4
x− 2 ∣∣∣∣ =

4
|x− 2| |x− 1| < 4

|x− 2|δ.δ ≤ 12 Ý��î ­Âê :δ °þÂ® ö¢Âî ý¢Àä :2 �b Ü�Âõßþ�Â���� .|x − 1| < 12 Ýþ¤�¢ ,|x − 1| < δ ­Âê ����� ö��ÕÜÎõ ¤Àì ¥� Å� .−32 < x− 2 < −12 �þ −12 < x− 1 < 12¤¢ (?δ ≤ 1 ÀÈ÷ ­Âê �Â�) .12 < x − 2 <
32 Ýþ¤�¢ ,ßµêÂð. ∣∣∣x+2x−2 + 3∣∣∣ < 41/2δ = 8δ �¹�µ÷�ø¢ éÂÏ �î ´¨� ßþ� éÀû :δ ¤�ÀÖõ §À� :3 �b Ü�Âõ�f ±ì �õ� .δ ≤ 18ε �þ 8δ ≤ ε üµÆþ�� Å� ,Àª�� ε ��� ýø�Æõ�÷ßþ� ö�õ�Þû ý¤�ÂìÂ� ý�Â� ,ßþ�Â���� .δ ≤ 12 �î Ýþ¢�� ù¢Âî ­Âê.δ = min

{12 , ε8} �î Ý��î ­Âê ´¨� üê�î ,­Âê ø¢
ε ¢¤�õ ¤¢ ��� §À� �î Ý�û¢üõ ö�È÷ :�ä¢� ��±�� :4 �b Ü�Âõ
δ = min

{12 , ε8} Ý��î ­Âê ,¤�Ñ�õ ßþ� ý�Â� .´¨� ´¨¤¢�î ¢¢Âðüõ �¹�µ÷ |x − 1| < 12 ¯Âª ¥� .|x − 1| < δ øßþ�Â���� ,12 < |x− 2| < 32
∣
∣
∣
∣

x+ 2
x− 2 − (−3)

∣
∣
∣
∣

=
4

|x− 2| |x− 2|
<

41/2δ ≤ 41/2 × ε8 = ε.´¨� ��Þ� ö�ûÂ� ø; lim
x→1 √

x+ 1− 1
x

=
12 �î Ý��î ´��� Ý�û��¡üõ (3 ñ�·õ,ÂÚþ¢ ö��� �� .ℓ =

12 ø x0 = 0 ,f(x) =

√
x+ 1− 1

x
,ü�ãþ�î Ý��î ´��� Ý�û��¡üõ

∀ε∃δ∀x
(0 < |x− 0| < δ ⇒

∣
∣
∣
∣
∣

√
x+ 1− 1

x
− 12 ∣∣∣∣∣ < ε

)

∣
∣
∣
∣
∣

√
x+ 1− 1

x
− 12 ∣∣∣∣∣ �bãó�Îõ �� :δ °þÂ® ßµê�þ :1 �b Ü�Âõ

x 6= 0 ü�ãþ ,0 < |x| ­Âê �� ��� �î Àþ¤�¢ ���� ;Ý��îüõ ¥�è�34



À� ÓþÂã� 1.3 üÚµ¨��� ø À� 3 ÛÊêÛØª �� �¤ lim
x→−∞

f(x) = +∞

∀M∃N∀x
(

x < −N ⇒M < f(x)

)ÛØª �� �¤ lim
x→+∞

f(x) = −∞

∀M∃N∀x
(

N < x⇒ f(x) < −M
)ÛØª �� �¤ lim

x→−∞
f(x) = −∞

∀M∃N∀x
(

x < −N ⇒ f(x) < −M
).À�µ±·õ ¢�Àä� ε ø δ ,N ,M �ú÷� ¤¢ �î ,Ý��îüõ ÓþÂã�; lim

x→1 x+ 1
(x− 1)2 = +∞ Ý��îüõ ´��� (1 .ñ�·õ 6.1.3ÂÚþ¢ ö��� ��

∀M∃δ∀x
(0 < |x− 1| < δ ⇒ x+ 1

(x − 1)2 > M

)0 < (x − 1)2 < δ2 Å� ,0 < |x − 1| < δ Ý��î ­ÂêÅ� ,δ ≤ 12 Ý��î ­Âê ñ�� . 1
δ2 <

1
(x− 1)2 �Áó øßþ�Â���� .12 < x+ 1 < 32 �¹�µ÷ ¤¢ ø −12 < x− 1 < 12

x+ 1
(x− 1)2 > x+ 1

δ2 >
1/2
δ2 =

12δ2ü�ãþ ,Àª�� ýø�Æõ �þ ø Âµð¤��M ¥� Â¡� �¤�±ä �î ´¨� �¥� �õ�´¨� üê�î Å� .δ < 1√2M �þ 2δ2 ≤ 1
M

ü�ãþ ßþ� . 12δ2.δ = min

{1, 1√2M } �î ¢�ª ­ÂêÂÚþ¢ ö��� �� ; lim
x→+∞

(12)x = 0 Ý��îüõ ´��� (2 ñ�·õ
∀ε∃M∀x

(

x > M ⇒
∣
∣
∣
∣

(12)x − 0∣∣∣
∣
< ε

).∣∣∣
∣

(12)x∣∣∣∣ < ε ü�¤�¬ �� ¤¢ �î Ý�¨Â�üõ �ä¢� ßþ� ��±�� ý�Â�,´¨� üóø�÷ üã��� y = log1/2 x ö�� .(12)x < ε ,ü�ãþ¢�ª ­Âê ´¨� üê�î �Ø�þ� ü�ãþ .x > log1/2 ε Ýþ¤�¢ Å�.M = log1/2 ε

�î ¢�ªüõ �¹�µ÷ ýø�Æõ�÷ ßþ� ¥�0 ≤
(

f(x) − 1) +
( 1
f(x)

− 1) < ε (1.3 )0 ≤
(

f(x) − 1)( 1
f(x)

− 1) < ε (2.3 )Â��Â� ø¢ �� �¤ Û¬�� ø ùÀ÷�¨¤ ø¢ ö��� �� �¤ (1.3 ) ß�êÂÏ Âð��î ¢¢Âðüõ �¹�µ÷ ,Ý��î âÞ� (2.3 )0 ≤
(

f(x) − 1)2 +
( 1
f(x)

− 1)2 < ε2 + 2ε.´¨� ùÀª ��±�� ÝØ� ø ∣∣f(x) − 1∣∣ <√ε2 + 2ε ßþ�Â����:À��î ´��� �¤ Âþ¥ ý�úþø�Æ� ¥� ×þ Âû .ßþÂÞ� 4.1.31) lim
x→1(3x2 − 5x) = −2 2) lim

x→2(6x+ 1) = 133) lim
x→2 5x+ 11− x

= −11 4) lim
x→1 x− 1√

x− 1 = 2¢Àä ℓ ø x0 �ú÷� ¤¢ �î Ýþ�ù¢Âî �ãó�Îõ �¤ üþ�ûÀ� ö��î ��,À�ª�� +∞ �þ ø −∞ Â��Â� ℓ �þ ø x0 �Ø�þ� �� �µÆ� .À÷�üÖ�Ö�¤¢ �¤ �ú÷� �¹�þ� ¤¢ .´¨� ÓþÂã� Û��ì À� ¥� ÂÚþ¢ á�÷ ´Èû.Ý��îüõ ´¨Âúê Âþ¥ ÓþÂã�
x0 ø ℓ ø ´¨� â��� y = f(x) À��î ­Âê .ÓþÂã� 5.1.3,�¤�¬ ßþ� ¤¢ .À�ª�� üÖ�Ö� ¢�Àä�ÛØª �� �¤ lim

x→x0 f(x) = +∞

∀M∃δ∀x
(0 < |x− x0| < δ ⇒M < f(x)

)ÛØª �� �¤ lim
x→x0 f(x) = −∞

∀M∃δ∀x
(0 < |x− x0| < δ ⇒ f(x) < −M

)ÛØª �� �¤ lim
x→+∞

f(x) = ℓ

∀ε∃N∀x
(

N < x⇒ |f(x) − ℓ| < ε

)ÛØª �� �¤ lim
x→−∞

f(x) = ℓ

∀ε∃N∀x
(

x < −N ⇒ |f(x) − ℓ| < ε

)ÛØª �� �¤ lim
x→+∞

f(x) = +∞

∀M∃N∀x
(

N < x⇒M < f(x)

)35



üÚµ¨��� ø À� 3 ÛÊê À� �b ±¨�½õ ýÂ±� ©ø¤ 2.31) lim
x→0 sin(x)

x
= 1 2) lim

x→0 ln(x + 1)

x
= 13) lim

x→0 ex − 1
x

= 1 4) lim
x→0 1− cosx

x2 =
125) lim

x→0 n
√1+ x− 1

x
=
1
n

6) lim
x→0(1+ x)1/x = e7) lim

x→∞
(1+ 1/x)x = e8) lim

x→0 ax =

{ 0 |a| < 1 Âð�1 a = 1 Âð�¤¢ �fÀã� ø ÝþÂþÁ�üõ �¤ 8 ø 2 ,1 ý�úó�õÂê ´½¬ �f ãê :��±��¢¤�õ ¤¢ .¢Âî Ý�û��¡ ��±�� �¤ ¢¤�õ ßþ� "ñ�µ���û ùbÀä�ì' ´ÞÆì�¹�µ÷ ¤¢ .u = ex − 1 Ý��îüõ ­Âê (3) ��±��ßþ�Â���� ø x = ln(u+ 1))

lim
x→0 ex − 1

x
= 1÷ lim

u→0 ln(u + 1)

u
=
11 = 11 − cosx = sin2 ( x2) �î Ý��îüõ ���� ,(4) ��±�� ¢¤�õ ¤¢�¹�µ÷ ¤¢ ø u =

x2 Ý��îüõ ­Âê ßþ�Â����
lim
x→0 1− cosx

x2 = lim
u→0 2 sin2 u4u2 =

12 ( lim
u→0 sinu

u

)2
=
12Ýþ¤�¢ ,X = elnX �Ø�þ� �� ���� �� (6) ��±�� ¢¤�õ ¤¢

lim
x→0(1+ x)1/x= lim

x→0 exp

(

lim
x→0 ln(x+ 1)

x

)

=exp(1)=e�¹�µ÷ ¤¢ ,u = 1/x Ý��îüõ ­Âê (7) ��±�� ¢¤�õ ¤¢
lim
x→∞

(1+ 1/x)x = lim
u→0(1+ u)1/u = e

2 .´¨� ��Þ� ö�ûÂ� øø À�ã��� y = g(x) ø y = f(x) À��î ­Âê .��Êì 2.2.3:�¤�¬ ßþ� ¤¢ a, x0 ∈ R1) lim
x→x0 af(x) = a lim

x→x0 f(x)2) lim
x→x0{f(x) ± g(x)} = lim

x→x0 f(x) ± lim
x→x0 g(x)3) lim

x→x0 f(x)g(x) = lim
x→x0 f(x) × lim

x→x0 g(x)4) lim
x→x0 f(x)

g(x)
= lim
x→x0 f(x) ÷ lim

x→x0 g(x)
lim
x→x0 f(g(x)) = �¤�¬ ßþ� ¤¢ , lim

x→x0 g(x) = y0 Âð� (5. lim
x→y0 f(x)

ö��� �� ; lim
x→∞

x2 + 1
x+ 1 = +∞ Ý��îüõ ´��� (3 ñ�·õ:üÖÎ�õ

∀M∃N∀x
(

x > N ⇒ x2 + 1
x+ 1 > M

)�î Ý��îüõ ���� �Àµ�� üäÀõ ßþ� ��±�� ý�Â�
x2 + 1
x+ 1 = x− 1+

2
x+ 1�¹�µ÷ x > N ��óø� ­Âê ¥� Å� ,N ≥ 0 �î ´¨� ßþ� Â� ­Âêßþ�Â���� , 2

x+ 1 > 0 �þ x > 0 ¢�ªüõ
x2 + 1
x+ 1 = x− 1+

2
x+ 1 > x− 1+ 0 = x− 1 > N − 1.N = M + 1 �þ N − 1 = M ´¨� üê�î Å�:À��î ´��� .ßþÂÞ� 7.1.31) lim

x→0 x− 1
x2 = −∞ 2) lim

x→−∞
(1+ 2x) = 13) lim

x→−∞
x21− 2x = +∞ 4) lim

x→+∞
x1−
√
x+ 1 = −∞À� �b ±¨�½õ ýÂ±� ©ø¤ 2.3��Üãõ �Ø�þ� ñø� .´¨� °�ä ø¢ ý�¤�¢ ε − σ ýÂ�ðÀ� ©ø¤¤��Æ� �Ø÷� �ø¢ ø ¢�ªüõ ù¢¥ §À� �¹î ¥� À� ¤�ÀÖõ ´Æ�÷©ø¤ ¥� ù¢�Ôµ¨� ,ÛØÈõ ø¢ ßþ� üó�¬� Û� ù�¤ .´¨� Â�Úµìø�fÀã� �î ©ø¤ ßþ� .Àª��üõ "ÅØãó�� ø Ûî �� Ǒ�� ¥� ´îÂ�'À�� �Àµ�� �î ´¨� °��Â� ßþ� �� ,Àª Àû��¡ ù¢�Ôµ¨� ��ãê¢ �� ��÷À÷¤¢�ì �î üþ�þ�Ìì Å³¨ ,¢¢Âðüõ ��±�� "�þ��' �þ "üÜ¬� À�'�ÂÎõ À�û¢ ¼�®�� Â�ù¢�¨ â���� °Æ� Â� �¤ Â�ùÀ�»�� â���� À�ø �Ü�Âõ üû��µõ ¢�Àã� �� �¤ ý��ÜÿÆõ Âû ,Â¡� ´¨¢ ø À÷�ªüõ.À��îüõ Û� ,¢���õ ý�þ�Ìì ø ùÀª �µÆ÷�¢ ¢øÀ� ¥� ù¢�Ôµ¨� ��ýø¤ Ç�� �b ÜÿÆõ �î Ý�÷�À� ´¨� üê�î ©ø¤ ßþ� ¥� ù¢�Ôµ¨� ý�Â�,�f ·õ .´¨� ùÀª �µ¡�¨ Â�ù¢�¨ Ûþ�Æõ ýø¤ ¥� ü�¤�¬ �� �� �õñ�Àµ¨� ö���üõ ù�Ú÷� ,´¨� ×þ Â��Â� lim

x→0 sinx

x
�î Ý�÷�À� Âð�:�î ¢Âî

lim
x→0 sin2(x)

sin(x2)
= lim
x→0 sin2(x) ÷ x2

sin(x2) ÷ x2 =

(

lim
x→0 sinx

x

)2
lim
x→0 sin(x2)

x2 =
121 =1

:À÷¤�ÂìÂ� Âþ¥ Í��ø ¤ .¢øÀ� ñøÀ� 1.2.336



À� �b ±¨�½õ ýÂ±� ©ø¤ 2.3 üÚµ¨��� ø À� 3 ÛÊê�µ¡�¨ ��� ÛØª �� ü��õÀÖõ â��� ¢¤�À÷ üõø�ó �î ¢�ª ����â��� ö� ù�Ú÷� ,¢�ª �µ¡�¨ ��� ©ø¤ �� üã��� Âð� �ØÜ� ,Àª�� ùÀª.´¨� ü��õÀÖõü��õÀÖõ f(x) =
5x+ 13x− 2 â��� ö�� (1 .ñ�·õ 5.2.3¢¤�¢ ¤�Âì f �b �õ�¢ ¤¢ x0 = 1 ¥� üÚþ�ÆÞû−ε ×þ ö�� ø ´¨�ßþ�Â���� ,(Df = R −

{23} �Âþ¥)
lim
x→1 5x+ 13x− 2 = f(1) =

61 = 6
√6x2 + 3+ Å� ,´¨� ü��õÀÖõ üã��� 6x2+3 ö�� (2 ñ�·õ×þ ùø�ã� ,´¨� ü��õÀÖõ ��÷ x+ 1

√6x2 + 3+ 2x �Áó ø 2x,�Âþ¥) ¢¤�¢ ¤�Âì â��� ßþ� ÓþÂã� �b �õ�¢ ¤¢ x0 = 1 ¥� üÚþ�ÆÞû−ε�¹�µ÷ ¤¢ ,(Df = R

lim
x→−1 x+ 1

√6x2 + 3+ 2x =
(−1) + 1

√6(−1)2 + 3+ 2(−1)
= 0Ýþ¤�¢ f(x) =

tanx− sinx

x3 â��� ¢¤�õ ¤¢ (3 ñ�·õ
lim
x→0 tanx− sinx

x3 =

(

lim
x→0 sinx

x

)( 1
cos x − 1
x2 )

=

(

lim
x→0 sinx

x

)(

lim
x→0 1

cosx

)(

lim
x→0 1− cosx

x2 )

= 1× 11 × 12 =
12,y = 4x ­Âê �� ,f(x) =
e4x − 1

sinx
â��� ¢¤�õ ¤¢ (4 ñ�·õÝþ¤�¢

lim
x→0 e4x − 1

sinx
= lim

x→0 e4x − 1
x

÷ sinx

x

= 4( lim
x→0 e4x − 14x )

÷
(

lim
x→0 sinx

x

)

= 4( lim
y→0 ey − 1

y

)

÷ 1 = 4(1) ÷ 1 = 4
y =

x− e

e
­Âê �� ,f(x) =

lnx− 1
x− e

â��� ¢¤�õ ¤¢ (5 ñ�·õÝþ¤�¢
lim
x→e

lnx− 1
x− e

= lim
y→0 ln(ey + e) − 1

ey

= lim
y→0 1ey (ln e+ ln(1+ y) − 1)

=
1
e

lim
y→0 1y ln(1+ y) =

1
e

lim
y→0 ln

{

(1+ y)1/y}
lim
y→0(1 + y)1/y ø ´¨� ü��õÀÖõ üã��� ln

{

(1+ y)1/y} ö��.´¨� 1
e
�þ 1
e

ln e Â��Â� À� ¤�ÀÖõ ßþ�Â���� ,Àª��üõ e Â��Â�

�¤ ¢¤��õ Âþ�¨ üµ¨¤¢ Õ�Ö½� ø ù¢�Þ÷ ��±�� �¤ (3) �ú�� :��±��.Ýþ¤�³¨üõ ùÀ�÷��¡ ��ý�¥� �� . lim
x→x0 g(x) = m ø lim

x→x0 f(x) = ℓ Ý��î ­Âêø ε1 =
ε2(1+ |ℓ|) Ý��îüõ ­Âê ù��¿ó¢ ε > 0

ε2 =
ε2(1+ max{|ℓ− 1|, |ℓ+ 1|})ù�Ú÷� |x − x0| < δ1 Âð� �î ¢¤�¢ ¢��ø ý� δ1 �¤�¬ ßþ� ¤¢ù�Ú÷� |x−x0| < δ2 Âð� �î ¢¤�¢ ¢��ø ý� δ2 ø |f(x)− ℓ| < ε1ù�Ú÷� |x−x0| < δ3 Âð� �î ¢¤�¢ ¢��ø ý� δ3 ø |g(x)−m| < ε2ù�Ú÷� ,δ = min{δ1, δ2, δ3} Âð� Å� .|f(x) − ℓ| < 1

|f(x)g(x) − ℓm| = |f(x)g(x) − f(x)m+ f(x)m− ℓm|

≤ |f(x)||g(x) −m| + |m||f(x) − ℓ|

≤ max{|ℓ− 1|, |ℓ+ 1|}ε2 + |m|ε1
< max{|ℓ− 1|, |ℓ+ 1|} ε2(1+ max{|ℓ− 1|, |ℓ+ 1|})

+|m| ε2(1+ |m|) < ε

D �b �õ�¢ �� y = f(x) â��� .ü��õÀÖõ â��� 3.2.3×þ ý� x0 ∈ D Âû Ǒ�¥� �� �î Ý���ð ü��õÀÖõ ü�¤�¬ ¤¢ �¤¤¢ y = f(x) â��� À� �î ¢�ª ´ê�þ D ¤¢ ö� ¥� üÚþ�ÆÞû−ε
EF ¢�Þ÷ �� �¤ ü��õÀÖõ â���� �bÞû �bä�Þ¹õ .Àª�� f(x0) Â��Â� x0.Ý�û¢üõ Çþ�Þ÷,ý��ÜÞ� À�� ,�ø¢ ��¤¢ ,üÎ¡ ,´��� â���� À��î ­Âêý�þ�ð ,üÔ�õ ¼�½¬ ,´±·õ ö��� ��) ü÷��� ,üó�óÁû ,ü��·Ü·õâ����' �¤ ÕÜÎõ ¤Àì ø üÞµþ¤�Úó ,üþ�Þ÷ ,(üÔ�õ ý�þ�ð ø ´±·õ×þ ö¢Âî �Â® ñ�Þä� �î À��î ­Âê ß��»Þû ;Ý�õ��� "¥�¹õ�Â® ,Ýû ¥� â��� ø¢ ÕþÂÔ� ,Ýû �� â��� ø¢ âÞ� ,â��� ×þ ¤¢ ¢Àä�±¨�½õ ,Ýû �� â��� ø¢ °�îÂ� ,Ýû Â� â��� ø¢ Ý�ÆÖ� ,Ýû ¤¢ â��� ø¢(â��� �b �õ�¢ ö¢Âî ÂµØ��î ,ü�ãþ) â��� ×þ ÀþÀ½� ,â��� ×þ öø¤�ø"¥�¹õ ñ�Þä�' �¤ Ý�÷�¨Â� ýÂÚþ¢ â��� ö��� �� �¤ üã��� ùÂ¡��� ø:�¤�¬ ßþ� ¤¢ .Ý�õ���üû��µõ ý¢�Àã� ¥� ù¢�Ôµ¨� �� �î üã��� Âû .��Ìì 4.2.3,¢�ª �µ¡�¨ ¥�¹õ â���� ¥� üû��µõ ý¢�Àã� ×Þî �� ø ¥�¹õ ÛÞä�µ¡�¨ ë�ê �¤�Ê� y = f(x) â��� Âð� ,ü�ãþ ;´¨� ü��õÀÖõù�Ú÷� ,Àª�� ÕÜãµõ f �b �õ�¢ �� x0 ¥� üÚþ�ÆÞû−ε×þ ø Àª�� ùÀª.´¨� f(x0) Â��Â� ø ¢���õ lim

x→x0 f(x).´¨� Û±ì �b �Ìì ¥� Ý�ÖµÆõ ý��¹�µ÷ ��Ìì ßþ�37



üÚµ¨��� ø À� 3 ÛÊê ��ú�� âê¤ 3.3��ú�� âê¤ 3.3×þ ø Àª�� ü��õÀÖõ y = f(x) Âð� �î ÝþÀþ¢ Û±ì Ç¿� ¤¢¤¢ â��� À� ù�Ú÷� ,Àª�� �µª�¢ ¤�Âì ö� �b �õ�¢ ¤¢ x0 ¥� üÚþ�ÆÞû−ε�µÔ¨ üÚþ�ÆÞû−ε×þ âì��õ ¥� ü¡Â� ¤¢ .´¨� f(x0) Â��Â� x0¢�¡ ¤¢ y = f(x) ü�ãþ ,¢¤�¢ ¤�Âì y = f(x) �b �õ�¢ ¤¢ x0 ¥�â��� À�÷�õ !¢¤�¢ ¢��ø À� üóø ,¢�ªüÞ÷ ÓþÂã� ¶½� ¢¤�õ �bÎÖ÷
x0 = −1 �bÎÖ÷ ¤¢ ©À� ø ´¨� ü��õÀÖõ �î f(x) =

3√x+ 1
x+ 1�÷�Ú�þ� ¤¢ !¢¢ÂðüÞ÷ ÓþÂã� f(−1) �î üó�� ¤¢ ,´¨� 13 Â��Â�Ý��îüõËþ�ã� y = g(x) ýÂÚþ¢ â��� �� �¤ y = f(x) â��� ,¢¤��õ¥� �µÔ¨ üÚþ�ÆÞû−ε×þ ¤¢ y = g(x) ø y = f(x) :�î ý¤�Ïö��î� .¢¢Âð ÓþÂã� ��÷ x0 ¤¢ y = g(x) ùø�ã� ø À�ª�� Â��Â� x0

y = g(x) À� �� Â��Â� x0 ¤¢ y = f(x) À� ,Âþ¥ ü¨�¨� ��Ìì �����ö� À� ø ù¢�� ý�¤�¢ x = x0 ¤¢ y = f(x) ,ü�ãþ .´¨� x0 ¤¢.Àª��üõ g(x0) Â��Â�´ê�þ ö��� 0 < ε ý¢Àä Âð� .��ú�� âê¤ ��Ìì 1.3.30 < |x − x0| < ε ýø�Æõ�÷ ¤¢ ë¢�¬ x Âû Ǒ�¥� �� �î ¢�ªÀ� ¢��ø �Àä �þ ø ¢��ø ù�Ú÷� ,Àª�� ¤�ÂìÂ� f(x) = g(x) ýø�Æ�
x0 ¤¢ y = g(x) À� ¢��ø �Àä �þ ø ¢��ø �� x0 ¤¢ y = f(x). lim

x→x0 f(x) = lim
x→x0 g(x) ùø�ã� ,´¨� Â��Â�ø f(x) =

x2 − 12x2 − x− 1 â���� (1 .ñ�·õ 2.3.3ßþ�Â���� ,À÷Â��Â� x0 = 1 ¤¢ �¹� �� �Þû ¤¢ g(x) =
x+ 12x+ 1

lim
x→1 x2 − 12x2 − x− 1 = lim

x→1 (x + 1)(x− 1)

(2x + 1)(x− 1)

?
= lim

x→1 x+ 12x+ 1 =
1+ 12+ 1 =

23×þ ¤¢ 1√1− x+ 3 ø √1− x− 3
x+ 8 â���� (2 ñ�·õßþ�Â���� ,À÷Â��Â� x0 = −8 ¥� �µÔ¨ üÚþ�ÆÞû−ε

lim
x→−8 √1− x− 3

x+ 8 = lim
x→−8 √1− x− 3

x+ 8 ×
√1− x+ 3√1− x+ 3

= lim
x→−8 (1− x) − 9

(x+ 8)(
√1− x+ 3)

?
= lim

x→−8 1√1− x+ 3 =
161.3.3 �b �Ìì ¥� ù¢�Ôµ¨� ¤�� ø¢ ø x = y6 ­Âê �� (3 ñ�·õÝþ¤�¢

lim
x→1( 31−√

x
− 21− 3√x) = lim

y→1( 31− y3 − 21− y2)

Å� ,À÷�ü��õÀÖõ 2x− 13x+ 2 ø 1+ 2x2+ x
â���� ö�� (6 ñ�·õùø�ã� .´¨� ü��õÀÖõ ��÷ f(x) =

(2x− 13x+ 2)(1+2x)/(2+x)¢¤�¢ ÕÜã� y = f(x) �b �õ�¢ �� x0 = −1 ¥� üÚþ�ÆÞû−ε ×þ�¹�µ÷ ¤¢ ,(Df = R −
{

−23 ,−2} ,�Âþ¥)
lim
x→−1(2x− 13x+ 2)(1+2x)/(2+x)

=

(−3
−1)−1/1

=
13Ýþ¤�¢ ,y =

x4 ��¿µ÷� �� (7 ñ�·õ
lim
x→∞

(1+
4
x

)x+3
= lim
y→∞

(1+
1
y

)4y+3
=

{

lim
y→∞

(1+
1
y

)y}4
×
{

lim
y→∞

(1+
1
y

)}3
= e4 × 13 = e4

À��î �±¨�½õ �¤ Âþ¥ ¢øÀ� ¥� ×þ Âû ¤�ÀÖõ .ßþÂÞ� 6.2.31) lim
x→−2(√x2 + 5− 3√4x)2) lim
x→0 ln(cos3(ln2(x2 + x+ 1)))3) lim
x→1 arctanh

(
x+ 12x+ 1)4) lim

x→0√1+

√1+

√1+
√1+ x5) lim

x→∞

(1+
32x)x/2−1 6) lim

x→0√x2 + x+ 1− 1
x7) lim

x→1 3√
x− 1+ 2x
x2 + 1 8) lim

x→2 x2 + 3x− 1
x2 − 3x+ 19) lim

x→−1 sin3(πx2) 10) lim
x→3(5x2 − 3x+ 1)11) lim

x→0 tanx

x
12) lim

x→0 cosx− cos(3x)
x213) lim

x→0 tanx− sinx

sin3 x 14) lim
x→0 sinhx

x15) lim
x→0 coshx− 1

sin3 x 16) lim
x→0(1+ 2x)3/x17) lim

x→0 eαx − eβx

x
18) lim

x→∞

(2x− 12x+ 1)x19) lim
x→−1 3√x+ 1

x+ 1 20) lim
x→0 ln(cosx)

x238



��ú�� âê¤ 3.3 üÚµ¨��� ø À� 3 ÛÊê3) lim
x→−1 3√x+ 15√x+ 1 4) lim

x→1(1+ x2+ x

)55) lim
x→0+

arccos(1− x)√
x

6) lim
x→π/4 ln(tanx)1− cotx7) lim

x→0( cosx

cos(2x))1/x2 8) lim
x→π/3 sin

(
x− π3)1− 2 cosx9) lim

x→0+

x

√

cos
√
x 10) lim

x→−∞
ln(1+ 3x)
ln(1+ 2x)11) lim

x→0(x+ ex)1/x 12) lim
x→∞

arcsin

(1− x1+ x

)13) lim
x→−1 x+ 1

√6x2 + 3+ 3x14) lim
x→0√9+ 5x+ 4x2 − 3

x15) lim
x→1 √

x+ 8−
√8x+ 1√5− x−
√7x− 316) lim

x→+∞

{

x33x2 − 4 − x23x + 2}17) lim
x→−∞

{√2x2 − 3+ 5x}18) lim
x→+∞

x
(√

x2 + 1− x
)19) lim

x→∞

(2x2 + 32x2 + 5)8x2+320) lim
x→0(1+ tanx1+ sinx

)1/ sin x21) lim
x→0 x25√1+ 5x − (1+ x)22) lim
x→0 m

√1+ αx − n
√1+ βx

x23) lim
x→0(ax + bx + cx3 )1/x24) lim
x→∞

(

x2 + 2x+ 12x2 − 3x+ 2)1/x25) lim
x→0 ln(1+

√
x+ 4√x)

ln(1+ 3√x+ 6√x)26) lim
x→0 cos(xex) − cos(xe−x)

x3 27) lim
x→0 ln(coshx)

ln(cos x)28) lim
x→+∞

{√

x+

√

x+
√
x−√

x

}29) lim
x→1 (1−√

x)(1− 3√x) · · · (1− n
√
x)

(1− x)n−130) lim
x→+∞

{ n
√

(x+ a1)(x + a2) · · · (x+ an) − x}31) lim
x→0(1+ xe−1/x2 sin

( 1
x4 ))e1/x2

= lim
y→1 1+ 2y2 − 3y2

(1− y3)(1− y2)
= lim
y→1 (1− y)(−2y2 + y + 1)

(1− y)(1+ y + y2)(1− y)(1+ y)

?
= lim
y→1 −2y2 + y + 1

(1+ y + y2)(1− y)(1+ y)

= lim
y→1 (1− y)(2y + 1)

(1+ y + y2)(1− y)(1+ y)

?
= lim
y→1 2y + 1

(1+ y + y2)(1+ y)
=

33× 2 =
12ö��� Âþ¥ �¤�Ê� ��ú�� âê¤ �b �Ìì ,´þ�ú��� ¤¢ ý�ûÀ� ¢¤�õ ¤¢:¢¢Âðüõý¢Àä Âð� .´þ�ú��� ¤¢ ¢øÀ� ��ú�� âê¤ �b �Ìì 3.3.3ý� x ≤ M Âû Ǒ�¥� �� �î ¢�ª ´ê�þ ý¤�Ï 0 < M À�÷�õÀ� ù�Ú÷� ,Àª�� ¢���õ g â��� ´þ�ú��� ¤¢ À� ø f(x) = g(x).´¨� Â��Â� üÜ±ì �� ø ¢¤�¢ ¢��ø ��÷ f ´þ�ú��� ¤¢Ýþ¤�¢ y = 1/x­Âê �� (1 .ñ�·õ 4.3.3

lim
x→∞

(√

(x+ a)(x+ b) − x
)

=

= lim
x→∞

(√

(x+ a)(x+ b) − x
)
√

(x + a)(x+ b) + x
√

(x + a)(x+ b) + x

= lim
x→∞

(x+ a)(x+ b) − x2
√

(x+ a)(x+ b) + x
= lim
x→∞

(a+ b)x+ ab
√

(x+ a)(x + b) + x

= lim
y→0 a+ b+ aby

√

(1+ ay)(1+ by) + 1= lim
y→0 a+ b+ 0√1+ 1+ 1=

a+ b2Ýþ¤�¢ y = 1/x­Âê �� (2 ñ�·õ
lim
x→∞

{√1+ x+ x2 −
√1− x+ x2} =

= lim
x→∞

{√1+ x+ x2 −
√1− x+ x2}

×
√1+ x+ x2 +

√1− x+ x2
√1+ x+ x2 +

√1− x+ x2
= lim

x→∞
2x

√1+ x+ x2 +
√1− x+ x2

= lim
y→0 2

y
√1+ 1

y + 1
y2 +

√1− 1
y + 1

y2
= lim

y→0 2
√

y2 + y + 1+
√

y2 − y + 1 =
21+ 1 = 1´¨À� �¤ Âþ¥ ¢øÀ� ¥� ×þ Âû ¤�ÀÖõ .ßþÂÞ� 5.3.3:Àþ¤ø�1) lim

x→1 4x5 + 9x+ 73x6 + x3 + 1 2) lim
x→2 3√10− x− 2

x− 239



üÚµ¨��� ø À� 3 ÛÊê �êÂÎØþ ¢øÀ� 4.3ßþ� ý�Â� ; lim
x→0− 11+ e1/x = 1 Ý��îüõ ´��� (2 ñ�·õ¢�ª ´��� Àþ�� ¤�Ñ�õ

∀ε ∃δ ∀x :

(0 < 0− x < δ ⇒
∣
∣
∣
∣

11+ e1/x − 1∣∣∣
∣
< ε

)ÂÚþ¢ ö��� �� ,�þ ø
∀ε ∃δ ∀x :

(

−δ < x < 0⇒ 1− 11+ e1/x < ε

).1/x < −1
δ

�î ¢¢Âðüõ �¹�µ÷−δ < x < 0 ­Âê ¥� :��±��ø e1/x < e−1/δ ßþ�Â���� ,´¨� ý¢�ã¬ üã��� y = ex ö��1− 11+ e1/x =
e1/x1+ e1/x < e1/x1+ 0 < e−1/δ�þ −1

δ
= ln ε ü�ãþ ,e−1/δ = ε Ý��î ­Âê ´¨� üê�î Å�

2 .δ = − 1
ln ε�±¨�½õ �¤ Âþ¥ �b êÂÎØþ ¢øÀ� ¥� ×þ Âû .ßþÂÞ� 3.4.3:À��î1) lim

x→1− x2 − 1
|x− 1| 2) lim

x→1+

x2 − 1
|x− 1|3) lim

x→0− √1− cos(2x)
x

4) lim
x→0+

√1− cos(2x)
x5) lim

x→1− arctan

( 11− x

) 6) lim
x→1+

arctan

( 11− x

)7) lim
x→0+

11+ e1/x 8) lim
x→0−x [1/x]9) lim

x→0−x√|cos (1/x)|10) lim
x→0+

(2 sin
√
x+

√
x sin

(1
x

))x

ø üó�Þãõ ¢øÀ� �� �êÂÎØþ ¢øÀ� ÛþÀ±� ý�Â� Âþ¥ �b �Ìì ¥�.¢¢Âðüõ ù¢�Ôµ¨� Û¬�� üó�Þãõ À� Û� Å³¨Ǒ�¥� �� �î ¢�ª ´ê�þ ö��� ε > 0 Âð� (1 .��Ìì 4.4.3
f(x) = g(x) ýø�Æ� ,0 < x−x0 < ε ýø�Æõ�÷ ¤¢ ë¢�¬ x Âû
lim

x→x0+ f(x) ù�Ú÷� ,Àª�� ¢���õ lim
x→x0 g(x) Âð� ��÷ ø ,Àª�� ¤�ÂìÂ�.´¨� Â��Â� üÜ±ì �� ø ¢¤�¢ ¢��ø ��÷¤¢ ë¢�¬ x Âû Ǒ�¥� �� �î ¢�ª ´ê�þ ö��� ε > 0 Âð� (2ø ,Àª�� ¤�ÂìÂ� f(x) = g(x) ýø�Æ� ,0 < x0 − x < ε ýø�Æõ�÷¢¤�¢ ¢��ø ��÷ lim

x→x0− f(x) ù�Ú÷� ,Àª�� ¢���õ lim
x→x0 g(x) Âð� ��÷.´¨� Â��Â� üÜ±ì �� ø

32) lim
x→0(1+e−1/x2arctan

(1
x2)+xe−1/x2sin (1x4))e1/x2â��� ¤¢ bm ø an °þ�Â® Âð� �î À�û¢ ö�È÷ (33

f(x) =
anx

n + · · · + a1x+ a0
bmxm + · · · + b1x+ b0�¤�¬ ßþ� ¤¢ ,Àª�� ÂÔ¬ Óó�¿õ

lim
x→∞

f(x) =







∞ n > m Âð�
an/bm n = m Âð�0 n < m Âð�

�êÂÎØþ ¢øÀ� 4.3
[0;∞) ö� �b �õ�¢ ø ´¨� ü��õÀÖõ üã��� f(x) =

√
x �î Ý�÷�¢üõ×þ ý�¤�¢ �î ý��ÎÖ÷ Âû ¤¢ y = f(x) À� �¹�µ÷ ¤¢ .´¨�.´¨� Â��Â� f(x0) �� ø ¢¤�¢ ¢��ø ´¨� [0;∞) ¤¢ üÚþ�ÆÞû−εÂð� ü�ãþ !´Æ�÷ [0;∞) ¤¢ ý�üÚþ�ÆÞû−ε º�û x0 = 0 �õ�ö���üÞ÷ �þ� ?¢Âî Àþ�� �� ¢¤�õ ßþ� ¤¢ !¢¢ÂðüÞ÷ ÓþÂã� ,x < 0?¢�¢ Ý�Þã� �¤ À� ÓþÂã�ø ´¨� â��� ×þ y = f(x) À��î ­Âê .ÓþÂã� 1.4.3,x0 < x < x0 + ε Âû Ǒ�¥� �� �î ¢¤�¢ ¢��ø ö��� ε üµ±·õ ¢Àä

(x0;x0+ε) ⊆ �î ´Æû ý� ε ,ü�ãþ ,¢¢Âðüõ ÓþÂã� x ¤¢ f(x)Â��Â� x = x0 ¤¢ y = f(x) ´¨�¤ À� Ý���ðüõ ü�¤�¬ ¤¢ .Df�î lim
x→x0 f(x) = l Ý�Æþ�÷üõ ø ´¨� l

∀ε ∃δ ∀x :

(0 < x− x0 < δ ⇒ |f(x) − l| < ε

).(ßþÂÞ�) ¢Âî ÓþÂã� �¤ lim
x→x0− f(x) = l ö���üõ ���Èõ �¤�Ê�ß¿¨ ��÷ lim

x→x0+ f(x) = ∞ ö�� ý¢øÀ� ¥� ö���üõ ß��»Þû.(ßþÂÞ�) ´Ôð; lim
x→0+

x [1/x] = 1 �î Ý��îüõ ´��� (1 .ñ�·õ 2.4.3Ý��î ´��� Àþ�� ¤�Ñ�õ ßþ� ý�Â�
∀ε ∃δ ∀x :

(0 < x− 0 < δ ⇒
∣
∣
∣
∣
x

[1
x

]

− 1∣∣∣
∣
< ε

)0 < x ­Âê �� �¹�µ÷ ¤¢ ,x − 1 ≤ [x] < x Ý�÷�¢üõ :��±��Ýþ¤�¢
−x = x

(1
x
− 1)− 1 < x

[1
x

]

− 1 ≤ x
1
x
− 1 = 0¢�ª ­Âê ´¨� üê�î ü�ãþ .|x [1/x] − 1| < |x| ßþ�Â����

2 .δ = ε40



ºþøÀ÷�¨ �b �Ìì 5.3 üÚµ¨��� ø À� 3 ÛÊê��÷ x = x0 ¤¢ y = f(x) À� ù�Ú÷� , lim
x→x0 g(x) = lim

x→x0 h(x).´¨� Â��Â� �ú÷� íÂµÈõ ¤�ÀÖõ �� ø ¢¤�¢ ¢��øǑ�¥� �� �î ´Æû ý� M À��î ­Âê .2 ��Ìì 2.5.3Âð� ,�¤�¬ ßþ� ¤¢ .g(x) ≤ f(x) ≤ h(x) ý� x > M Âû¢��ø ��÷ +∞ ¤¢ y = f(x) À� ù�Ú÷� , lim
x→∞

g(x) = lim
x→∞

h(x).´¨� Â��Â� �ú÷� íÂµÈõ ¤�ÀÖõ �� ø ¢¤�¢Âû Ǒ�¥� �� �î ´Æû ý� M À��î ­Âê .3 ��Ìì 3.5.3Âð� ,�¤�¬ ßþ� ¤¢ .g(x) ≤ f(x) ≤ h(x) Ýþ¤�¢ x < −M��÷ −∞ ¤¢ y = f(x) À� ù�Ú÷� , lim
x→−∞

g(x) = lim
x→−∞

h(x).´¨� Â��Â� �ú÷� íÂµÈõ ¤�ÀÖõ �� ø ¢¤�¢ ¢��øö��� �î ¢¤�¢ ¢��ø ��÷ �êÂÎØþ ¢øÀ� ý�Â� üú��Èõ ý�þ�Ìì.Ýþ¤�³¨üõ ùÀ�÷��¡ �� ßþÂÞ� ö���ä �� �¤ �ú÷� �¤�¬
−1 ≤ sinx ≤ ý� x Âû Ǒ�¥� �� ö�� .(1 ñ�·õ 4.5.3ßþ�Â���� ø −1 ≤ sin (1/x) ≤ 1 Ýþ¤�¢ 0 < x Ǒ�¥� �� Å� ,1
y = −x ø y = x â���� À� �õ� .−x ≤ x sin (1/x) ≤ xßþ�Â���� ,´¨� ÂÔ¬ Â��Â� À�îüõ Û�õ ÂÔ¬ �� ´¨�¤ ¥� x üµìø�î ¢¢Âðüõ ´��� ���Èõ �¤�¬ �� . lim

x→0+
x sin (1/x) = 0. lim

x→0x sin (1/x) = 0 �¹�µ÷ ¤¢ . lim
x→0−x sin (1/x) = 0:Àþ¤ø� ´¨À� �¤ Âþ¥ À� ¤�ÀÖõ (2 ñ�·õ

lim
x→0x2(1+ 2+ · · · +

[ 1
|x|
])

=
12ø 1 <

1
|x| �¤�¬ ßþ� ¤¢ ,0 < |x| < 1 Ý��î ­Âê :Û�ßþ�Â���� ø 1

|x| − 1 ≤
[ 1
|x|
]

<
1
|x|

ℓ = x2(1+ 2+ · · · +
[ 1
|x|
])

=
x22 .
[ 1
|x|
]

.
([ 1

|x|
]

+ 1)
<

x22 .
1
|x| .
( 1
|x| + 1) =

12 .(|x| + 1) ���Èõ �¤�¬ ��
ℓ ≥ x22 .

( 1
|x| − 1). 1|x| =

12 .(1− |x|).´¨� ùÀª ´��� ÝØ� ø lim
x→012 .(1± |x|) =

12 �õ�.À��î �±¨�½õ �¤ lim
x→∞

(ex − 1)1/x À� ¤�ÀÖõ (3 ñ�·õ¤¢ .ex ≤ 2(ex − 1) ßþ�Â���� ø 2 ≤ ex ù�Ú÷� ,x > 1 Âð� .Û��þ e ≤ 21/x(ex − 1)1/x �¹�µ÷
e21/x ≤ (ex − 1)1/x < (ex)1/x = e.´¨� e Â��Â� ÂÑ÷ ¢¤�õ À� ø lim

x→∞
e21/x = e �õ�

lim
x→x0 f(x) �Ø�þ� ý�Â� üê�î ø �¥� ¯Âª .�¹�µ÷ 5.4.3Â��Â� ø ¢���õ lim

x→x0+ f(x) ø lim
x→x0 f(x) �î ´¨� ßþ� Àª�� ¢���õ.À�ª��ù�Ú÷� ,0 < x − 1 < 1 Âð� (1 .ñ�·õ 6.4.3ßþ�Â���� .1 < x < 2

lim
x→1+

[x] sin(πx) = lim
x→1 sin(πx) = sinπ = 0À��î ­Âê (2 ñ�·õ

f(x) =

{
−2x+ 3 x ≤ 1 Âð�3x− 5 x > 1 Âð�:�¤�¬ ßþ� ¤¢

lim
x→1+

f(x) = lim
x→1(3x− 5) = 3− 5 = −2

lim
x→1− f(x) = lim

x→1(−2x+ 3) = −2+ 3 = 1:À��î �±¨�½õ �¤ Âþ¥ �b êÂÎØþ ¢øÀ� .ßþÂÞ� 7.4.31) lim
x→0+

| sinx|
x

2) lim
x→0− | sinx|

x3) lim
x→0+

(1+ |x|)1/x 4) lim
x→0−(1+ |x|)1/xüÏ�Ö÷ ��Þ� ¤¢ �¤ ùÀª ù¢�¢ â���� ¥� ×þ Âû ´¨�¤ ø ²� À�:À��î �±¨�½õ ´¨� ù¢�Þ÷ Â��ç� â��� �bÎ��® �î5) f(x) =







x2 − 3x+ 1 x < 0 Âð�
(x+ 2)/(2x+ 1) 0 ≤ x ≤ 1 Âð�
sin (π/x) 1 < x Âð�6) f(x) =







0 x ≤ 0 Âð�
e1/x 0 < x < 1 Âð�
(1+ 1/x)x 1 ≤ x Âð�7) f(x) = [x2] 8) f(x) =

√
x− [

√
x]9) f(x) = (−1)[x

2] 10) f(x) = sgn(sinx)ºþøÀ÷�¨ �b �Ìì 5.3Û��ì üó�Þãõ ý�û©ø¤ �� �î ý¢øÀ� ��±�� ý�Â� ��Ìì ßþ� ¥��Ø�þ� �þ ø ´¨� ý��Ü�Âõ ø¢ �ú÷� Û� ©ø¤ �þ ø À�µÆ�÷ Û�ý�û¢Â�¤�î �b �õ�¢ �÷�Ô¨�bµõ .¢Âî ù¢�Ôµ¨� ö���üõ ,´¨� ü÷��ÏÂþ¥ �Âª �� ÛØª �¨ ý�¤�¢ ��Ìì ßþ� .´¨� ¢øÀ½õ ¤��Æ� ö�:Àª��üõ�� �î ´Æû ý� ε > 0 À��î ­Âê .1 ��Ìì 1.5.3Âð� .g(x) ≤ f(x) ≤ h(x) Ýþ¤�¢ ,|x − x0| < ε �� x Âû Ǒ�¥�41



üÚµ¨��� ø À� 3 ÛÊê À� ¢��ø �Àä ��±�� 6.3Ý��î ­Âê .Ý�û¢üõ ¤�Âì |ℓ| Â��Â� �¤ ε ;ℓ 6= 0 Ý��î ­Âê (�ëÀ¬ |x− x0| < δ ¯Âª ¤¢ xÙ�ð ¢Àä ø ´¨� ù��¿ó¢ δ > 0ßþ�Â���� ø Dri(x) = 0 �¤�¬ ßþ� ¤¢ .¢¤�¢
|Dri(x) − ℓ| = |0− l| = |ℓ| ≥ ε.´¨� ��Þ� ö�ûÂ� °��Â� ßþ� �� ø.ßþÂÞ� 3.6.3Àì�ê x0 6= 0 ¯�Ö÷ ��Þ� ¤¢ f(x) = xDri(x) À��î ´��� (1.Àª��üõ ÂÔ¬ Â��Â� ø ¢���õ x0 = 0 ¤¢ ö� À� ø ´¨� À�Àì�ê Z−{0} �bä�Þ¹õ ¯�Ö÷ �bÞû ¤¢ Âþ¥ â��� �î À��î ´��� (2:´¨� À�

f(x) =

{

cot2(πx) x /∈ Z Âð�0 x ∈ Z Âð�.´¨� ù¢Âî ù¤�ª� ö�À� �f ±ì 5.4.3�¹�µ÷
lim
x→x0 f(x) �Ø�þ� ý�Â� üê�î ø �¥� ¯Âª .��Ìì 4.6.3¥� ��÷ ø ´¨�¤ ¥� x0 ¤¢ y = f(x) À� �î ´¨� ßþ� Àª�� ¢���õ.À�ª�� Â��Â� ø ¢���õ ²�¤¢ f(x) = x − [x] â��� �î Ý��îüõ ´��� .ñ�·õ 5.6.3.¢¤�À÷ À� x = 1

lim
x→1+

f(x) = lim
x→1+

{x− 1} = 1− 1 = 0,
lim
x→1− f(x) = lim

x→1−{x− 0} = 1− 0 6= lim
x→1+

f(x).¢¤�À÷ ¢��ø x0 = 1 ¤¢ y = f(x) À� ßþ�Â����.ßþÂÞ� 6.6.3¯�Ö÷ ¤¢ f(x) = sgn(x2 − 3x + 2) â��� �î À��î ´��� (1.¢¤�À÷ À� x = 2 ø x = 1.¢¤�À÷ À� π �¤�Ìõ ¤¢ sgn(sin(x)) â��� �î À�û¢ ö�È÷ (2.¢¤�À÷ À� πZ = {nπ | n ∈ Z} �bä�Þ¹õ ¯�Ö÷ ¤¢ ,ü�ãþø ,¢�Þ÷ �ãó�Îõ ö���üõ �û�ó�±÷¢ ÛÊê ¥� Å� �¤ Àã� ´ÞÆì.¢Âî ý¤�¢¢�¡ ö� �bãó�Îõ ¥� �fµì�õâ��� À� �Ø�þ� ý�Â� üê�î ø �¥� ¯Âª .��Ìì 7.6.3Ǒ�¥� �� �î ´¨� ßþ� ,Àª�� ℓ Â��Â� x = x0 �bÎÖ÷ ¤¢ y = f(x)�ÂÚÞû l �� {f(xn)}∞n=1 �b ó�±÷¢ ,x0 �� �ÂÚÞû {xn}∞n=1 �b ó�±÷¢ Âû.Àª��

:À��î �±¨�½õ �¤ Âþ¥ ¢øÀ� ¥� ×þ Âû .ßþÂÞ� 5.5.31) lim
x→0x√|cos (1/x)| 2) lim

x→0x [1/x]3) lim
x→+∞

(1/x) sin (1/x) 4) lim
x→0+

x ln2 x5) lim
x→0+

x.
([1
x

]

+
[2
x

]

+ · · · +
[k

x

])

, (k ∈ N).´¨� ´±·õ °þ�Â® �� ý��ÜÞ� À�� ×þ P (x) À��î ­Âê (6. lim
x→∞

[P (x)]

P ([x])
= 1 À�û¢ ö�È÷À� ¢��ø �Àä ��±�� 6.3ö� ö¢¤ø� ´¨À� ùb��ª ��÷ø À� ¢��ø ��±�� ñ�±÷¢ �� ö��î��¤¢ ü®øÂÔõ â��� �î Ý�û¢ ö�È÷ �� Àþ�üõ �¥� �õ�¢� ¤¢ .Ýþ¢����¹÷� üÜî ©ø¤ �¨ �� ¤�î ßþ� .¢¤�À÷ À� «�Ê¿� �bÎÖ÷ ×þ:¢ÂþÁ�üõ,�êÂÎØþ À� ��úÔõ ¥� ù¢�Ôµ¨� �� (2 ,À�ÓþÂã� ¥� ù¢�Ôµ¨� �� (1�¨ ßþ� ¥� ×þ Âû �b ÷��µÈ� .�û�ó�±÷¢ À� ��úÔõ ¥� ù¢�Ôµ¨� �� (3.Àª��üõ «�Ê¿� ý���Ìì ,©ø¤¤¢ y = f(x) â��� �Ø�þ� ý�Â� �¥� ¯Âª .��Ìì 1.6.3×þ ¤¢ y = f(x) �þ �î ´¨� ßþ� ,Àª�� �µª�À÷ À� x = x0ý� ℓ ∈ R Âû Ǒ�¥� �� �Ø�þ� �þ ø ¢�È÷ ÓþÂã� x0 ¥� üÚþ�ÆÞûý� δ > 0 Âû Ǒ�¥� �� �î ¢�ª ´ê�� ö��� ý� ε > 0 ¢Àä ×þø 0 < |x − x0| < δ �î Àª�� �µª�¢ ¢��ø ý¤�Ï x ∈ R ×þÂÚþ¢ ö��� �� .|f(x) − ℓ| ≥ ε

∀ℓ ∃ε ∀δ ∃x :

(0 < |x− x0| < δ ø |f(x) − ℓ| ≥ ε

)

�ÜØþ¤¢ â��� �î Ý��îüõ ´��� .ñ�·õ 2.6.3
Dri(x) =

{ 1 x ∈ Q Âð�0 x /∈ Q Âð�.´¨� À� Àì�ê R ¯�Ö÷ �b �Üî ¤¢´ó�� ø¢ .x0 ∈ R �î Ý��îüõ ­Âê ,¤�Ñ�õ ßþ� ý�Â�.Àª�� Ù�ð x0 (� ø Àª�� �þ�ð x0 (Óó� :Àþ� Ç�� ´¨� ßØÞõ�¤ ´ó�� ×þ �ú�� �õ �Áó ø À�µÆû Ýû �� ��±ª ¤��Æ� ø¢ ßþ�¤¢ ,x0 ∈ Q Ý��îüõ ­Âê ßþ�Â���� .Ý�û¢üõ ¤�Âì ¶½� ¢¤�õ.Dri(x0) = 1 �¹�µ÷Ý��î ­Âê .ÝþÂ�ðüõ ×þ Â��Â� �¤ ε ;ℓ = 0 Ý��î ­Âê (Óó�ëÀ¬ |x−x0| < δ ¯Âª ¤¢ x ý�þ�ð ¢Àä ø ´¨� ù��¿ó¢ δ > 0ßþ�Â���� ø Dri(x) = 1 �¤�¬ ßþ� ¤¢ .¢¤�¢
|Dri(x) − ℓ| = |1− 0| = 1 ≥ 1 = ε42



üÚµ¨��� 7.3 üÚµ¨��� ø À� 3 ÛÊêÀ� �î ´¨� �µ¨��� ´¨�¤ ¥� x = x0 �bÎÖ÷ ¤¢ y = f(x) (�.Àª�� f(x0) Â��Â� x0 ¤¢ f ´¨�¤²� À� �î ´¨� �µ¨��� ²� ¥� x = x0 �bÎÖ÷ ¤¢ y = f(x) (�.Àª�� f(x0) Â��Â� x0 ¤¢ f:¢¢Âðüõ �¹�µ÷ ´ó�ú¨ �� ,ßþ�Â����
y = f(x) â��� �Ø�þ� ý�Â� üê�î ø �¥� ¯Âª .��Ìì 2.7.3��÷ ø ´¨�¤ ¥� â��� ßþ� �î ´¨� ßþ� ,Àª�� �µ¨��� x = x0 �bÎÖ÷ ¤¢.Àª�� �µ¨��� x = x0 ¤¢ ²� ¥�
x = x0 ¤¢ y = f(x) À��î ­Âê .ÓþÂã� 3.7.3ü÷Àªâê¤ üÚµ¨����÷ ×þ �¤ x = x0 ü�¤�¬ ¤¢ .´¨� �µ¨����÷���Èõ �¤�Ê� .Àª�� ¢���õ x0 ¤¢ f À� �î Ý���ð y = f(x)²� ¥� ü÷Àªâê¤ üÚµ¨����÷ ��÷ ø ´¨�¤ ¥� ü÷Àªâê¤ üÚµ¨����÷üÚµ¨����÷ ý�¤�¢ ´¨�¤ ø ²� ¥� x0 ¤¢ f Âð� .´¨� ÓþÂã� Û��ìü÷Àªâê¤ x0 ¤¢ f üÚµ¨����÷ �î ¢¤�À÷ üõø�ó ,Àª�� ü÷Àªâê¤Â��Â� üóø ,À�ª�� ¢���õ x0 ¤¢ f ´¨�¤ ø ²� À� ,ü�ãþ) .Àª��(.À�ª�±÷¤¢ y = g(x) ø y = f(x) â���� Âð� .��Ìì 4.7.3ø Àª�� �µ¨��� y0 = f(x0) ¤¢ y = h(x) ø À�ª�� �µ¨��� x = x0,f(x)− g(x) ,f(x)+ g(x) ,af(x) â���� �¤�¬ ßþ� ¤¢ ,a ∈ RÂð� .À÷��µ¨��� x = x0 ¤¢ f(x)g(x) ø h(f(x)) ,f(x)g(x).´¨� �µ¨��� x = x0 ¤¢ f(x) ÷ g(x) ù�Ú÷� ,g(x0) 6= 0´¨� ü��õÀÖõ üã��� y = f(x) À��î ­Âê .��Ìì 5.7.3:�¤�¬ ßþ� ¤¢ .x0 ∈ Df ø (¢�ª á��¤ 3.2.3 ��)ù�Ú÷� ,[x0;x0 + ε) ⊆ Df �î ¢¢Âð ´ê�þ ý� ε > 0 Âð� (1.´¨� ´¨�¤ �µ¨��� x = x0 ¤¢ y = f(x)ù�Ú÷� ,(x0 − ε;x0] ⊆ Df �î ¢¢Âð ´ê�þ ý� ε > 0 Âð� (2.´¨� ²� �µ¨��� x = x0 ¤¢ y = f(x),(x0 − ε;x0 + ε) ⊆ Df �î ¢¢Âð ´ê�þ ý� ε > 0 Âð� (3.´¨� �µ¨��� x = x0 ¤¢ y = f(x) ù�Ú÷�.ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ f(x) =

√
x â��� (1 .ñ�·õ 6.7.3

[0; +∞) �� Â��Â� ö� �b �õ�¢ ø ´¨� ü��õÀÖõ y = f(x) ö���µ¨��� x0 ∈ (0; +∞) ¯�Ö÷ ��Þ� ¤¢ y = f(x) Å� ,Àª��üõ.Àª��üõ ´¨�¤ �b µ¨��� x0 = 0 �bÎÖ÷ ¤¢ ø ´¨�

y = sin (1/x) â��� �î Ý�û¢üõ ö�È÷ (1 .ñ�·õ 8.6.3ø xn = 1
nπ ý�û�ó�±÷¢ ¤�Ñ�õ ßþ� ý�Â� .¢¤�À÷ À� x0 = 0 ¤¢�¤�¬ ßþ� ¤¢ .ÝþÂ�ðüõ ÂÑ÷ ¤¢ �¤ zn = 12nπ+π/2
lim f(xn) = lim sin(nπ) = 0,
lim f(zn) = lim sin

(2πn+
π2) = 1.�µª�¢ À� x0 = 0 ¤¢ f(x) = sin (1/x) ´Æ�÷ ßØÞõ ,ßþ�Â����.1 6= 0 �Âþ¥ ,Àª��:¢¤�À÷ À� Ù�ð ¯�Ö÷ ¤¢ Âþ¥ â��� �î Ý�û¢üõ ö�È÷ (2 ñ�·õ

f(x) =

{

n2/(n+ 1) (m,n) = 1 ø x = m/n ∈ Q Âð�0 x /∈ Q Âð��þ�ð ¢�Àä� ¥� ý��ó�±÷¢ {xn} Ý��î ­Âê .x0 /∈ Q Ý��î ­Âê�µª�÷ ù¢�¨ ÂÆî �¤�Ê� xn =
an
bn

ø ´¨� �ÂÚÞû x0 �� �î Àª���¤�¬ ßþ� ¤¢ .Àª�� ùÀª
lim f(xn) = lim

n2
n+ 1 = +∞,À�î Û�õ Ù�ð ¢Àä ×þ �� �þ�ð ¢�Àä� ¥� ý��ó�±÷¢ Âð� �Âþ¥Û�õ ´þ�ú��� �� �ó�±÷¢ ßþ� ùbÀ÷¥�¨ ý�ûÂÆî �Â¿õ ø �¤�¬ �fõ��ó�.À��îüõ¤¢ f(x) = [1/x] â��� �î À�û¢ ö�È÷ (1 .ßþÂÞ� 9.6.3.¢¤�À÷ À� x0 = 0:´¨� À� Àì�ê Ù�ð ¯�Ö÷ ��Þ� ¤¢ Âþ¥ â��� �î À�û¢ ö�È÷ ∗(2

f(x) =

{
sinm(xπ) (m,n) = 1 ø x = m/n ∈ Q Âð�1 x /∈ Q Âð�

üÚµ¨��� 7.3ö� Ý�¨Â� ý�Â� ,ü�ãþ ?´¨� ÛÊµõ â��� ¤�¢�Þ÷ ü�¤�¬ �� ¤¢ø Ýþ¤�¢Â� Áè�î ýø¤ ¥� ¤�� À�� �¤ ÝÜì �î ¢¤�À÷ ¢��ø üõø�ó�ÜÿÆõ ßþ� �� ¾¨�� Ç¿� ßþ� á�®�õ ?Ý�û¢ ¤�Âì ö� Â� �f¢À¹õ:¢¤�¢ ¢��ø üÚµ¨��� á�÷ �¨ .´¨�(� ;²� ¥� üÚµ¨��� (� ;(ý�¨ ø¢ ¥�) üÚµ¨��� (Óó�.´¨�¤ ¥� üÚµ¨���ÓþÂã� x0 ¤¢ f ø y = f(x) À��î ­Âê .ÓþÂã� 1.7.3:â��� Ý���ðüõ ü�¤�¬ ¤¢ .¢�ªüõ
x0 ¤¢ f À� �î ´¨� �µ¨��� x = x0 �bÎÖ÷ ¤¢ y = f(x) (Óó�.Àª�� f(x0) Â��Â�43



üÚµ¨��� ø À� 3 ÛÊê üÚµ¨��� 7.3
y = f(x) ö�� .ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ f(x) = 1/x â��� (5 ñ�·õ
y = Å� ,Àª��üõ R − {0} �� Â��Â� ö� �b �õ�¢ ø ´¨� ü��õÀÖõö�� ,ùø�ã� .´¨� �µ¨��� x0 ∈ R − {0} ¯�Ö÷ ��Þ� ¤¢ f(x)üÚµ¨����÷ ,ßþ�Â���� , lim

x→0− f(x) = −∞ ø lim
x→0+

f(x) = +∞ü÷Àª�÷ âê¤ ²� ¥� �� ø ´¨�¤ ¥� �� x0 = 0 �bÎÖ÷ ¤¢ y = f(x).Àª��üõý�Â�) ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ f(x) = xDri(x) â��� (6 ñ�·õâ��� ßþ� .(¢�ª á��¤ 2.6.3 �� Dri �ÜØþ¤¢ â��� ÓþÂã� �bÑ��õ.(´¨�¤ �÷ ø ²� �÷) ´¨� À� Àì�ê x0 6= 0 ¯�Ö÷ ��Þ� ¤¢â��� ßþ� À� ,�õ� .´¨� �µ¨����÷ x0 6= 0 ¯�Ö÷ ��Þ� ¤¢ ,ßþ�Â����:�Âþ¥ ,´¨� f(0) = 0 Â��Â� x0 = 0 ¤¢0 ≤ lim
x→0xDri(x)

= lim
x→0{ x x ∈ Q Âð�0 x /∈ Q Âð�

≤ lim
x→0x = 0�ú�� â��� ßþ� ,ü�ãþ .´¨� �µ¨��� x0 = 0 ¤¢ y = f(x) �¹�µ÷ ¤¢.Àª��üõ �µ¨��� x0 = 0 ¤¢�þ ø üÚµ¨��� ,Âþ¥ â���� ¥� ×þ Âû ¢¤�õ ¤¢ .ßþÂÞ� 7.7.3:À��î ü¨¤Â� ßØÞõ ¯�Ö÷ ��Þ� ¤¢ �¤ ùÀª ù¢�¢ â��� üÚµ¨��� �Àä1) y = x2 2) y = 3√x3) y = arcsin(x2) 4) y =

1
x2 + x5) y =

sinx

|x| 6) y = cot
(π

x

)7) y = x [1/x] 8) y = ex+1/x9) y = tanh

( 2x1− x2) 10) y = sin(cos2(tan3 x))11) y = ((x)) = x− [x] 12) y = sgn(sinx)13) y =
cos (1/x)
cos (1/x) 14) y =

√1− cosπx4− x215) y = arctan

(1
x

+
1

x− 1)16) y =

[ 1
x2 ] sgn

(

sin
(π

x

))17) y =

{

x2 x ∈ Q Âð�0 x /∈ Q Âð�18) y =

{
cos (πx/2) |x| ≤ 1 Âð�
|x− 1| |x| > 1 Âð�19) y =

{
sin(πx) x ∈ Q Âð�0 x /∈ Q Âð�

ö�� .ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ f(x) = arcsin(1−x) â��� (2 ñ�·õ�� Â��Â� ö� �b �õ�¢ ø ´¨� ü��õÀÖõ y = f(x)

Df =
{
x
∣
∣ − 1 ≤ 1− x ≤ 1}

=
{
x
∣
∣ 0 ≤ x ≤ 2} = [0;2],´¨� �µ¨��� x0 ∈ (0;2) ¯�Ö÷ ��Þ� ¤¢ y = f(x) Å� ,Àª��üõ�b µ¨��� x0 = 0 �bÎÖ÷ ¤¢ ø Àª��üõ ²� �b µ¨��� x0 = 2 �bÎÖ÷ ¤¢.´¨� ´¨�¤â��� ö�� .ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ f(x) =

sinx

x
â��� (3 ñ�·õ,Àª��üõ R − {0} �� Â��Â� ö� �b �õ�¢ ø ´¨� ü��õÀÖõ y = f(x)¥� .´¨� �µ¨��� x0 ∈ R − {0} ¯�Ö÷ ��Þ� ¤¢ y = f(x) Å�.´¨� ×þ �� Â��Â� ø ¢���õ x = x0 ¤¢ y = f(x) À� ,üêÂÏ.Àª��üõ ü÷Àªâê¤ x0 = 0 �bÎÖ÷ ¤¢ y = f(x) üÚµ¨����÷ Å�,f(0) = 1 �¤�Ê� x0 = 0 ¤¢ f â��� ¢À¹õ ÓþÂã� �� ,ü�ãþ.Àþ�üõ ´¨À� x = x0 ¤¢ �µ¨��� üã���ÂÑ÷ ¤¢ �¤ f(x) =

{

x2 |x| ≤ 1 Âð�
x+ 1 |x| > 1 Âð� â��� (4 ñ�·õ×þ ¤¢ y = f(x) ù�Ú÷� ,|x0| < 1 Âð� �¤�¬ ßþ� ¤¢ .ÀþÂ�Ú�

y = x2 â��� �î üó�� ¤¢ .´¨� x2 �� Â��Â� x0 ¥� üÚþ�ÆÞû−ε�bÎÖ÷ ¤¢ y = f(x) ßþ�Â���� ;Àª��üõ R ö� �b �õ�¢ ø ´¨� ü��õÀÖõ.´¨� �µ¨��� x0ßþ� ¤¢ .x0 = −1 �Ø�þ� �þ ø x0 = 1 ù�Ú÷� ,|x0| = 1 Âð�ý�¤�¢ ��÷ ø ´¨� ²� �b µ¨��� x0 = 1 �bÎÖ÷ ¤¢ y = f(x) �¤�¬:�Âþ¥ ,Àª��üõ ´¨�¤ ¥� ü÷Àªâê¤ üÚµ¨����÷
lim
x→1+

f(x) = lim
x→1(x+ 1)

= 2 6= 1 = f(1)

lim
x→1− f(x) = lim

x→1(x2)
= 1 = f(1)ý�¤�¢ ��÷ ø ´¨�¤ �b µ¨��� x0 = 1 �bÎÖ÷ ¤¢ y = f(x) ,ß��»Þû:�Âþ¥ ,Àª��üõ ²� ¥� ü÷Àªâê¤ üÚµ¨����÷

lim
x→−1+

f(x) = lim
x→−1(x2)

= 1 = f(1)

lim
x→−1− f(x) = lim

x→−1(x+ 1)

= 0 6= 1 = f(1)Â��Â� x0 ¥� üÚþ�ÆÞû−ε×þ ¤¢ y = f(x) ù�Ú÷� ,|x0| > 1 Âð��b �õ�¢ ø ´¨� ü��õÀÖõ y = x+1 â��� �î üó�� ¤¢ .´¨� x+1 ��.´¨� �µ¨��� x0 �bÎÖ÷ ¤¢ y = f(x) ßþ�Â���� ;Àª��üõ R ö�44



üÚµ¨��� 7.3 üÚµ¨��� ø À� 3 ÛÊê.¢¤�¢ �Èþ¤ ×þ Ûì�� ¢Âê �b�¤¢ �� ý��ÜÞ� À�� Âû (2 ñ�·õ0 < an �î P (x) = anx
n+ · · ·+a1x+a0 ¢�ª­Âê Âð� ,�Âþ¥

x üµìø P (x) À� ,�¤�¬ ßþ� ¤¢ .(´¨� ���Èõ an < 0´ó��)ý� b > 0 ×þ Ûì�� Å� ,´¨� +∞ Â��Â� À�îüõ Û�õ +∞ ��Û�õ −∞ �� x üµìø P (x) ,üêÂÏ ¥� .P (b) > 0 �î ´Æû�î ´Æû ý� a < 0 ×þ Ûì�� Å� ,´¨� −∞ Â��Â� À�îüõüã��� P (x) ,�õ� .P (a)P (b) < 0 �¹�µ÷ ¤¢ .P (a) < 0,ßþ�Â���� .´¨� �µ¨��� [a; b] Â� �Áó ø ´¨� R ��õ�¢ �� ü��õÀÖõö� Ǒ�¥� �� �î ¢¤�¢ ¢��ø ý� x0 ∈ (a; b) ,10.7.3 �b �Ìì Õ��Îõ.´¨� ÂÔ¬ P (x).ßþÂÞ� 14.7.3â��� �î À��î ´��� (1
f(x) =







x+ 1 −1 ≤ x < 0 Âð�0 x = 0 Âð�
x− 1 0 < x ≤ 1 Âð�ø ,x = 0 �bÎÖ÷ ¤¢ �¹� ´¨� �µ¨��� [−1;1] ùb¥�� ��Þ� Â�.��Þ���õ �÷ ø ¢¤�¢ ÝÞþ�î�õ �÷ [−1;1] ùb¥�� Â�â��� �î À��î ´��� (2

f(x) =

{
x+ 1 −1 ≤ x ≤ 0 Âð�
−x 0 < x ≤ 1 Âð�üóø ,´¨� �µ¨���x = 0 ¤¢ �¹� [−1;1] ùb¥�� ��Þ� Â�.Àª��üõ ù¥�� ö� Â� ��Þ���õ ø ÝÞþ�î�õ ý�¤�¢ ö��»Þûâ��� �î À�û¢ ö�È÷ (3

f(x) =

{

(x+ 1)2(−1/|x|+1/x) x 6= 0 Âð�0 x = 0 Âð�,ü�ãþ) ´¨� ü÷��õ ¤�ÀÖõ ´�¬�¡ ý�¤�¢ [−1;2] ùb¥�� Â���÷ �¤ ø¢ ö� Âþ¢�Öõ �bÞû ù�Ú÷� ,À�î ¤��µ¡� �¤ ¤�ÀÖõ ø¢ Âð�.´Æ�÷ �µ¨��� [−2;2] Â� �î üó�� ¤¢ ,(¢Âî Àû��¡ ¤��µ¡�Âþ¢�Öõ ��Þ� ø ´¨� ���Øþ [a; b] ùb¥�� Â� y = f(x) À��î­Âê (4
y = f(x) �î À��î ´��� .À�îüõ ¤��µ¡� �¤ f(b) ø f(a) ß��.´¨� �µ¨��� [a; b] ùb¥�� Â��ø¥ �b�¤¢ ¥� ý��ÜÞ� À�� ×þ P (x) Âð� �î À�û¢ ö�È÷ (5üµõ�ä ý�¤�¢ P (x0) ý� x0 �bÎÖ÷ ×þ Ûì�� ¤¢ ø Àª��,Àª�� P (x) ¤¢ ö��� ßþÂµð¤�� °þÂ® ´õ�ä �� Óó�¿õ.¢¤�¢ �Èþ¤ ×þ Ûì�À� P (x) ù�Ú÷�â��� �î À�û¢ ö�È÷ (6

f(x) =

{ √
−1− x x ≤ −1 Âð�

−
√
x− 1 1 < x Âð�

20) y =

{
x− 3/2 |x| ≤ 1 Âð�1/x |x| > 2 Âð�ö�È÷ ¢¤�õ Âû ¤¢ .À÷�ªüÞ÷ ÓþÂã� x0 = 0 ¤¢ Âþ¥ â������ Å³¨ ,´¨� ü÷Àªâê¤ x0 ¤¢ ùÀª ù¢�¢ â��� üÚµ¨����÷ �î À�û¢:À��î âê¤ �¤ ö� üÚµ¨����÷ ,f(x0) °¨��õ ÓþÂã�21) f(x) = (1+ x)1/x, ∗22) f(x) = 3√x|x|x,23) f(x) =
1
x2 e−1/x2 , 24) f(x) = sinx sin

(1
x

)

.:Àª�� �µ¨��� R Â� Âþ¥ â��� �î À��î ß��ã� ý¤�Ï �¤ B ø A (25
f(x) =







−2 sinx x ≤ −π/2 Âð�
A sinx+B −π/2 < x < π/2 Âð�
cosx π/2 ≤ x Âð�ø ù�¿ó¢ üÖ�Ö� ¢�Àä� xn ø . . . ,x2 ,x1 À��î ­Âê (26ßþ� ¤¢ �ú�� �î À�÷�� ñ�·õ R �b �õ�¢ �� üã��� ,À�ª�� �ø�Ôµõ.Àª�� �µ¨��� ¯�Ö÷¤¢ ø ù¢�� ���Øþ �fÀ�î� y = f(x) â��� Âð� .��Ìì 8.7.3

y0 = f(x0) �bÎÖ÷ ¤¢ x = f−1(y) ù�Ú÷� ,Àª�� �µ¨��� x0 �bÎÖ÷.´¨� �µ¨���â��� Âð� .�µ¨��� â��� ´õ�ä Ǒ�Ö� �b �Ìì 9.7.3ù�Ú÷� ,f(x0) 6= 0 ø Àª�� �µ¨��� x = x0 �bÎÖ÷ ¤¢ y = f(x)ùb¥�� Â� y = f(x) â��� ´õ�ä �î ¢�ªüõ ´ê�þ ý� ε > 0.À�îüÞ÷ Â��ç� (x0 − ε;x0 + ε)ùb¥�� Â� y = f(x) â��� Âð� .ü÷��õ ¤�ÀÖõ �b �Ìì 10.7.3ù�Ú÷� ,Àª�� f(b) ø f(a) ß�� ý¢Àä c ø ù¢�� �µ¨��� [a; b] �b µÆ�.f(x0) = c �î ¢¤�¢ ¢��ø b ø a ß�� ý� x0
y = f(x) â��� Âð� .ý¤�±�� �bÈþ¤ �b �Ìì 11.7.3
x0 ∈ ù�Ú÷� ,f(a)f(b) < 0 ø ù¢�� �µ¨��� [a; b] �b µÆ� ùb¥�� Â�.f(x0) = 0 �î ¢¤�¢ ¢��ø ý� (a; b)â��� ��Þ���õ ø ��Þþ�î�õ ¢��ø �b �Ìì 12.7.3,Àª�� �µ¨��� [a; b] �b µÆ� ùb¥�� Â� y = f(x) â��� Âð� .�µ¨���Ǒ�¥� �� �î À÷�ªüõ ´ê�þ ý��÷�ð �� x1, x2 ∈ [a; b] ¢�Àä� ù�Ú÷�.f(x1) ≤ f(x) ≤ f(x2) Ýþ¤�¢ ý� x ∈ [a; b] Âû
[−π/2;π/2] ùb¥�� Â� y = sinx â��� (1 .ñ�·õ 13.7.3´¨� ÂþÁ�§�Øãõ ,ßþ�Â���� .´¨� �µ¨��� ø ý¢�ã¬ �fÀ�î��b µÆ� ùb¥�� Â� ��÷ (y = arcsinx ,ü�ãþ) ö� §�Øãõ ø.´¨� �µ¨��� sin ([−π/2;π/2]) = [−1;1]45



üÚµ¨��� ø À� 3 ÛÊê �úØ��î ´þ�ú��� 8.3öÀ÷�¨¤ ö��� �� ø Ý�ÆÖ� �� ´±Æ÷ IF �bä�Þ¹õ ,ßþ�Â�����bÆþ�Öõ ý�Â� ý¤��ãõ ,Ǒ��ª� ßþ� �b ãó�Îõ ¤�Ñ�õ �� !´Æ�÷ �µÆ�´¨� �¤�±ä ��¿µ÷� ßþÂµú� ¢¤�õ ßþ� ¤¢ .Ý��îüõ �ÂÎõ �ú÷�Å³¨ ø xa ùb¢�¨ ×��î ´þ�ú��� â���� ¥� ý�ù¢��÷�¡ ��¿µ÷� ¥�.ù¢��÷�¡ ßþ� Ǒ�Ìä� �� ÂÚþ¢ ý�û×��î ´þ�ú��� �bÆþ�Öõ´þ�ú��� g ø f �î fg �þ 00 Ýú±õ ´ó�� .´ª�¢¢�þ 6.8.300 ´ó�� �� ln ø exp «��¡ ¥� ù¢�Ôµ¨� �� �¤ ,À�µÆû ×��î:¢�Þ÷ ÛþÀ±� ö���üõ
fg = exp

(

ln
(
fg
))

= exp
(
g. ln f

)
= exp

(

g1
ln f

)�¤ lim
x→0 g(x)1/ ln(f(x))

´¨� üê�î lim
x→0 f(x)

g(x) ý�¹� Å�.Ý�÷�¨Â� e ý�Þ÷ �� �¤ Û¬�� ø ù¢�Þ÷ �±¨�½õ´þ�ú��� ×þ y = f(x) À��î ­Âê .ÓþÂã� 7.8.3ý¤�Ï c ÂÔ¬ Óó�¿õ ¢Àä ø k ´±·õ ¢Àä Âð� .´¨� ×��îâ��� Ý���ðüõ ,�¤�¬ ßþ�¤¢ . lim
x→0 f(x)

xk
= c �î À÷�ª ´ê�þ�� k �b ±�Âõ ¥� ø ÂþÁ� �Æþ�Öõ ×��î ´þ�ú��� ×þ y = f(x)´þ�ú��� �bÞû �bä�Þ¹õ .O(f) = k Ý�Æþ�÷üõ ¤�Êµ¡� �� ø ´¨�ßþ� ¥� .Ý�û¢üõ Çþ�Þ÷ IF ⋆ ¢�Þ÷ �� �¤ ÂþÁ� �Æþ�Öõ ý�û×��î.´¡�¢Â� Ý�û��¡ IF ⋆ Ǒ�Ìä� �b ãó�Îõ �� �ú�� Å�×��î ´þ�ú��� ×þ y = sinx â��� (1 .ñ�·õ 8.8.3×þ Â��Â� lim

x→0 sinx

x
�Âþ¥ O(sin x) = 1 ,ü�ãþ ,´¨� ×þ �b ±�Âõ.´¨� ×þ Â��Â� �Â¿õ ¤¢ x ö��� ø ´¨�ø¢ �b ±�Âõ ×��î ´þ�ú��� ×þ y = 1 − cosx â��� (2 ñ�·õ

lim
x→0 1− cosx

x2 =
12 �Âþ¥ O(1 − cosx) = 2 ,ü�ãþ ,´¨�.´¨� ø¢ Â��Â� �Â¿õ ¤¢ x ö��� ø Àª��üõ ÂÔ¬ �� Óó�¿õÂ�è ×��î ´þ�ú��� ×þ y = x sin (1/x) â��� (3 ñ�·õ,Ýþ¥�¢Â³� lim

x→0 x sin (1/x)
xk

�bãó�Îõ �� Âð� �Âþ¥ ,´¨� �Æþ�Öõ Û��ì:Àû¢  ¤ �î ´¨� ßØÞõ ´ó�� �¨ ù�Ú÷�ù�Ú÷� ,k > 1 Âð� (Óó�
lim
x→0 x sin (1/x)

xk
= lim
x→0 sin (1/x)

xk−1.(ßþÂÞ�) ¢¤�À÷ ¢��ø �f¨�¨� �îù�Ú÷� ,k = 1 Âð� (�
lim
x→0 x sin (1/x)

xk
= lim
x→0 sin (1/x)

üóø ´¨� ÂþÁ�§�Øãõ ø �µ¨��� [−2;2]− [−1;1] ùb¥�� Â�.´Æ�÷ �µ¨��� ö� §�Øãõ�úØ��î ´þ�ú��� 8.3¢øÀ� ��ú�� âê¤ ý�Â� âþÂ¨ �fµ±Æ÷ üªø¤ ���¤� Ç¿� ßþ� ¥� éÀûý�¹� �î Ýþ�ªüõ ÂîÁµõ ��� Âû ¥� Û±ì .´¨� (Ýú±õ) 00 ÛØª ��.¢Âî �ãó�Îõ �¤ lim
x→0 f(x+ a)

g(x+ a)
À� ö���üõ lim

x→a

f(x)

g(x)
À� �bãó�ÎõÂõ� ßþ� ø x = a �î Ý��îüõ­Âê �� �Þû �õ�¢� ¤¢ Û�ó¢ ß�Þû ��.Àû�îüÞ÷ ¶½� ´�Üî ¥�´þ�ú��� ü�¤�¬ ¤¢ �¤ y = f(x) â��� .ÓþÂã� 1.8.3ø) lim

x→0 f(x) = 0 �î Ý���ðüõ (x = a ¤¢ ,�þ ø) ×��î.Àª�� ��÷ �êÂÎØþ À÷���üõ ÂÑ÷ ¢¤�õ À� ;( lim
x→a

f(x) = 0 ,�þ¢�Þ÷ �� �¤ (x = a ¤¢ ,�þ ø) ×��î ´þ�ú��� â���� �bÞû �bä�Þ¹õ,Àª Âî£ ��� ¤¢ �î üÜ�ó¢ �� ��� .Ý�û¢üõ ö�È÷ (IFa ,�þ ø) IF.´¨� a = 0 �î Ý��îüõ ­Âê ù¤��Þû Å� ßþ� ¥�
ln(1 + x) ø 1 − cosx ,sinx ,x2 ,x â���� .ñ�·õ 2.8.3À�ª��üõ IF Ǒ�Ìä� ,ü�ãþ .À�Ø��î ´þ�ú��� â���� ¥� üþ�û�÷�Þ÷¤¢ .Àª��üõ ÂÔ¬ �� Â��Â� x = 0 ¤¢ �ú÷� ¥� ×þ Âû À� ßþ�Â���� ø.À�µÆ�÷ ×��î ´þ�ú��� 1/x ø cosx �î üó��:Ýþ¤�¢ 2.2.3 �b �Ìì ÛÊê�� ¸þ�µ÷ ö���ä ��´þ�ú��� y = g(x) ø y = f(x) À��î ­Âê .��Ìì 3.8.3ßþ�¤¢ .´¨� ¤�À÷�Âî üã��� y = h(x) ø a ∈ R ,À�ª�� ×��î,y = f(x)−g(x) ,y = f(x)+g(x) ,y = af(x) â���� ,�¤�¬
y = f(x)h(x) ø y = f−1(x) ,y = f(g(x)) ,y = f(x)g(x).À�Ø��î ´þ�ú���ý�Â� ��Ìì ßþ� ¤¢ ùÀª �ä¢� ¢¤��õ �b �Üî .´ª�¢¢�þ 4.8.3ý�Â� �ú�� �î y = f(g(x)) ¢¤�õ �¹� ,´¨� ¼�½¬ ù��¿ó¢ a.´¨� ´¨¤¢ a = 0´ó���þ ø y =

f(x)

g(x)
¥� ü�¿¨ ��� �b �Ìì ¤¢ .ñ�·õ 5.8.3´ó�� ¤¢ �î ´¨� ßþ� ö� Û�ó¢ !´¨� ùÀõ��÷ y = f(x)g(x)ñ�·õ ö���ä �� .À�ª�±÷ ×��î ´þ�ú��� â���� ßþ� ´¨� ßØÞõ üÜîø sinx

x
â���� À� ,À�Ø��î ´þ�ú��� sinx ø x â���� �î üó�� ¤¢.À�µÆ�÷ ×��î ´þ�ú��� �Áó ø ´¨� ×þ Â��Â� ÂÔ¬ ¤¢ (sinx)x.À�ª�� �µª�À÷ À� ÂÔ¬ ¤¢ â���� ßþ� �î ´¨� ßØÞõ üµ�.´¨� À� Àì�ê x ø x sin (1/x) ×��î ´þ�ú��� ø¢ ´±Æ÷ ,�f ·õ46



�úØ��î ´þ�ú��� 8.3 üÚµ¨��� ø À� 3 ÛÊê
y = g(x) ø y = f(x) À��î ­Âê .��Ìì 12.8.3ßþ� ¤¢ .0 6= a ∈ R ø À�ª�� �Æþ�Öõ Û��ì üþ�úØ��î ´þ�ú���:�¤�¬1) O(af) = O(f) 2) O(fg) = O(f) +O(g)3) O(f ◦ g) = O(f) . O(g) 4) O (f/g) = O(f) −O(g)5) O(f + g) ≥ min {O(f), O(g)}6) O(f(ax)) = O(f(x))

y = f(x)/g(x) �î ´¨� ü�ãõ �� üµìø �ú�� (4) �bÎ��¤ ,�µ±ó�.Àª�� ×��î ´þ�ú���¤¢ 12.8.3 �b �Ìì ¥� (5) ´ÞÆì ¤¢ �Â� .ñ�·õ 13.8.3ø y = f(x) �b ±�Âõ ýø¤ ¥� y = f(x) + g(x) �b ±�Âõ �b ±¨�½õ�î ´¨� ßþ� ¾¨�� ?´¨� ùÀª ù¢�Ôµ¨� ýø�Æõ�÷ ¥� y = g(x),¶½� öÀª Â�ßªø¤ ý�Â� .´Æ�÷ ¤�ÂìÂ� ýø�Æ� üÜî ´ó�� ¤¢:À��îüõ Âî£ �¤ Âþ¥ ý�úó�·õÝþ¤�¢ ,O(−x) = 1 ø O(sin x) = 1 �î üó�� ¤¢ (1�î ´¨� ßØÞõ ,ßþ�Â���� .O(sin x− x) = 3
O(f + g) = min {O(f), O(g)}Ýþ¤�¢ ,O(x) = O(sin x) = 1 �î üó�� ¤¢ (2�î ´¨� ßØÞõ ,ßþ�Â���� .O(sin x+ x) = 1

O(f + g) = O(f)Ýþ¤�¢ ,O(x) = 1 ø O(sin x − x) = 3 �î üó�� ¤¢ (3�î ´¨� ßØÞõ ,ßþ�Â���� .O(sin x− x+ x) = 1
O(f) > O(f + g):À��î �±¨�½õ �¤ y �b ±�Âõ (1 .ñ�·õ 14.8.3

y = (sin2 x3) ln(1+ sin2(1− cosx)):�� ´¨� Â��Â� O(y) �¤�¬ ßþ� ¤¢ .Û�
O(sin2 x3) +O(ln(1+ sin2(1− cosx))) =

= 2O(sin x3) +O(ln(1+ x)) ×O(sin2(1− cosx))

= 2O(sin x) ×O(x3) + 1× 2O(sin(1− cosx))

= 2× 1× 3+ 2O(sin x) ×O(1 − cosx)

= 6+ 2× 1× 2 = 10

.(ßþÂÞ�) ¢¤�À÷ ¢��ø ��÷ À� ßþ� �îù�Ú÷� ,k < 1 Âð� (�
lim
x→0 x sin (1/x)

xk
= lim

x→0x1−k sin (1/x) = 0�Æþ�Öõ Û��ì Â�è y = x sin (1/x) ×��î ´þ�ú��� ,ßþ�Â����.(IF ⋆ ⊂ IF ,ßþ�Â����) Àª��üõâ��� ø¢ y = g(x) ø y = f(x) À��î ­Âê .��Ìì 9.8.3¤¢ . lim
x→0 f(x)

g(x)
= c ùø�ã� ø À�ª�� �Æþ�Öõ Û��ì ×��î ´þ�ú���:�¤�¬ ßþ�;O(f) > O(g) ù�Ú÷� ,c = 0 Âð� (Óó�ø ;O(f) = O(g) ù�Ú÷� ,c 6= 0,∞ Âð� (�.O(f) < O(g) ù�Ú÷� ,c = ∞ Âð� (�:ÅØãó��;c = 0 ù�Ú÷� ,O(g) < O(f) Âð� (Óó�ø ;c 6= 0,∞ ù�Ú÷� ,O(f) = O(g) Âð� (�.¢�� Àû��¡ ´þ�ú��� c ù�Ú÷� ,O(f) < O(g) Âð� (�

O(sin x) = 1 �Ø�þ� �� ������ .ñ�·õ 10.8.3ÝþÂ�ðüõ �¹�µ÷ �û�±�Âõ �bÆþ�Öõ �� ,O(1 − cosx) = 2 ø×��î ´þ�ú��� ×þ ¤�îÁõ ÂÆî �¹�µ÷ ¤¢ . lim
x→0 1− cosx

sinx
= 0�Ø�þ� �� ���� �� .´¨�

lim
x→0 1−cos x

sin x

sinx
= lim

x→0 1− cosx

sin2 x = lim
x→0 1−cosx

x2
( sin x

x )2 =
12 6= 0,∞.O(1− cosx

sinx

)

= 1 ßþ�Â����ÂµãþÂ¨ �¤ ¢øÀ� �b ±�Âõ ö���üõ ,Âþ¥ �b �Ìì ø ñøÀ� ×Þî ��.¢�Þ÷ �±¨�½õ.�û�±�Âõ ñøÀ� 11.8.3.O(xa) = a ù�Ú÷� ,a > 0 Âð� (12) O(sin x) = 1 3) O(1− cosx) = 24) O(sin x− x) = 3 5) O(tan x) = 16) O(ln(1+ x)) = 1 7) O(ex − 1) = 1.O(
n
√1+ x− 1) = 1 ù�Ú÷� ,n ∈ N Âð� (89) O(sinh x) = 1 10) O(1 − coshx) = 211) O(sinh x− x) = 3 12) O(tanh x) = 1.O (loga(1+ x)) = 1 ù�Ú÷� ,1 6= a > 0 Âð� (13.O(ax − 1) = 1 ù�Ú÷� ,a > 1 Âð� (1447



üÚµ¨��� ø À� 3 ÛÊê �úØ��î ´þ�ú��� 8.37) (ax − 1) ∼ x ln a 8) (ex − 1) ∼ x9) (
n
√1+ x− 1) ∼ x

n
10) sinhx ∼ x11) (1− coshx) ∼ −x

22 12) (sinh x− x) ∼ x36:Ýþ¤�¢ 2.2.3 �b �Ìì ¥� üÖÎ�õ ý��¹�µ÷ ö���ä ��ùø�ã� ø g ∼ g1 ø f ∼ f1 À��î ­Âê .��Ìì 18.8.3:�¤�Ê�þ� ¤¢ .0 6= a ∈ R1) af ∼ af1 2) fg ∼ f1g13) f(g) ∼ f1(g1) 4) f/g ∼ f1/g1ù�Ú÷� ,Àª�� f ×��î ´þ�ú��� �b ±�Âõ θ = O(f) Âð� (5.f(ax) ∼ aθf(x)�� �î lim
x→0 f(x)/g(x) À� �b ±¨�½õ ¤¢ .��Ìì 19.8.3Âû �þ ø g �þ ø f ý�¹� ö���üõ ¢¢Âðüõ üúµ�õ 00 Ýú±õ ´ó��üÜ¬� À� ¤�ÀÖõ �Ø÷�ü� ,¢Âî ù¢�Ôµ¨� ö�ª¥¤� Ýû ¥� �ú÷� ýø¢.À�î Â��ç�Å� ,sinx ∼ x ö�� (1 .ñ�·õ 20.8.3

lim
x→0 sin2(3x)

sin(x2) = lim
x→0 (3x)2

x2 = 9
Å� ,(1− cosx) ∼ x22 ö�� (2 ñ�·õ

lim
x→0 1− cos(2x)

x2 = lim
x→0 (2x)22

x2 = 2
�� ,�Âþ¥ !¢�Þ÷ ¯��µ�� Àþ�� �úþ¥ ¤� Ýû ¥� ù¢�Ôµ¨� ¤¢ (3 ñ�·õüµÆþ�� ù�Ú÷� ,¢�ª ù¢�Ôµ¨� ö� ¥� Âð� �õ� ,sinx ∼ x �Ø�þ�

lim
x→0 sinx− x

x3 ?
= lim
x→0 x− x

x3 = 0´¨� Û�ó¢ ß�Þû �� .´¨� 16 Â��Â� À� ßþ� Ý�÷�¢üõ �î üó�� ¤¢ß¿¨×��î ´þ�ú��� ø¢ ý¥¤� Ýû âÞ� ¥� 18.8.3 �b �Ìì ¤¢ �î.´¨� ùÀÈ÷ �µÔðÝû ©ø¤ ýÂ�ð¤�Ø� ¥� Å� �»÷��� .´ª�¢¢�þ 21.8.3ÍÜè Û¬�� ��µ�µ¨� ,Ý�¨Â� ´þ�ú��� �þ ø ÂÔ¬ ¾¨�� �� ý¥¤�ý�úØ��î ´þ�ú��� ¥� üþ�ûÂÆî �bãó�Îõ ¤¢ ý¥¤� Ýû ¥� �Âþ¥ ,´¨�.¢�ªüõ ù¢�Ôµ¨� �±�Âõ Ýû

lim
x→0 sin( 3√x) ln(1+ 3x)

(arctan(
√
x))2 À� ¤�ÀÖõ �î À�û¢ ö�È÷ (2 ñ�·õ.´¨� ÂÔ¬¥� �¤�¬ �b ±�Âõ �î Ý�û¢ ö�È÷ ´¨� üê�î ¤�Ñ�õ ßþ� ý�Â� .Û�.´¨� ÂµÈ�� �Â¿õ �b ±�Âõ

O(sin( 3√x) ln(1+ 3x)) = O(sin( 3√x)) +O(ln(1+ 3x))
= O(sin x) ×O( 3√x) +O(ln(1+ x)) ×O(3x)
= 1× 13 + 1× 1 =

13 + 1 =
43

O(arctan(
√
x)2) = 2O(arctan(

√
x))

= 2×O(arctanx) × 2O(
√
x)

= 2× 1× 12 = 1Âþ¥ ý�úØ��î ´þ�ú��� ¥� ×þ Âû �b ±�Âõ .ßþÂÞ� 15.8.3:À��î �±¨�½õ �¤1) y = sin2(5x3) 2) y = 1− cos2 x3) y = ln(cosx) 4) y =

√

x2 + 3√x5) y =
4√1+ x2 − 1 6) y = 3 sinx− x2 + x37) y = (sinx− tanx)2 8) y = 5 sinh

(3 2√
x3)9) y = e(sinx−x) − 110) y = ln(1+ 2x− 3x2 + 4x3)11) y = arctan4(sin3(tan2(arcsinx)))×��î ´þ�ú��� ø¢ y = g(x) ø y = f(x) Âð� �î Ý�÷�¢üõüµìø y = f(x)/g(x) ´ÞÆì �¤�¡ À� ù�Ú÷� ,À�ª�� �±�Âõ Ýû�fÖ�ì¢ �õ� .´¨� ´þ�ú��� ø ÂÔ¬ Óó�¿õ ,À�îüõ Û�õ ÂÔ¬ �� xö¢�� �±�Âõ Ýû �bÎ��¤ Àþ�� ,Ç¨Â� ßþ� �� ¾¨�� ý�Â� ?´¨� ¤ÀÖ�.Ý��î ü¨¤Â� Â�Õ�ì¢ ý¤Àì �¤ ùÀª �ÂÎõø¢ y = g(x) ø y = f(x) À��î ­Âê .ÓþÂã� 16.8.3¥ ¤� Ýû �¤ y = g(x) ø y = f(x) ü�¤�¬ ¤¢ .À�Ø��î ´þ�ú���.f ∼ g Ý�Æþ�÷üõ �¤�¬ ßþ� ¤¢ . lim

x→0 f(x)

g(x)
= 1 �î Ý���ð.´¨� ö¢�� �±�Âõ Ýû ,ý¥¤� Ýû ý�Â� �¥� ¯Âª �î ´¨� ßªø¤:À÷¤�ÂìÂ� Âþ¥ Í��ø ¤ .ý¥¤� Ýû ñøÀ� 17.8.31) sinx ∼ x 2) (1− cosx) ∼ x223) (sinx− x) ∼ −x

36 4) tanx ∼ x5) loga(1+ x) ∼ x

ln a
6) ln(1+ x) ∼ x48



Û³�õ ¥� ù¢�Ôµ¨� 9.3 üÚµ¨��� ø À� 3 ÛÊê¤¢ ,f(x) =
√1+ x À��î ­Âê (1) .ñ�·õ 25.8.3�¤�¬ ßþ�
f(0) =

√1+ x
∣
∣
∣
x=0 = 0

f ′(0) =
12 (1+ x)−1/2∣∣∣

∣
x=0 =

12
f ′′(0) =

−14 (1+ x)−3/2∣∣∣
∣
x=0 =

−14
f ′′′(0) =

38 (1+ x)−5/2∣∣∣
∣
x=0 =

38Ý�Æþ��� Ý�÷���üõ 24.8.3 �b �Ìì ×Þî �� ,ßþ�Â����
(√1+ x− 1) ∼ x2 (√1+ x− 1− x2) ∼ −x

24
(
√1+ x− 1− x2 +

x24 ) ∼ 3x38Âû Ǒ�¥� �� �¤�¬ ßþ� ¤¢ ,f(x) = ex À��î ­Âê (2 ñ�·õǑ�¥� �� Å� .f (n)(0) = 1 ßþ�Â���� ø f (n)(x) = ex ý� n ∈ N:Ýþ¤�¢ ý� n Âû
(

ex − 1− x− x22 − · · · x
n

n!

)

∼ xn+1
(n+ 1)!ý�úó�õÂê ,Âþ¥ â���� ¥� ×þ Âû ¢¤�õ ¤¢ .ßþÂÞ� 26.8.3:À�Æþ��� n = 3 �� �¤ 25.8.3 �b �Ìì Í¨�� ùÀª À�ó�� ý¥¤� Ýû1) y = sinx 2) y = cosx3) y = ln(1+ x) 4) y = tanx5) y = sinhx 6) y =

n
√1+ xÛ³�õ ¥� ù¢�Ôµ¨� 9.3´½� Ç¿� �� ,Û³�õ ¤��ê� �Â÷ ¥� ù¢�Ôµ¨� ��õÀÖõ ùbÀû�Èõ ý�Â�.¢�ª �ã��Âõ ×þ ÛÊê ¥� ��÷ ß�Þûâ��� À��î ­Âê .­øÂÔõ üã��� ¥� ýÂ�ð À� 1.9.3�b ±¨�½õ ý�Â� .Ýþ�ù¢�Þ÷ ÓþÂã� Û³�õ Í�½õ ¤¢ �f ±ì �¤ y = f(x)

limit(f(x),x=c) ¤�µ¨¢ ¥� x = c �bÎÖ÷ ¤¢ â��� ßþ� À�.Ý��îüõ ù¢�Ôµ¨�¤¢ y = f(x) â��� ´¨�¤ �þ ø ²� À� �b ±¨�½õ ý�Â�ø limit(f(x),x=c,left) ��¤�µ¨¢ ¥� °��Âµ� ,x = c �bÎÖ÷.Ý��îüõ ù¢�Ôµ¨� limit(f(x),x=c,right)

�¤ Âþ¥ ¢øÀ� ,ý¥¤� Ýû ©ø¤ ×Þî �� .ßþÂÞ� 22.8.3:À��î �±¨�½õ1) lim
x→0 ln(1+ 4x)

sin(5x) 2) lim
x→0 1− cos

(
x2)1− cosx3) lim

x→0 ln(cos x)4√1+ x2 − 1 4) lim
x→0 ln(1+ sin(4x))

esin(5x) − 15) lim
x→0 √1+ x2 − 13√1+ x2 − 1 6) lim

x→0 coshx− 1
x27) lim

x→0 esin2x − esin x

tanhx
8) lim

x→0 ln(coshx)

ln(cosx)9) lim
x→0 ln(x2 + ex)

ln(x4 + e2x) 10) lim
x→0 1+ sinx− cosx1+ sin(px) − cos(px)11) lim

x→0 ln(1+ xex)

ln(x +
√1+ x2) 12) lim

x→0 √1+ x+ x2 − 1
sin4x13) lim

x→0 3 sinx− x2 + x3
tanx+ 2 sin2 x+ x5ý�úó�õÂê .ý¥¤� Ýû ý�úó�õÂê À�ó�� ©ø¤ 23.8.3:ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ Âþ¥

(ex − 1) ∼ x

(ex − 1− x) ∼ x22
(

ex − 1− x− x22 ) ∼ x36
(

ex − 1− x− x22 − · · · − xn

n!

)

∼ xn+1
(n+ 1)!ý¥¤� Ýû ¥� Âð� �f ·õ ,´¨� Âµú� üÜ±ì ¥� ×þ Âû ,�úó�õÂê ßþ�ù�Ú÷� ,Ý��î ù¢�Ôµ¨� �ø¢

lim
x→0 ex − 1− x

sin2 x = lim
x→0 x2/2x2 =

12�î) Àªüõ ÂÔ¬ ���� Ýþ¢Âîüõ ù¢�Ôµ¨� üóø� ¥� Âð� �î üó�� ¤¢�� ø ¤�Ü�� �b �Ìì ,ý¥¤� Ýû ý�úó�õÂê ?À�ó�� â±�õ .(!´¨� ÍÜè.Àª��üõ ö¤�ó ×õ �b �Ìì ü�ãþ ,ö� «�¡ ´ó�� ùÄþø­Âê .ý¥¤� Ýû ý�úó�õÂê À�ó�� �b �Ìì 24.8.3ø ¢���õ x = 0 ¤¢ y = f(x) â��� ¥� n + 2 �b ±�Âõ ÕµÈõ À��î:�¤�¬ ßþ� ¤¢ ,´¨� �µ¨���
(

f(x) − f(0) − f ′(0)x − · · · f
(n)(0)

n!
xn
)

∼ f (n+1)(0)

(n+ 1)!49



üÚµ¨��� ø À� 3 ÛÊê Û³�õ ¥� ù¢�Ôµ¨� 9.3�¤�¬ ßþ� Â�è ¤¢ ø true ¾¨�� ,ö¢�� �µ¨��� �¤�¬ ¤¢ .¢�Þ÷.¢�� Àû��¡ false �¹�µ÷ý�Â� readlib(discont): discont(f(x),x) ¤�µ¨¢ ��.¢�Þ÷ ù¢�Ôµ¨� ö���üõ f(x) â��� üÚµ¨����÷ ¯�Ö÷ ßµê�þ:À��î ���� Âþ¥ �Âª �� «�¡ ¢¤�õ À�� �� .ñ�·õ 4.9.3
readlib(discont) : discont(1/(xˆ2− 1), x = −2..2)Û³�õ

−→ −1 , 1
readlib(iscont) : iscont(1/(xˆ2− 1), x = −0..2)Û³�õ

−→ falseüµ÷Âµ�þ� §¤¢� ¤¢ . 5.9.3
http://webpages.iust.ac.ir/m_nadjafikhah/r1.html.´¨� ùÀª ù¢¤ø� ���õ¥ ßþ� ¤¢ ÂµÈ�� â���õ ø �úó�·õ

ù¢�Ôµ¨� infinity ¤�µ¨¢ ¥� À� ¤¢ ∞ ö¢Âî ¢¤�ø ý�Â�
undefined ¤�µ¨¢ ¥� ,Àª�� �µª�À÷ ¢��ø À� �»÷��� .Ý��îüõ.Ý��îüõ ù¢�Ôµ¨�:À��î ���� Âþ¥ �Âª �� «�¡ ¢¤�õ À�� �� .ñ�·õ 2.9.3

limit(xˆ2 − 3 ∗ x + 1, x = 2)
Û³�õ
−→ −1

limit((x + 1)/(2 ∗ x + 1), x = infinity)
Û³�õ
−→ 1

2

limit(exp(1/x), x = 0, left)
Û³�õ
−→ 0

limit(exp(1/x), x = 0, right)
Û³�õ
−→ infinity¤�µ¨¢ �� .üÚµ¨��� Õ�Ö½� 3.9.3

readlib(iscont): iscont(f(x),x=a..b)üÖ�Ö½� ö���üõ [a; b] ùb¥�� Â� f(x) â��� üÚµ¨��� Õ�Ö½� ý�Â�

50



4 ÛÊê
Çþ�û¢Â�¤�î ø ÕµÈõ(2) ´ÞÆì �î ý¤�Ï ö�Þû) ¯Âª ßþ� .Àª�� �µ¨��� x = x0.´Æ�÷ üê�î (¯Âª ×þ ,Àû¢üõ ö�È÷ 2.1.4 ñ�·õ ¥�.´¨� ÂþÁ³ÖµÈõ x = x0 �bÎÖ÷ ¤¢ y = f(x) Ý��î ­Âê :��±��ö� ý�¥� �� �î ¢¤�¢ ¢��ø ý� f ′(x0) ,ßþ�Â����

∀ε∃δ∀x
(0 < |x− x0| < δ ⇒

∣
∣
∣
∣

f(x) − f(x0)
x− x0 − f ′(x0)

∣
∣
∣
∣
< ε

)Âð� �î ¢¤�¢ ¢��ø ý� δ0 ,ù��¿ó¢ 0 < ε Âû ý�¥� �� ,ßþ�Â����ù�Ú÷� ,|x− x0| < δ0
|f(x) − f(x0) − f ′(x0)(x − x0)| < |x− x0|ε ü�ãþ

(f ′(x0) − ε)(x− x0) < f(x) − f(x0) < (f ′(x0) + ε)(x− x0)�Ø�þ� �þ ø
|f(x) − f(x0)| < max {|f ′(x0) − ε|, |f ′(x0) + ε|} δ¢�ª ­Âê ´¨� üê�î ,ö��î�
δ = min

{

δ0, ε

|f ′(x0) − ε| + 1 , ε

|f ′(x0) + ε| + 1}�î ¢¢Âðüõ �¹�µ÷ |x − x0| < δ ­Âê ¥� �¤�¬ ßþ� ¤¢
x = x0 �bÎÖ÷ ¤¢ y = f(x) â��� ßþ�Â���� |f(x) − f(x0)| < ε

2 .´¨� �µ¨���×þ Â� üîÂ½µõ À��î­Âê .ÕµÈõ üØþ��ê Â�±ã� 4.1.4ö�Øõ ,O �¤ ´îÂ� ¥�è� �bÎÖ÷ Âð� .À�îüõ ´îÂ� Ý�ÖµÆõ Í¡
O ¥� y = f(t) �b Ü¬�ê �� �î ÝþÂ�Ú� f(t) �� �¤ t �bÑ½ó ¤¢ íÂ½µõíÂ½µõ ý��Ñ½ó ´äÂ¨ (×þ��ê ¤¢ ÓþÂã� �����) ù�Ú÷� ,´¨�

¥� ü¡Â� ��÷ ø Û�Æ÷�ÂÔþ¢ ø ÕµÈõ ��úÔõ �b ��¤� ÛÊê ßþ� ¥� éÀû.Àª��üõ ´ã�¬ ø ×þ��ê ,���®�þ¤ ¤¢ �ú÷� á��µõ ý�û¢Â�¤�îÕµÈõ 1.4×Þî �� ¤�î ßþ� .Ý��îüõ ¥�è� À� ×Þî �� ÕµÈõ ÓþÂã� ��.´¨� ÂÆ�õ À� ��úÔõø ´ ¨� â �� � y = f(x) À � � î ­Â ê .Ó þÂ ã � 1.1.4,À ª� � � µ ª�¢ ¢� �ø lim
x→x0 f(x) − f(x0)

x− x0 À � Â ð� .x0 ∈ Df�¤ À� ßþ� ¤�ÀÖõ ø ´¨� Â þÁ ³Ö µÈõ x0 ¤¢ y = f(x) Ý� ��ðüõ
df

dx

∣
∣
∣
x0 �þ ø f ′(x0) ¢�Þ÷ �� ø ùÀ�õ�÷ x = x0 ¤¢ y = f(x) ÕµÈõ:Ý�û¢üõ ö�È÷

f ′(x0) := lim
x→x0 f(x) − f(x0)

x− x0ø f(x) = x2 − 2x À��î ­Âê (1 .ñ�·õ 2.1.4:�¤�¬ ßþ� ¤¢ ,x0 = 1
lim
x→1 f(x) − f(1)

x− 1 = lim
x→1 (x2 − 2x) − (−1)

x− 1
= lim

x→1(x− 1) = 0Â��Â� ö� ÕµÈõ ø ´¨� ÂþÁ³ÖµÈõ x0 = 1 ¤¢ y = f(x) ßþ�Â����.f ′(1) = 0 ,ü�ãþ ;´¨� ÂÔ¬:�¤�¬ ßþ� ¤¢ ,x0 = 0 ø f(x) = |x| À��î ­Âê (2 ñ�·õ
lim
x→0 f(x) − f(0)

x− 0 = lim
x→0 |x|

x
= lim
x→0 sgn(x)

x0 = 0 ¤¢ y = f(x) Å� (?�Â�) ¢¤�À÷ ¢��ø À� ßþ� �î.´Æ�÷ ÂþÁ³ÖµÈõ
y = f(x) â��� �Ø�þ� ý�Â� �¥� ¯Âª .��Ìì 3.1.4¤¢ y = f(x) â��� �î ´¨� ßþ� ,Àª�� ÂþÁ³ÖµÈõ x = x0 ¤¢51



Çþ�û¢Â�¤�î ø ÕµÈõ 4 ÛÊê ÕµÈõ 1.4
x0 �� ×þ¢�÷ üê�î ùb¥�À÷� �� ý�û x Ǒ�¥� �� �f ø� �î À�÷�� °þÂÖ�:Ý�ª�� �µª�¢

f(x) = ax+ b (1.4 )ý�Î¡) x − x0 �� g(x) = f(x) − ax − b ´±Æ÷ ,ü÷�� ¤¢ øÂÔ¬ Â��Â� ,À�îüõ Û�õ x0 �� x üµìø (ý¢ø¤ø ý�Î¡ �� ü�øÂ¡:ü�ãþ ,Àª��
lim
x→x0 g(x)

x− x0 = 0 (2.4 )ßþ�Â���� ,g(x0) �î ¢�ªüõ �¹�µ÷ (2.4 ) À� ¥�
f(x0) = ax0 + b:Ýþ¤�¢ (2.4 ) ø (1.4 ) ýø�Æ� ¥� ,ùø�ã� .b = f(x0)−ax0 ø0 = lim

x→x0 g(x)

x− x0 = lim
x→x0 f(x) − ax− (f(x0) − ax0)

x− x0
= lim

x→x0 f(x) − f(x0)
x− x0 − a = f ′(x0) − a�bÎÖ÷ üó��� ¤¢ y = f(x) â��� ,ü�ãþ .a = f ′(x0) ,ßþ�Â����,´¨� f(x) ≈ f(x0)+f ′(x0)(x−x0) â��� Â��Â� �f±þÂÖ� x = x0×��î ´þ�ú��� ×þ ý¢ø¤ø ý�Î¡ �� ´±Æ÷ Û¬�� ý�Î¡ �î.´¨�Â� �î üîÂ½µõ ´îÂ� �bÎ��® (1 .ñ�·õ 7.1.4�¤�¬ �� x ö�õ¥ °Æ� Â� ,À�îüõ ´îÂ� Ý�ÖµÆõ Â�Æõ ×þý��Ñ½ó ´äÂ¨ .´¨� ùÀª ö��� f(x) = (x + 1)/(2x + 3)Ý��îüõ �±¨�½õ ñø� �bÑ½ó ¤¢ �¤ ö�

v(1) = lim
x→1 x+12x+3 − 25

x− 1 = lim
x→1 15(2x + 3)

=
125

y =
√

x2 + 1 â��� ¤�¢�Þ÷ Â� §�Þõ Í¡ �b ó¢�ãõ (2 ñ�·õ´¨� üê�î ,¤�Ñ�õ ßþ� ý�Â� .Ý���þüõ �¤ x0 =
√3 �bÑ½ó ¤¢�bÎÖ÷ ¥� Í¡ ßþ� �î Ý�÷�¢üõ �Âþ¥ ,Ý��î �±¨�½õ �¤ Í¡ ö� °�ª�õ� .¢¤Áðüõ (

√3,2)

m = lim
x→

√3 √x2 + 1− 2
x−

√3
= lim

x→
√3 (√x2 + 1+ 2)(√x2 + 1+ 2)

(

x−
√3)(√x2 + 1+ 2)

= lim
x→

√3 x2 − 3
(x−

√3)(
√

x2 + 1+ 2)

= lim
x→

√3 x+
√3

√

x2 + 1+ 2 =

√32¥� ´¨� �¤�±ä ÂÑ÷ ¢¤�õ Í¡ �b ó¢�ãõ ,ßþ�Â����
y = f(x0) +m(x− x0) = 2+

√32 (

x−
√3).y =

√32 x+
32 ,ü�ãþ

ùb¥�� �î üõ�Ú�û Í¨�µõ ´äÂ¨ À� �� ´¨� Â��Â� t = t0 �bÑ½ó ¤¢:´¨� ×��î üê�î ùb¥�À÷� �� ø ù¢�� x0 Ûõ�ª ü÷�õ¥
v(x0) = lim

x→x0 (x �� x0 ü÷�õ¥ ùb¥�� ¤¢ ü±Æ÷ ´äÂ¨)
= lim

x→x0 ü÷�õ¥ ùb¥�� ßþ� ¤¢ ö�Øõ Â��ç�ü÷�õ¥ ùb¥�� ßþ� ¤¢ ö�õ¥ Â��ç�
= lim

x→x0 f(x) − f(x0)
x− x0 = f ′(x0)ÕµÈõ �� Â��Â� x0 �bÑ½ó ¤¢ íÂ½µõ ý��Ñ½ó ´äÂ¨ ,ßþ�Â����.´¨� ö�õ¥ �� ´±Æ÷ ´îÂ� �bÎ��®

y = â��� ¤�¢�Þ÷ À��î ­Âê .ü¨À�û Â�±ã� 5.1.4¯�Ö÷ ¥� �î �¤ üµ¨�¤ Í¡ .x0 ∈ Df ø Ýþ�ù¢Âî Ý¨¤ �¤ f(x)Í¡ ßþ� ;ÝþÂ�ðüõ ÂÑ÷ ¤¢ ¢¤Áðüõ (x1, f(x1)) ø (x0, f(x0))Û�õ x0 �� x1 �î üµìø Í¡ ßþ� ýÀ� ´ó�� .Ý�õ�÷üõ lx1 �¤
x0 �bÎÖ÷ ¤¢ y = f(x) â��� ¤�¢�Þ÷ Â� §�Þõ Í¡ �¤ À�îüõ.À�õ�÷üõ


ÕµÈõ ü¨À�û Â�±ã� :1.4 ÛØªüê�î ßþ�Â���� ,´¨� ��Üãõ Í¡ ßþ� ¥� (x0, f(x0)) �bÎÖ÷ ö��Àþ�üõÂ� ß��� ÓþÂã� ¥� .Ý��î �±¨�½õ �¤ Í¡ ßþ� °�ª �î ´¨�
lx1 Í¡ °�ª À� Â��Â� x0 ¤¢ y = f(x) Â� l§�Þõ Í¡ °�ª �î:�¹�µ÷ ¤¢ .À�î Û�õ x0 �� x1 �î üÏÂª �� ,´¨�

m = l §�Þõ Í¡ °�ª
= lim

x1→x0(lx1Í¡ °�ª) = lim
x1→x0 ¢�ã¬ ¤�ÀÖõýøÂÈ�� ¤�ÀÖõ

= lim
x1→x0 f(x1) − f(x0)

x1 − x0 = f ′(x0)¤¢ y = f(x) â��� ¤�¢�Þ÷ Â� §�Þõ Í¡ °�ª �� f ′(x0) ,ßþ�Â����.´¨� Â��Â� x = x0 �bÎÖ÷ø ´¨� â��� y = f(x) À��î ­Âê .ý��ó�÷� Â�±ã� 6.1.4ý¤�Ï y = ax + b üÎ¡ üã��� �� �¤ y = f(x) â��� .x0 ∈ Df52



�úÖµÈõ ýÂ±� �b ±¨�½õ 2.4 Çþ�û¢Â�¤�î ø ÕµÈõ 4 ÛÊê:Ý��î ­Âê .ñ�·õ 11.1.4
f(x) =







1− x x < 1 Âð�
(1− x)(2 − x) 1 ≤ x ≤ 2 Âð�
−(2− x) 2 < x Âð�

y = f ′(x) ø y = f(x) â���� ¤�¢�Þ÷ ø ù¢Âî �±¨�½õ �¤ ö� ÕµÈõ.À��î Ý¨¤ �¤¤�¢�Þ÷ ö���üõ üð¢�¨ �� Û±ì ÛÊê ��ä�Ï� ¥� ù¢�Ôµ¨� �� .Û�,ùø�ã� .¢�Þ÷ Ý�¨Â� Óó�-2.4 ÛØª À�÷�õ �¤ y = f(x) â����î ¢¢Âðüõ �Ñ��õ
f ′(x) =







−1 x < 1 Âð�2x− 3 1 < x < 2 Âð�1 2 < x Âð��Î��® Â��ç� �î x = 2 ø x = 1¯�Ö÷ ¤¢ �¤ y = f ′(x) Àþ�� ö��î�:Ý��î �±¨�½õ ,´¨� �µêÂð �¤�¬
f ′(1−) = lim

x→1− f(x) − f(1)

x− 1
= lim

x→1− (1− x) − 0
x− 1 = −1

f ′(1+) = lim
x→1+

f(x) − f(1)

x− 1
= lim

x→1+

(1− x)(2− x) − 0
x− 1 = −1

f ′(2−) = lim
x→2− f(x) − f(2)

x− 2
= lim

x→2− (1− x)(2 − x) − 0
x− 2 = 1

f ′(2+) = lim
x→2+

f(x) − f(2)

x− 2
= lim

x→2+

−(2− x) − 0
x− 2 = 1

y = f ′(x) ¤�¢�Þ÷ ø ù¢�Þ÷ ù¢�Ôµ¨� ��ä�Ï� ßþ� ¥� ö���üõ ö��î�.¢�Þ÷ Ý�¨Â� �-2.4 ÛØª À�÷�õ �¤

¤�¢�Þ÷ (� y = f(x) â��� ¤�¢�Þ÷ (Óó� :2.4 ÛØª

y = f ′(x) ÕµÈõ â����úÖµÈõ ýÂ±� �b ±¨�½õ 2.4�î ý�½÷ �� ´¨� ÕµÈõ Â�ù���î �±¨�½õ Ç¿� ßþ� ¥� éÀû×þ ¤�Ñ�õ ßþ� ý�Â� .Àª�� �µª�¢ À� ��úÔõ �� �¤ üÚµÆ� Ûì�À�.Ý��îüõ ý�þ¤ �ÂÏ �¤ ýÂ±� Ý¹Æ�õ ©ø¤

�bÎÖ÷ üó��� ¤¢ �¤ f(x) = lnx â��� Ý�û��¡üõ (3 ñ�·õ:�î Ý��îüõ ���� .Ý�÷�� °þÂÖ� üÎ¡ â��� ×þ �� x0 = 1
f ′(1) = lim

x→1 lnx− ln1
x− 1

= lim
x→1 lnx

x− 1 = lim
z→0 ln(z + 1)

z
= 1ßþ�Â���� (z = x− 1 �î)

lnx ≈ ln(1) + (1)(x − 1) = x− 1,ÕµÈõ ÓþÂã� ¥� ù¢�Ôµ¨� �� ¢¤�õ Âû ¤¢ .ßþÂÞ� 8.1.4:À����� x = x0 ¤¢ �¤ y = f(x) â��� ÕµÈõ1) f(x) = x2, x0 = −
√2,2) f(x) =

√
x, x0 = 4,3) f(x) = cotx, x0 =

π2 ,4) f(x) = arcsinx, x0 =
12 ,5) f(x) =

1
x
, x0 = 1,6) f(x) =

x+ 1
x− 1 , x0 = −1,7) f(x) = x2 sin(x− 2), x0 = 2,8) f(x) =

√
x

x+ 1 , x0 = 2,9) f(x) =
cosx2 sin2 x, x0 =

π4 ,10) f(x) =

√1+ x31− x3 , x0 = 0.�¤ ´¨�¤ À� ø ²� À� �î ,À� À�÷�õ .ÓþÂã� 9.1.4ÕµÈõ ø ²� ÕµÈõ ,À÷¢Âîüõ �ÂÎõ ö� �b µê�þ Ý�Þã� �¤�Ê�:¢�Þ÷ ÓþÂã� ÕµÈõ Ý�Þã� ö���ä �� ö���üõ Âþ¥ �¤�Ê� �¤ ´¨�¤
f ′(x0+) = lim

x→x0+ f(x) − f(x0)
x− x0 ,

f ′(x0−) = lim
x→x0− f(x) − f(x0)

x− x0 .

y = f(x) �Ø�þ� ý�Â� üê�î ø �¥� ¯Âª .��Ìì 10.1.4
x0 �bÎÖ÷ ¤¢ y = f(x) �î ´¨� ßþ� Àª�� ÂþÁ³ÖµÈõ x0 �bÎÖ÷ ¤¢Â��Â� ÕµÈõ ø¢ ßþ� ¤�ÀÖõ ø ù¢�� ²� ÂþÁ³ÖµÈõ ø ´¨�¤ ÂþÁ³ÖµÈõ
2 .Àª�� f ′(x0)53



Çþ�û¢Â�¤�î ø ÕµÈõ 4 ÛÊê �úÖµÈõ ýÂ±� �b ±¨�½õ 2.47) (tanu)′ =
u′

cos2 u 8) (cos u)′ = −u′ sinu9) (cotu)′ =
−u′

sin2 u 10) (arccotu)′ =
−u′1+ u211) (

√
u)′ =

u′2√u 12) ( n
√
u)′ =

u′

n
n
√
un−113) (sinhu)′ = u′ coshu 14) (tanh u)′ =
u′

cosh2 u15) (coshu)′ = u′ sinhu 16) (arcsinu)′ =
u′

√1− u217) (arccosu)′ =
−u′

√1− u218) (arctanu)′ =
u′1+ u219)

(12 ln

∣
∣
∣
∣

1+ u1− u

∣
∣
∣
∣

)′
=

u′1− u220)
(

ln
∣
∣
∣u+

√

u2 ± 1∣∣∣)′ =
u′

√

u2 ± 121) (uv)′ =

(

v′ lnu+ v
u′

u

)

uv�ú÷� Âþ�¨ ��±�� ø ù¢�Þ÷ ��±�� �¤ �úó�õÂê ßþ� ¥� ü¡Â� �ú�� :��±��üê�î (2.2.4 �����) (2) ��±�� ý�Â� .Ýþ¤�³¨üõ ùÀ�÷��¡ �� �¤.(ex)′ = ex �î ¢�ª ´��� ´¨�
(ex)′ = lim

y→x

ex − ey

x− y
= ex lim

y→x

ey−x − 1
y − x

= ex lim
z→0 ez − 1

z
= ex × 1 = exüê�î ,(1) ��±�� ý�Â� .z = y − x ´¨� ùÀª ­Âê �¹�þ� ¤¢ �îñ�õÂê ��±�� ¢¤�õ ¤¢ .au = eln(au) = eu ln a �î ¢�ª ���� ´¨�:Ýþ¤�¢ 3.2.4 ¥� ù¢�Ôµ¨� �� ,(17)

(arccosu)′ =
u′

cos′(arccosu)
=

u′

− sin(arccosu)
=

−u′
√1− u2ßþÂÞ� ö���ä �� �¤ ¢¤��õ Âþ�¨ ��±�� .sinx =

√1− cos2 x �Âþ¥
2 .Ýþ¤�³¨üõ ùÀ�÷��¡ ��,1.2.4 ¥� (3) ´ÞÆì �� ���� �� (1 .ñ�·õ 5.2.4Ýþ¤�¢

(x cos x)′ = (x)′ cosx+ x(cosx)′ = cosx− x sinx

x = x0 ¤¢ y = g(x) ø y = f(x) Âð� .��Ìì 1.2.4:ù�Ú÷� ,a ∈ R ø À�ª�� ÂþÁ³ÖµÈõ1) (af)′(x0) = af ′(x0)2) (f ± g)′(x0) = f ′(x0) ± g′(x0)3) (fg)′(x0) = f ′(x0)g(x0) + g′(x0)f(x0)4)

(
f

g

)′
(x0) =

f ′(x0)g(x0) − g′(x0)f(x0)
g2(x0).´¨� ùÀ�÷��¡ ùÀúä Â� ßþÂÞ� ö���ä �� ��Ìì ßþ� ��±��¤¢ y = g(x) Âð� .ÕµÈõ ý�ùÂ�¹÷¥ ùbÀä�ì 2.2.4ù�Ú÷� ,À�ª�� ÂþÁ³ÖµÈõ y0 = g(x0) ¤¢ z = f(y) ø x = x0

(f ◦ g)′(x0) = g′(x0)f ′(g(x0))Ýþ¤�¢ ÓþÂã� ¥� ù¢�Ôµ¨� �� :��±��
(f ◦ g)′(x0) = lim

x→x0 f(g(x)) − f(g(x0))
x− x0

= lim
x→x0 f(g(x)) − f(g(x0))

g(x) − g(x0) × lim
x→x0 g(x) − g(x0)

x− x0
= lim
y→y0 f(y) − f(y0)

y − y0 × g′(x0) = f ′(y0).g′(x0)
2 .´¨� ùÀª ��±�� ÝØ� y0 = g(x0) �� ���� ��
y = f(x) Âð� .§�Øãõ â��� ÕµÈõ ùbÀä�ì 3.2.4,y0 = f(x0) ø Àª�� ÂþÁ³ÖµÈõ x = x0 ¤¢ ø ù¢�� ÂþÁ�§�Øãõø ´¨� ÂþÁ³ÖµÈõ y = y0 ¤¢ x = f−1(y) ù�Ú÷�

f−1′(y0) =
1

f ′ (f−1(y0))¥� ýÂ�ð ÕµÈõ �� ,f−1(f(x)) = x �Ø�þ� �� ���� �� :��±���� ø ,x = x0 = f−1(y0) �bÎÖ÷ ¤¢ x °Æ� Â� �Î��¤ ßþ� ß�êÂÏÝþ¤�¢ 2.2.4 �b �Ìì ¥� ù¢�Ôµ¨�
f−1′(f(x0)).f ′(x0) = 1 ⇒ f−1′(y0).f ′(x0) = 1

2 .Ý��î Û� f−1′(y0) °Æ� Â� �¤ �ó¢�ãõ ßþ� ´¨� üê�î ö��î�üþ��±õ ,Àõ� Àû��¡ �õ�¢� ¤¢ �î üóøÀ� ù�ÂÞû �� ��Ìì �¨ ßþ�.À�ª��üõ ÕµÈõ Ûþ�Æõ âþÂ¨ Û� ý�Â�üã���� v(x) ø u(x) À��î ­Âê .��ÖµÈõ ñøÀ� 4.2.4:�¤�¬ ßþ�¤¢ ,À�ª�� ÂþÁ³ÖµÈõ1) (au) = u′au ln a 2) (eu)′ = u′eu3) (ua)′ = au′ua−1, 4) (loga u)
′
=

u′

u lna5) (lnu)′ =
u′

u
6) (sinu)′ = u′ cosu54



�úÖµÈõ ýÂ±� �b ±¨�½õ 2.4 Çþ�û¢Â�¤�î ø ÕµÈõ 4 ÛÊê13) y = arctanx+
13 arctanx314) y = arcsin

(
sinα sinx1− cosα cosx

)15) y =
x31− x

3√ 3− x

(3+ x)216) y = x(x2 − 1) · · · (xn+1 − n)�î À��î �±¨�½õ ü�¤�¬ ¤¢ �¤ f ′(x) (17
f(x) =

∣
∣
∣
∣
∣
∣
∣
∣

x− 1 x4 1 1/x
x2 − 1 x3 2 x

x3 − 1 x2 3 1/x
x4 − 1 x 4 x

∣
∣
∣
∣
∣
∣
∣
∣:À����� �¤ y′ ¢¤�õ Âû ¤¢18) y = φ(x)ψ(x) 19) y = f(ex) + ef(x)20) y = logφ(x) ψ(x) 21) y = f(sin2 x) + f(cos2 x)�� f(x) =

{
x2 x ∈ Q Âð�0 x /∈ Q Âð� â��� �î À�û¢ ö�È÷ (22.´¨� ÂþÁ³ÖµÈõ x = 0 Ǒ�¥�â��� �î À�û¢ ö�È÷ (23

f(x) =

{

x2 |cos (π/x)| x 6= 0 Âð�0 x = 0 Âð�¤¢ �î ´¨� üÏ�Ö÷ ý�¤�¢ x = 0 �bÎÖ÷ ¥� ù��¿ó¢ üÚþ�ÆÞû Âû ¤¢.´¨� ÂþÁ³ÖµÈõ x = 0 ¤¢ y = f(x) üóø ,¢¤�À÷ ÕµÈõ �ú÷�:À��î �±¨�½õ �¤ f ′(x−) ø f ′(x+) ,Âþ¥ ¢¤��õ ¥� ×þ Âû ¤¢24) f(x) = |x| sin(πx) 25) f(x) =
√1− e−x226) f(x) = arctan

(1+ x1− x

) 27) f(x) =
√

sinx228) f(x) = | ln |x|| 29) f(x) =

√

x2 + x3
xâ��� À��î ­Âê .ü�Þ® â���� ÕµÈõ ùbÀä�ì 7.2.4�î ,Àª�� ùÀª �ÂÎõ F (x, y) = c ü�Þ® �¤�¬ �� y = f(x)ÂþÁ³ÖµÈõ y ø x �� ´±Æ÷ �î ´¨� ùÂ�çµõ ø¢ üã��� z = F (x, y)�¤�¬ ßþ� ¤¢ .Àª��üõ üÖ�Ö� ý¢Àä c ø ´¨�

y′ = −Fx
Fy´±Æ÷ z = F (x, y) â��� ÕµÈõ ¥� ´¨� �¤�±ä Fx ö� ¤¢ �îâ��� ÕµÈõ ¥� ´¨� �¤�±ä Fy ��÷ ø y ö¢�� ´��� ­Âê �� ø x ��

2 .x ö¢�� ´��� ­Âê �� ø y �� ´±Æ÷ z = F (x, y)��±�� ��µî �ø¢ ÀÜ� ¤¢ ü��� ��ÖµÈõ ¶½±õ ¤¢ �¤ ��Ìì ßþ�.¢�Þ÷ Ý�û��¡

Ýþ¤�¢ ,1.2.4 ¥� (4) ´ÞÆì �� ���� �� (2 ñ�·õ
(1+ x2
x− ex

)′

=
(1+ x2)′(x − ex) − (x− ex)′(1+ x2)

(x − ex)2
=

(2x)(x − ex) − (1− ex)(1+ x2)
(x− ex)2Ýþ¤�¢ ,1.2.4 ¥� (20) ´ÞÆì �� ���� �� (3 ñ�·õ





√1+

√

x+
√

x2 + 1′

=

(1+

√

x+
√

x2 + 1)′2√1+

√

x+
√

x2 + 1
=

12√1+

√

x+
√

x2 + 1 (x +
√

x2 + 1)′2√x+
√

x2 + 1
=

12√1+

√

x+
√

x2 + 1 12√x+
√

x2 + 1
×
(1+

(x2 + 1)′2√x2 + 1)
=

12√1+

√

x+
√

x2 + 1 1
√

x+
√

x2 + 1
×
(1+

x
√

x2 + 1)�¤�¬ ßþ� ¤¢ ,y =
(a

b

)x
(
b

x

)a (x

a

)b Ý��î ­Âê (4 ñ�·õ
ln y = x(ln a− ln b) + a(ln b − lnx) + b(lnx− ln a)�¹�µ÷ ¤¢ .y′

y
= ln a− ln b− a

x
+
b

x
Ýþ¤�¢ ýÂ�ÚÖµÈõ ¥� Å� ø.y′ = y

(

ln
(a

b

)

+
b− a

x

)´±Æ÷ y = f(x) ¥� Âþ¥ ¢¤��õ ¥� ×þ Âû ¤¢ .ßþÂÞ� 6.2.4:ÀþÂ�Ú� ÕµÈõ x ��1) y = x+
√
x+ 3√x 2) y = 2tan(1/x)3) y =

1+ x− x21− x+ x2 4) y = a
√1+ x25) y = sinn x cos(nx) 6) y =

x
√

a2 − x27) y = sin(sin(sinx))) 8) y =
3√1+ x31− x39) y =

√

x+
3√
x+ 4√x 10) y = ex + ee

x

+ ee
ex11) y = (x+ 1)(x + 2)2(x+ 3)312) y = ln

(1
x

+ ln

(1
x

+ ln

(1
x

)))55



Çþ�û¢Â�¤�î ø ÕµÈõ 4 ÛÊê ��� �b ±�Âõ ý�ûÕµÈõ 3.4
= lim

t→t0 y−y0
t−t0
x−x0
t−t0 =

dy

dt

∣
∣
∣
t=t0

dx

dt

∣
∣
∣
t=t0 =

ψ′(t0)
φ′(t0)

2 .´¨� ��Þ� ö�ûÂ� ø¤¢ ,y = 2 sin t ø x = sin(2t) Âð� (1 .ñ�·õ 11.2.4�¤�¬ ßþ�
y′ =

(2 sin t)′

(sin(2t))′ =
2 cos t2 cos(2t) =

cos t

cos(2t)ù�Ú÷� ,y =

√1− 3√
t ø x =

3√1−
√
t Âð� (2 ñ�·õ

y′ =

(√1− 3√t)′
( 3√1−

√
t
)′ =

12 (1− 3√t)′(1− 3√t)−1/213 (1−
√
t)′(1−

√
t)−2/3

=
12 (−13 t−2/3)(1− 3√t)−1/213 (−12 t−1/2)(1−

√
t)−2/3

=

(1−
√
t

t

)2/3 (
t1− 3√t)1/2,À�ª�� ´±·õ ¢�Àä� b ø a �î ü�¤�¬ ¤¢ .ßþÂÞ� 12.2.4:À��î �±¨�½õ �¤ x �� ´±Æ÷ y ÕµÈõ1) x = sin2 t, y = cos2 t2) x = a cos t, y = b sin t+ t23) x = a(t− sin t), y = at(1− cos t)4) x = arcsin

(

t
√1+ t2) , y = arccos

( 1
√1+ t2)

��� �b ±�Âõ ý�ûÕµÈõ 3.4ÂþÁ³ÖµÈõ ¢�¡ y = f ′(x) â��� À��î ­Âê .ÓþÂã� 1.3.4ö�È÷ y = f ′′(x) ¢�Þ÷ �� �¤ ö� ÕµÈõ �¤�¬ ßþ� ¤¢ ,Àª��:�î ¢Âî ÓþÂã� ö���üõ ���Èõ �¤�¬ �� ,Ý�û¢üõ
y′′ = f ′′(x) = (f ′(x))

y(3) = f (3)(x) = (f ′′(x))...
y(n) = f (n)(x) = (f (n−1)(x))′ (y = f(x) �� n ÕµÈõ)

ÕµÈõ ,x2 + 4y2 = xy3 À��î ­Âê (1 .ñ�·õ 8.2.4.À��î �±¨�½õ �¤ x �� ´±Æ÷ y�¹�µ÷ ¤¢ ø F (x, y) = x2 + 4y2 − xy3 �¹�þ� ¤¢ .Û�
y′ = −Fx

Fy
= − 2x+ 0− y30+ 8y − 3xy2 =

y2 − 2x8y − 3xy2�¤ x �� ´±Æ÷ y ÕµÈõ ,sin(x + y) = xy À��î ­Âê (2 ñ�·õ.À��î �±¨�½õ�¹�µ÷ ¤¢ ø F (x, y) = sin(x+ y) − xy �¹�þ� ¤¢ .Û�
y′ = −Fx

Fy
= − cos(x+ y) − yxy−1

cos(x+ y) − xy lnx

y ÕµÈõ ,x2 + xy2 + yx2 = x3 − 2y3 À��î ­Âê (3 ñ�·õ.À��î �±¨�½õ (1,0) �bÎÖ÷ ¤¢ �¤ x �� ´±Æ÷�¹�µ÷ ¤¢ ø x2 + xy2 + yx2 = x3 − 2y3 �¹�þ� ¤¢ .Û�
y′ = −Fx

Fy

∣
∣
∣
∣
(1,0)

= −2x+ y2 + 2xy − 3x2 + 00+ 2xy + x2 − 0+ 6y2 ∣∣∣∣∣
(1,0)

= −2+ 0+ 0− 3− 00+ 0+ 1− 0+ 0 = 1�� ´±Æ÷ y = f(x) ÕµÈõ ´¨� ��ÜÎõ .ßþÂÞ� 9.2.4�Ø÷� �� ¯øÂÈõ ,x1) y sinx+ x sin y = 1 2) x2 + y2 = tan(x+ y)3) xy + yx = xy 4) ln(x+ 2y) = 2x+ y,M �bÎÖ÷ ¤¢ x �� ´±Æ÷ y = f(x) ÕµÈõ ´¨� ��ÜÎõ�Ø÷� �� ¯øÂÈõ5) x2 sin y2 − y2 cosx2 = π, M = (
√
π,

√
π)6) (x+ y)x−y + (x − y)(x+y) = 4, M = (2,1)

y = f(x) À��î ­Âê .ýÂµõ�¤�� â���� ÕµÈõ 10.2.4�ÂÎõ y = ψ(t) ø x = φ(t) �¤�¬ �� �î Àª�� x ¥� üã���,x0 = φ(t0) ,À�ª�� ÂþÁ³ÖµÈõ t = t0 ¤¢ ψ ø φ Âð� .´¨� ùÀª�bÎÖ÷ ¤¢ x �� ´±Æ÷ y = f(x) �¤�¬ ßþ� ¤¢ ,y0 = ψ(t0)ùø�ã� ø ´¨� ÂþÁ³ÖµÈõ x = x0
dy

dx

∣
∣
∣
x=x0 =

dy

dt

∣
∣
∣
t=t0

dx

dt

∣
∣
∣
t=t0 =

ψ′(t0)
φ′(t0)ßþ�Â���� ,´¨� �µ¨��� ,ÂþÁ³ÖµÈõ â��� Âû ö�� :��±��ßþ�Â���� ø limt→t0 x(t) = x(t0) = x0

dy

dx

∣
∣
∣
x=x0 = lim

x→x0 f(x) − f(x0)
x− x0 = lim

t→t0 y(t) − y(t0)
x(t) − x(t0)56



��� �b ±�Âõ ý�ûÕµÈõ 3.4 Çþ�û¢Â�¤�î ø ÕµÈõ 4 ÛÊêüþ�ûÂÆî ß��� ¥� ´¨� üê�î ,ßþ�Â���� .¢¢Âðüõ �þ�¹� A

x+ a�¤�¬ ßþ� ¤¢ ,ga(x) :=
1

x+ a
Âð� .ÝþÂ�Ú� ÕµÈõ Ý�÷��µ�

g′a(x) =
{

(x+ a)−1}′
= −(x+ a)−2,

g′′a(x) =
{

−(x+ a)−2}′
= 2(x+ a)−3,...

g(n+1)
a (x) =

{

(−1)n(x+ a)−(n+1)
}′

= (−1)n+1(x+ a)−(n+2) �¹�µ÷ ¤¢
f (n)(x) =

( 124g0(x) − 16g1(x) +
14g2(x)

−16g3(x) +
124g4(x))(n)

= (−1)nn!

( 124x−(n+1) − 16 (x+ 1)−(n+1)

+
14 (x+ 2)−(n+1)

−16 (x+ 3)−(n+1) +
124 (x+ 4)−(n+1)

).y′′ ´Æ��ÜÎõ ,x3 + y3 = 2xy + 1 À��î ­Âê (6 ñ�·õ�î Ý��îüõ ���� ¤�Ñ�õ ßþ� ý�Â� .Û�
y(n) =

dy(n−1)

dx
=

dy(n−1)
dt
dx
dtßþ�Â���� ,y′ = −3x2 − 2y3y2 − 2x ø

y′′ =
dy′

dx
=

d

dx

(

−3x2 − 2y3y2 − 2x)
= − (6x− 2y′)(3y′ − 2x) − (6yy′ − 2)(3x2 − 2y)

(3y2 − 2x)2.Ý�û¢ ¤�Âì −3x2 − 2y3y2 − 2x ¤�ÀÖõ y′ ý�¹� ´¨� üê�î ö��î�´Æ��ÜÎõ ,y = t cos t ø x = t sin t �î ü�¤�¬ ¤¢ (7 ñ�·õ.y′′�î Ý��îüõ ���� ¤�Ñ�õ ßþ� ý�Â� .Û�
y′ =

dy

dx
=

cos t− t sin t

sin t+ t cos t ßþ�Â����
y′′ =

dy′

dx
=

dy′

dt
dx
dt

Ýþ¤�¢ ,(ex)′ = ex �Ø�þ� �� ���� �� (1 .ñ�·õ 2.3.4
(ex)(n) = exÝþ¤�¢ ,(ax)′ = ax ln a �Ø�þ� �� ���� �� (2 ñ�·õ

(ax)(n) = ax(ln a)nù�Ú÷� ,y = sinx �î ü�¤�¬ ¤¢ (3 ñ�·õ
y′ = cosx = sin

(

x+
π2) ,

y′′ = − sinx = sin(x+ π) = sin
(

x+ 2π2)...
y(n) =

(

y(n−1)
)′

=
(

sin
(

x+ (n− 1)
π2))′

= cos
(

x+ (n− 1)
π2) = sin

(

x+ n
π2)ù�Ú÷� ,y = lnx �î ü�¤�¬ ¤¢ (4 ñ�·õ

y′ =
1
x
,

y′′ =

(1
x

)′
=

−1
x2 ,...

y(n) =
(

y(n−1)
)′

=

(

(−1)n−2(n− 2)!

xn−1 )′

= (−1)n−2(n− 2)!(1− n)
1
xn

= (−1)n−1(n− 2)!(n− 1)
1
xn

=
(−1)n−1(n− 1)!

xn â��� �� n �b ±�Âõ ÕµÈõ (5 ñ�·õ
f(x) =

1
x(x + 1)(x+ 2)(x + 3)(x + 4).À��î �±¨�½õ �¤�þ�¹� �¤ ��� ýø�Æ� ´¨�¤ ´Þ¨ ÂÆî �Àµ�� ¤�Ñ�õ ßþ� ý�Â� .Û�Ý��îüõ ­Âê ,ßþ�Â���� .(¢�ª ���� ?? ��) Ý��îüõ1

x(x + 1)(x+ 2)(x + 3)(x + 4)
=

=
A

x
+

B

x+ 1 +
C

x+ 2 +
D

x+ 3 +
E

x+ 4,ùÀõ� ´¨À� �¤�±ä ö¢�Þ÷ ù¢�¨ ø ßµêÂð íÂµÈõ �Â¿õ ¥� Å��¹�µ÷ ø ù¢�¢ ¤�Âì ùÀõ� ´¨À� �¤�±ä ¤¢ �¤ 4 ø 3 ,2 ,1 ,0 ¢�Àä�ø D =
−16 ,C =

14 ,B =
−16 ,A =

124 �î ÝþÂ�ðüõ¤�Âì ��� ýø�Æ� ¤¢ �¤ Âþ¢�Öõ ßþ� �î ´¨� üê�î ö��î� .E =
124�Âê �� ùb¢�¨ ÂÆî ¸�� á�Þ¹õ �� y = f(x) °��Â� ßþ� �� ø ,ù¢�¢57



Çþ�û¢Â�¤�î ø ÕµÈõ 4 ÛÊê ��� �b ±�Âõ ý�ûÕµÈõ 3.4ø u = e2x ­Âê �� ,y = e2x cosx �î ü�¤�¬ ¤¢ (2 ñ�·õÝþ¤�¢ ,v = cosx

y(5) =
5∑

k=0(5k)(e2x)(k)(cosx)(5−k)
=

(50)(e2x)(0)(cosx)(5) +

(51)(e2x)(1)(cosx)(4)

+

(52)(e2x)(2)(cosx)(3) +

(53)(e2x)(3)(cos x)(2)

+

(54)(e2x)(4)(cosx)(1) +

(55)(e2x)(5)(cos x)(0)

= (1)(e2x)(− sinx) + (5)(2e2x)(cos x)

+(10)(4e2x)(sin x) + (10)(8e2x)(− cosx)

+(5)(16e2x)(− sinx) + (1)(32e2x)(cosx)

= −41e2x sinx− 38e2x cosx�� n �b ±�Âõ ÕµÈõ ,Âþ¥ ¢¤��õ ¥� ×þ Âû ¤¢ .ßþÂÞ� 5.3.4:Àþ¤ø� ´¨À� �¤ y = f(x) â���1) y =
√
x, n = 10 2) y =

ex

x
, n = 73) y =

x21− x
, n = 8 4) y = x2 sinx, n = 305) y = sin2 x ln x, n = 4 6) y =

cos(3x)3√1− 3x, n = 3À��î �±¨�½õ �¤ �� n �b ±�Âõ ¥� ÕµÈõ ,Âþ¥ ¢¤��õ ¥� ×þ Âû ¤¢7) y =
ax+ b

cx+ d
8) y =

1√1− 2x9) y = x sinx 10) y = sin(ax) cos(ax)11) y = (x2 + x)e−x 12) y =
1

x(x− 1)�¤ y = f(x) â��� �� n �b ±�Âõ ÕµÈõ ,Âþ¥ ¢¤��õ ¥� ×þ Âû ¤¢:Àþ¤ø� ´¨À�13) xy2 + x2y + x− y, n = 314) y = xy + yx − x2 + y2, n = 215) sin(x+ y) + cos(x − y) − xy, n = 216) x = a(t− sin t), y = a(1− cos t), n = 217) x = sin t, y = cos t, n = 318) x = arcsin t, y = arccos(t2), n = 3
f (n+1)(0) üóø ,¢¤�¢ ¢��ø f (n)(0) �î À��î ´��� (19´Æ�÷ ¢���õ

f(x) =

{

x2n sin (1/x) x 6= 0 Âð�0 x = 0 Âð�

=
1

sin t+ t cos t

d

dt

(
cos t− t sin t

sin t+ t cos t

)

=
1

sin t+ t cos t
× (−2 sin t− t cos t)(sin t+ t cos t)

−(2 cos t− t sin t)(cos t− t sin t)

(sin t+ t cos t)2
v(x) ø u(x) â���� �î ü�¤�¬ ¤¢ .�µ��±þ� ¤�µ¨¢ 3.3.4ù�Ú÷� ,À�ª�� �µª�¢ �� n �b ±�Âõ ÕµÈõ

(vu)(n) =

n∑

k=0(nk)u(k)v(n−k)�f ±ì n = 2 Ǒ�¥� �� ÝØ� .Ý��îüõ ù¢�Ôµ¨� n Â� Ǒ�ÂÖµ¨� ¥� :��±��ù�Ú÷� ,Ý��î ­Âê ´¨¤¢ n ý�Â� �¤ ÝØ� Âð� .´¨� ùÀª ��±��
(vu)(n+1) =

( n∑

k=0(nk)u(k)v(n−k)
)′

=

n∑

k=0(nk)(u(k+1)v(n−k) + u(k)v(n−k+1)
)

=

n∑

k=0(nk)u(k+1)v((n+1)−(k+1)) +

n∑

k=0(nk)u(k)v((n+1)−k)

=

n+1∑
k=1( n

k − 1)u(k)v((n+1)−k) +

n∑

k=0(nk)u(k)v((n+1)−k)

= uv(n+1) +

n+1∑
k=1 (( n

k − 1)+

(
n

k

))

u(k)v((n+1)−k)

=

n+1∑
k=0(n+ 1

k

)

u(k)v(n+1−k)
2 .´¨� ��Þ� ö�ûÂ� ø­Âê �� ,y = x3 lnx �î ü�¤�¬ ¤¢ (1 .ñ�·õ 4.3.4Ýþ¤�¢ ,v = lnx ø u = x3
y(4) =

4∑
k=0(4k)(x3)(4)(ln x)(4−k)

=

(40)(x3)(0)(ln x)(4) +

(41)(x3)(1)(lnx)(3)

+

(42)(x3)(2)(lnx)(2) +

(43)(x3)(3)(ln x)(1)

+

(44)(x3)(4)(lnx)(0)

= (1)(x3)

(−6
x4 )+ (4)(3x2)

( 2
x3)

+(6)(6x)(−1
x2 )+ (4)(6)

(1
x

)

+(1)(0)(ln x) =
6
x58



��õÂµÆî� �b ó�bÆõ 4.4 Çþ�û¢Â�¤�î ø ÕµÈõ 4 ÛÊêø ´¨� �¥� ¯Âª ×þ �ú�� f ′(x0) = 0 ¯Âª �î ¢�ª ����¯Âª ßþ� ¤¢ ý��ÎÖ÷ ´¨� ßØÞõ �î ü�ãõ ßþ� �� .´Æ�÷ üê�îý�ù¢�Ôµ¨� �ú�� .Àª�±÷ ü±Æ÷ ��õÂµÆî� �bÎÖ÷ ×þ üóø À�î ëÀ¬¤¢ y = f(x) ÕµÈõ Âð� �î ´¨� ßþ� ¢Âî ö���üõ ÝØ� ßþ� ¥� �îù�Ú÷� ,Àª�� ÂÔ¬ Â��Â� ø �µª�¢ ¢��ø �þ ø Àª�±÷ ¢���õ x = x0ùø�ã� ø ,´¨� y = f(x) ��õÂµÆî� �ÎÖ÷ ×þ x = x0 �f �Þµ��ß��� .À�ª�� ÂÑ÷ ¢¤�õ â��� ��õÂµÆî� À�÷���üõ üÏ�Ö÷ ß��� �ú��:ÂµÖ�ì¢ ö��� �� .À�õ�÷üõ â��� "ü÷�Â½�' ¯�Ö÷ �f��Î¬� �¤ üÏ�Ö÷�bÎÖ÷ ×þ ü�¤�¬ ¤¢ �¤ x0 ∈ R �bÎÖ÷ .ÓþÂã� 3.4.4¤¢ �þ ø Àª�±÷ ¢���õ f ′(x0) �î Ý���ð y = f(x) â��� ü÷�Â½�.Àª�� ÂÔ¬ �� Â��Â� ¢��ø �¤�¬�¤ f(x) = x3 − x2 â��� (1 .ñ�·õ 4.4.4ü�ãõ �� f ′(x) = 0 ¯Âª ,´ó�� ßþ� ¤¢ .ÀþÂ�Ú� ÂÑ÷ ¤¢�b �Ìì �� ���� �� Å� .´¨� x(3x−2) = 0 �þ ø 3x2−2x = 0ü÷�Â½� ¯�Ö÷ y = f(x) â��� üó�Þµ�� ü±Æ÷ ý�úõ�õÂµÆî� ,����¤�¬ ßþ� ¤¢ .À�µÆû x2 =
23 ø x1 = 0,´¨� y = f(x) â��� ü±Æ÷ ��Þþ�î�õ ×þ x1 = 0 (Óó�Ýþ¤�¢ ý� x ∈ (−1;1) Âû Ǒ�¥� �� �Âþ¥

−1 < x < 1 ⇒
{
x− 1 < 0
x2 < 1

⇒ x2(x− 1) ≤ 0 = f(0)Ǒ�¥� �� �Âþ¥ ,´¨� y = f(x) â��� ü±Æ÷ ��Þ���õ ×þ x2 =
23 (�Ýþ¤�¢ ý� x ∈

(23 − 14 ;
23 +

14) Âû512 < x <
1112 7⇒







x <
1112512 < x

⇒







x− 1 < −11225144 < x2
⇒ −251728 < x2(x− 1) ßþ�Â����

f(x) = x2(x − 1) >
−251728 >

−427
=

(23)2(23 − 1) = f

(23) .¯Âª ,´ó�� ßþ� ¤¢ .ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ f(x) = x3 â��� (2 ñ�·õâ��� ü÷�Â½� �bÎÖ÷ �ú�� ßþ�Â���� ,´¨� x = 0 ü�ãõ �� f ′(x) = 0��õÂµÆî� �bÎÖ÷ ×þ ´¨� ßØÞõ �î ,Àª��üõ x = 0 ÂÑ÷ ¢¤�õ

ÂþÁ³ÖµÈõ üû��¿ó¢ �b ±�Âõ Âû ¥� Âþ¥ â��� �î À�û¢ ö�È÷ (20́̈ �
f(x) =

{

e−1/x2 x 6= 0 Âð�0 x = 0 Âð�:À��î ´��� �¤ Âþ¥ ¢¤��õ ¥� ×þ Âû21)
(

xn−1e1/x)(n)

=
(−1)n

xn+1 e1/x, (x 6= 0)22) (xn lnx)(n) = n!

(

lnx+

n∑

k=1 1k) , (x > 0)23)

( 1
x2 + 1)(n)

=
(−1)nn!

(x2 + 1)(n+1)/2
× sin{(n+ 1)arccot x},f ′(x) = f(x) ý�Â� üê�î ø �¥� ¯Âª �î À�û¢ ö�È÷ (24.f(x) = Aex ý� A´��� ¢Àä ý�¥� �� �î ´¨� ö���õÂµÆî� �b ó�bÆõ 4.4ÝÜä ¤¢ ñ�ÂÚµ÷� ø Û�Æ÷�ÂÔþ¢ ��Æ� ý�û¢Â�¤�î ßþÂµÞúõ ¥� üØþ.´¨� ý¥�¨ ���ú� �b ó�bÆõ �þ ø ��õÂµÆî� �b ó�bÆõ ,¥øÂõ� ý¤ø�ßê ø��¿µ÷� �¤ á�®�õ ×þ ¥� ü¬�Ê¿� ´�Þî ,Ûþ�Æõ �÷�ð ßþ� ¤¢Ûì�À� �þ ø Â·î�À� �¤ ö� ¤�ÀÖõ ,ùÀª ù¢�¢ Íþ�Âª �� �µÆ� ø ù¢Âî,�ÎÖ÷ ø¢ ß�� ùÀ�û¢ ñ�Ê�� ý�ûÂ�Æõ ��Þ� ß�� ¥� ,�f ·õ .À��îüõßþ� ¤¢ .Àª�� Ûì�À� ö� ñ�Ï �î À÷¢Âðüõ ýÂ�Æõ ñ�±÷¢ ��ùÂ�çµõ ×þ â���� ×Þî �� �î �ó�bÆõ ßþ� ¥� ý�ù¢�¨ á��÷� Ç¿�.Ý��îüõ �ãó�Îõ �¤ ¢�Þ÷ Û� ö���üõø ´¨� â��� ×þ y = f(x) À��î ­Âê .ÓþÂã� 1.4.4��Þþ�î�õ ý�¤�¢ y = f(x) â��� Ý���ðüõ ü�¤�¬ ¤¢ .x0 ∈ Df¢�ª ´ê�þ ö��� ý� δ ´±·õ ¢Àä �î ´¨� x = x0 ¤¢ ü±Æ÷

f(x) ≤ Ý�ª�� �µª�¢ ,(x0 − δ;x0 + δ) ¤¢ x Âû Ǒ�¥� �� �î
y = f(x) â��� Ý���ðüõ ü�¤�¬ ¤¢ ,���Èõ �¤�¬ �� .f(x0)ö��� ý� δ ´±·õ ¢Àä �î ´¨� x = x0 ¤¢ ü±Æ÷ ��Þ���õ ý�¤�¢Ý�ª�� �µª�¢ ,(x0 − δ;x0 + δ) ¤¢ x Âû Ǒ�¥� �� �î ¢�ª ´ê�þ�þ ��Þþ�î�õ' ü�ãõ �� �¤ ��õÂµÆî� �bÞÜî .f(x0) ≤ f(x).ÝþÂ�üõ ¤�Ø� "��Þ���õ
y = Âð� .��õÂµÆî� ¢��ø ý�Â� �¥� ¯Âª 2.4.4
x = x0 ¤¢ ø Àª�� ü±Æ÷ ��õÂµÆî� ý�¤�¢ x = x0 ¤¢ f(x).f ′(x0) = 0 ù�Ú÷� ,Àª�� ÂþÁ³ÖµÈõ59



Çþ�û¢Â�¤�î ø ÕµÈõ 4 ÛÊê ��õÂµÆî� �b ó�bÆõ 4.4,Àª�� �ø¥ n Âð� �õ� ø ´¨� f ��õÂµÆî� Â�è �bÎÖ÷ ×þ x0 ù�Ú÷�ù�Ú÷���Þþ�î�õ �bÎÖ÷ ×þ x = x0 ù�Ú÷� ,f (n)(x0) < 0 Âð� (Óó�.´¨� y = f(x) â���â��� ��Þ���õ �bÎÖ÷ ×þ x = x0 ù�Ú÷� ,f (n)(x0) > 0 Âð� (�.´¨� y = f(x)¤¢ f(x) = 2 + x − x2 À��î ­Âê (1 .ñ�·õ 9.4.4
f ′(x) = 0 ¯Âª ¥� ,ßþ�Â���� .f ′(x) = 1 − 2x �¤�¬ ßþ�â��� ßþ� ü÷�Â½� �bÎÖ÷ �ú�� ,Å� .x0 =

12 �î ¢¢Âðüõ �¹�µ÷´ó�� ßþ� ¤¢ ,�õ� .´¨� x0 = 1/2
x <

12 ⇒ f ′(x) = 1− 2x > 1− 1 = 0
x >

12 ⇒ f ′(x) = 1− 2x < 1− 1 = 0
y = â��� ¥� 92 ¤�ÀÖõ �� ��Þþ�î�õ �bÎÖ÷ ×þ x0 =

12 ,ßþ�Â����.´¨� f(x)ø ´¨� ¢Âê ý¢Àä n ∈ R À��î ­Âê (2 ñ�·õ
fn(x) = 1+ x+

x22 + · · · + xn−1
(n− 1)!

− ex�¤�¬ ßþ� ¤¢
f ′
n(x) = 1+ x+

x22 + · · · + xn−2
(n− 2)!

− ex = fn−1(x)´ó�� ßþ� ¤¢ ,�õ� .´¨� ö� �bÈþ¤ ×þ x0 = 0 �î
f ′
n(x) = f ′′

n (x) = · · · = f (n−1)
n (x) = 0, f (n)

n (x) = −ex

x0 = 0 üÚþ�ÆÞû ¤¢ y = f
(n)
n (x) ´õ�ä �î ¢�ªüõ �Ñ��õ

x0 = 0 �bÎÖ÷ ,6.4.4 �b �Ìì Õ��Îõ ,ßþ�Â���� .´¨� (üÔ�õ) ´���.´Æ�÷ y = f(x) â��� ��õÂµÆî��¤�¬ ßþ� ¤¢ .f(x) = xe−x À��î ­Âê (3 ñ�·õ,Å� .x0 = 1 �Áó ø e−x − xe−x = 0 �¹�µ÷ ¤¢ ,f ′(x) = 0
x0 = 1 ¥� ´¨� �¤�±ä y = f(x) â��� üó�Þµ�� ��õÂµÆî� �ú���¤�¬ ßþ� ¤¢ ,�õ�

f ′′(1) = {−2e−x + xe−x}x=1 = −e−1 < 0â��� ¥� e−1 ¤�ÀÖõ �� ��Þþ�î�õ �bÎÖ÷ ×þ x0 = 1 ,ßþ�Â����.´¨� y = f(x)

â��� ��õÂµÆî� �bÎÖ÷ ×þ ��ø º�û �� �ÎÖ÷ ßþ� �õ� .Àª�� ��÷ ö�:�Âþ¥ ,´Æ�÷
x < 0⇒ x3 < 0⇒ f(x) < f(0)

x > 0⇒ x3 > 0⇒ f(x) > f(0).´Æ�÷ üê�î ¯Âª ×þ f ′(x) = 0 ¯Âª �î À�îüõ ´��� ßþ�Âð� .��õÂµÆî� ¢��ø ý�Â� üê�î ¯Âª ß�óø� 5.4.4ø Àª�� ÂþÁ³ÖµÈõ x = x0 �bÎÖ÷ ¥� üÚþ�ÆÞû ×þ ¤¢ y = f(x)üÚþ�ÆÞû ¤¢ y = f ′(x) ´õ�ä �bÆþ�Öõ �� ù�Ú÷� ,f ′(x0) = 0:Ýþ¤�¢ x0�Ø�þ� �¹�µ÷ f ′(x) ´õ�ä f ′(x) ´õ�ä�bÎÖ÷ ×þ x0 x > x0 Ǒ�¥� �� x < x0 Ǒ�¥� �� ´ó��´Æ�÷ ��õÂµÆî� + + Óó�´¨� ��Þþ�î�õ − + �´¨� ��Þ���õ + − �´Æ�÷ ��õÂµÆî� − − ¢¢��ø ý�Â� üê�î ¯Âª ß�óø� Ý�Þã� 6.4.4
x = x0 �bÎÖ÷ ¥� üÚþ�ÆÞû ×þ ¤¢ y = f(x) Âð� .��õÂµÆî�ø ,Àª�� �� n �b ±�Âõ ÕµÈõ ý�¤�¢

f ′(x0) = f ′′(x0) = · · · = f (n−1)(x0) = 0Â�è �bÎÖ÷ ×þ x0 ,Àª�� ¢Âê n Âð� ù�Ú÷� ,f (n)(x0) 6= 0 ø
f (n)(x) ´õ�ä �bÆþ�Öõ �� ,Àª�� �ø¥ n Âð� ø ´¨� f ��õÂµÆî�:Ýþ¤�¢ x0 üÚþ�ÆÞû ¤¢´õ�ä ´õ�ä�Ø�þ� �¹�µ÷ f (n)(x) f (n)(x) ´ó���bÎÖ÷ ×þ x0 x > x0 Ǒ�¥� �� x < x0 Ǒ�¥� ��´Æ�÷ ��õÂµÆî� + + Óó�´¨� ��Þþ�î�õ − + �´¨� ��Þ���õ + − �´Æ�÷ ��õÂµÆî� − − ¢.��õÂµÆî� ¢��ø ý�Â� üê�î ¯Âª ß�õø¢ 7.4.4,Àª�� x = x0 ¤¢ �ø¢ �b ±�Âõ ÕµÈõ ý�¤�¢ y = f(x) â��� Âð�:�¤�¬ ßþ� ¤¢ ,f ′′(x0) 6= 0 ø f ′(x0) = 0��Þþ�î�õ �bÎÖ÷ ×þ x = x0 ù�Ú÷� ,f ′′(x0) < 0 Âð� (Óó�.´¨� y = f(x) â���â��� ��Þ���õ �bÎÖ÷ ×þ x = x0 ù�Ú÷� ,f ′′(x0) > 0 Âð� (�.´¨� y = f(x)¢��ø ý�Â� üê�î ¯Âª ß�õø¢ Ý�Þã� 8.4.4¤¢ ��n �b ±�Âõ ÕµÈõ ý�¤�¢ y = f(x) â��� Âð� .��õÂµÆî�
f ′(x0) = f ′′(x0) = · · · = f (n−1)(x0) = 0 ,Àª�� x = x0,Àª�� ¢Âê ý¢Àä n Âð� �¤�¬ ßþ� ¤¢ ,f (n)(x0) 6= 0 ùø�ã� ø60



��õÂµÆî� �b ó�bÆõ 4.4 Çþ�û¢Â�¤�î ø ÕµÈõ 4 ÛÊê
y = f(x) ��Þ���õ �¤ f(x0) ø ´¨� I Â� y = f(x) ��Þ���õ �bÎÖ÷ý�úõ�õÂµÆî� Û��Öõ ¤¢) �¤ �úõ�õÂµÆî� �÷�ð ßþ� .À�õ�÷üõ I Â�.À�õ�÷üõ ÕÜÎõ (ü±Æ÷��÷ ø f(x) = sinx À��î ­Âê (1 .ñ�·õ 12.4.4
y = ��Þþ�î�õ �bÎÖ÷ ×þ x1 =

π2 �¤�¬ ßþ� ¤¢ I = [0;2π]ø f (π2) = 1 �� Â��Â� I Â� y = f(x) ��Þþ�î�õ .´¨� I Â� f(x).Àª��üõ f (3π2 ) = −1 Â��Â� I Â� y = f(x) ��Þ���õ�¤�¬ ßþ� ¤¢ I = (0;1] ø f(x) =
1
x
À��î ­Âê (2 ñ�·õ

I Â� y = f(x) ø ´¨� I Â� y = f(x) ��Þ���õ �bÎÖ÷ ×þ x0 = 1!¢¤�À÷ ÕÜÎõ ��Þþ�î�õ I Â� y = f(x) .Àª��üõ f(x0) = 1 Â��Â�ø ´¨� â��� y = f(x) À��î ­Âê .��Ìì 13.4.4ßþ� ¤¢ .´¨� �µ¨��� [a; b] Â� y = f(x) ø I = [a; b] ⊆ Df.À�ª��üõ ¢���õ I Â� y = f(x) ��Þ���õ ø ��Þþ�î�õ ,�¤�¬×þ �Ø�þ� �þ ø À�µÆû b ø a ¯�Ö÷ �þ I Â� y = f(x) ý�û��õÂµÆî�.À�ª��üõ (a; b) ¤¢ y = f(x) ü÷�Â½� �bÎÖ÷�� .ÕÜÎõ ��õÂµÆî� �b ó�bÆõ Û� Ýµþ¤�Úó� 14.4.4
y = f(x) â��� ��õÂµÆî� �b ÜÿÆõ Û� ý�Â� 13.4.4 �b �Ìì �� ����:Ý��îüõ ÛÞä Âþ¥ ©ø¤ �� I = [a; b] ⊆ Df ùb¥�� Â�.´¨� �µ¨��� [a; b] Â� y = f(x) �þ� �î Ý��îüõ Õ�Ö½� (Óó�.Ý�û¢üõ �õ�¢� ,¢�� ß��� Âð�üÏ�Ö÷ ø ù¢Âî ü¨¤Â� �¤ (a; b) Â� y = f(x) ýÂþÁ³ÖµÈõ (�ÂÔ¬ Â��Â� ø ¢���õ ÕµÈõ �þ ø ¢¤�À÷ ¢��ø ÕµÈõ �ú÷� ¤¢ �î �¤.Ý��îüõÉ¿Èõ �¤ (ü÷�Â½� ¯�Ö÷) .´¨�¤¢ ùÀõ� ´¨À� ü÷�Â½� ¯�Ö÷ ¤¢ �¤ y = f(x) â��� ¤�ÀÖõ (�.Ý��îüõ �±¨�½õ (�) �b Ü�ÂõÂþ¢�Öõ �� �¤ �ú÷� ,ù¢Âî �±¨�½õ �¤ f(b) ø f(a) Âþ¢�Öõ (¢��Þþ�î�õ �¤ ßþÂµð¤�� ,ù¢Âî �Æþ�Öõ (�) �b Ü�Âõ ¤¢ ùÀõ� ´¨À�.Ý��îüõ ��ä� I Â� y = f(x) â��� ��Þ���õ �¤ ßþÂµØ��î øø f(x) = 2x À��î ­Âê (1 .ñ�·õ 15.4.4�µ¨��� [−1;5] Â� y = f(x) â��� �î ´¨� ßªø¤ .I = [−1;5]ùÀª ù¢�¢ ��õÂµÆî� �b ó�bÆõ Å� .Àª��üõ ÂþÁ³ÖµÈõ (−1;5) Â� øÀ�õø¢ á�÷ ¥� ö� (üó�Þµ��) ü÷�Â½� ¯�Ö÷ ø ´¨� ���� ý�¤�¢ÂÔ¬ ù�ð º�û �î f ′(x) = 2x ln2 ,�õ� .(f ′(x) = 0 ,ü�ãþ),�õ� .¢¤�À÷ I Â� ü÷�Â½� �bÎÖ÷ º�û y = f(x) ,�¹�µ÷ ¤¢ .¢�ªüÞ÷
I Â� y = f(x) ��Þþ�î�õ ,ßþ�Â���� .f(5) = 32 ø f(−1) =

12.´¨� 12 Â��Â� ö� ��Þ���õ ø 32 Â��Â�

À��î ­Âê (4 ñ�·õ
fn(x) =

(1+ x+
x22 + · · · + xn

n!

)

e−x.´¨� −xn
n!
e−x = 0 ü�ãõ �� f ′(x) = 0 ¯Âª �¤�¬ ßþ� ¤¢.Àª��üõ ÂÑ÷ ¢¤�õ â��� ü÷�Â½� �bÎµ÷ �ú�� x0 = 0 �¹�µ÷ ¤¢ùø�ã�

f ′
n(x) =

(

xn

n!
− xn−1

(n− 1)!

)

e−x

f ′′
n (x) =

(2 xn−1
(n− 1)!

− xn−2
(n− 2)!

− xn

n!

)

e−x

f (3)
n (x) =

(

xn

n!
− xn−3

(n− 3)!
−3 xn−2

(n− 2)!
−3 xn−1

(n− 1)!

)

e−xâ��� ��Þþ�î�õ ×þ x0 = 0 ù�Ú÷� ,n = 1 Âð� ,ßþ�Â����
f ′′(0) = −e−1 < ø f(0) = f ′(0) = 0 �Âþ¥ ,´¨� y = f(x).0â��� ��õÂµÆî� Â�è �bÎÖ÷ ×þ x0 = 0 ù�Ú÷� ,n = 2 Âð�.´¨� y = f(x)â��� ��Þþ�î�õ �bÎÖ÷ ×þ x0 = 0 ù�Ú÷� ,n = 3 Âð�
f(0) = f ′(0) = f ′′(0) = f (3)(0) = 0 �Âþ¥ ,´¨� y = f(x)

n Âþ¢�Öõ Âþ�¨ ý�Â� °��Â� ß�Þû �� ø f (4)(0) = −e−1 < 0 ø.¢�Þ÷ ¶½� ö���üõ�¤ Âþ¥ â���� ¥� ×þ Âû ý�úõ�õÂµÆî� .ßþÂÞ� 10.4.4:À�����1) f(x) = (x− 1)3 2) f(x) = (x− 1)43) f(x) = (x+ 1)10e−x 4) f(x) =
√
x lnx5) f(x) =

x2 − 3x+ 2
x2 + 2x+ 1 6) f(x) = ex sinx7) f(x) = |x|e−|x−1|8) f(x) = x(x− 1)2(x− 2)39) f(x) = cosx+

12 cos(2x)10) f(x) = xm(1− x)n, ;n,m ∈ Nâ��� y = f(x) À��î ­Âê .ÕÜÎõ ��õÂµÆî� 11.4.4Âû Ǒ�¥� �� �î ¢�ª ´ê�þ ö��� x0 ∈ I Âð� .I ⊆ Df ø ´¨��bÎÖ÷ ×þ x0 �î ¢�ªüõ �µÔð ù�Ú÷� ,f(x) ≤ f(x0) ý� x ∈ I

y = f(x) ��Þþ�î�õ �¤ f(x0) ø ´¨� I Â� y = f(x) ��Þþ�î�õ�� �î ¢�ª ´ê�þ ö��� x0 ∈ I Âð� ,���Èõ �¤�Ê� .Ý�õ�÷üõ I Â�×þ x0 �î ¢�ªüõ �µÔð ù�Ú÷� ,f(x0) ≤ f(x) ý� x ∈ I Âû Ǒ�¥�61



Çþ�û¢Â�¤�î ø ÕµÈõ 4 ÛÊê üª�î ø Ä÷�Âð� ,ñø¤ ý�þ�Ìì 5.4üª�î ø Ä÷�Âð� ,ñø¤ ý�þ�Ìì 5.4
[a; b] �b µÆ� ùb¥�� Â� y = f(x) â��� Âð� .ñø¤ �b �Ìì 1.5.4ßþ� ¤¢ .f(a) = f(b) ø Àª�� ÂþÁ³ÖµÈõ (a; b) ùb¥�� Â� ,�µ¨���.f ′(c) = 0 �î ¢¤�¢ ¢��ø ý� c ∈ (a; b) ×þ Ûì�À� �¤�¬


(� ñø¤ �b �Ìì ü¨À�û Â�±ã� (Óó� :3.4 ÛØªÄ÷�Âð� �b �Ìì ü¨À�û Â�±ã�:ÝþÂ�ðüõ ÂÑ÷ ¤¢ ´ó�� �¨ :��±��.f(x0) > f(a) �î ¢¤�¢ ¢��ø ý� x0 ∈ (a; b) ×þ Ûì�� (Óó�.f(x0) < f(a) �î ¢¤�¢ ¢��ø ý� x0 ∈ (a; b) ×þ Ûì�� (�.f(x0) = f(a) ý� x0 ∈ (a; b) Âû Ǒ�¥� �� (�,´¨� �µ¨��� [a; b] Â� y = f(x) ö�� ,¢¤�õ �¨ Âû ¤¢
y = f(x) ��õÂµÆî� �b ó�bÆõ (11.7.3�b �Ìì �� Õ��Îõ) ,ßþ�Â����
y = f(x) ��Þþ�î�õ ,ñø� ´ó�� ¤¢ .´¨� ���� ý�¤�¢ [a; b] Â�,Å� .Àû¢üõ  ¤ (a; b) ¥�� ùb¥�� ¤¢ ø ´¨� Âµð¤�� f(a) ¥� [a; b] Â��� �î ¢¤�¢ ¢��ø ý� c ∈ (a; b) ×þ (13.4.4 �b �Ìì Õ��Îõ).Àª��üõ (Óó�) ´ó�� ��±ª (�) ´ó�� .f ′(c) = 0 ö� Ǒ�¥�¯�Ö÷ ��Þ� ¤¢ ö� ÕµÈõ ßþ�Â���� ø ´¨� ´��� â��� (�) ´ó�� ¤¢
2 .´¨� ÂÔ¬ (a; b)

y = f(x) Âð� ,ñø¤ �b �Ìì Õ��Îõ .ü¨À�û Â�±ã� 2.5.4,f(a) = f(b) Âð� ��÷ ø Àª�� ÂþÁ³ÖµÈõ (a; b) Â� ø �µ¨��� [a; b] Â�ü�½�õ Â� §�Þõ Í¡ �î ¢¤�¢ ¢��ø c ∈ (a; b) ý��ÎÖ÷ ù�Ú÷��� .´¨� �û x ¤�½õ ý¥��õ (c, f(c)) �bÎÖ÷ ¤¢ y = f(x) â���.¢�ª ���� Óó�-3.4 ÛØª�� f(x) â��� ý�Â� �¤ ñø¤ �b �Ìì (1 .ñ�·õ 3.5.4.À��î Õ�Ö½� [0;1] Â� x3 − x2 �bÎ��®Â� y = f(x) Å� ,´¨� ý��ÜÞ� À�� y = f(x) ö�� .Û��î ´¨� ßªø¤ ùø�ã� ,´¨� ÂþÁ³ÖµÈõ (a; b) Â� ø �µ¨��� [0;1]Àþ�� ,ßþ�Â���� .f(0) = f(1) = 0 ø f ′(x) = 3x2 − 2x0 < c < 1 ü�ãþ .f ′(c) = 0 �î ¢�ª ´ê�þ ý� c ∈ (0;1)�b �Ìì ÝØ� üµ¨¤¢ ßþ� .c =
23 Àþ�� �¹�µ÷ ¤¢ .3c2−2c = 0 ø.Àû¢üõ ö�È÷ �¤ ñø¤

.I = [−10;10] ø f(x) = |x2−3x+2| À��î­Âê (2 ñ�·õ�b µ¨��� â��� ø¢ °�îÂ� �Âþ¥ ,´¨� �µ¨��� y = f(x) â�����õÂµÆî� �b ó�bÆõ ,Å� .Àª��üõ x 7→ |x| ø x 7→ x2 − 3x + 2�î ý� x Âû ý�¥�� ,�õ� .´¨� ���� ý�¤�¢ I Â� y = f(x)ø f ′(x) = (2x−3)sgn(x2−3x+2) Ýþ¤�¢ ,x2−3x+2 6= 0(x2 = 2 ø x1 = 1 ,ü�ãþ) x2−3x+2 = 0 �î ý� x Âû ý�¥��2x − 3 = 0 �¹�µ÷ ¤¢ ,f ′(x) = 0 ùø�ã� .¢¤�À÷ ¢��ø ÕµÈõ¥� À��¤�±ä I Â� y = f(x) ü÷�Â½� ¯�Ö÷ ,ßþ�Â���� .x3 = 32 �Áó øø f(x1) = f(x2) = 0 ß��»Þû .x3 = 32 ø x2 = 2 ,x1 = 1,f(10) = 72 ,f(−10) = 132 �Ø�þ� �� ���� �� .f(x3) = 14�î ´¨� ÂÔ¬ Â��Â� I Â� y = f(x) ��Þ���õ �î ÝþÂ�ðüõ �¹�µ÷ë�Ô�� (À�µÆû ü÷�Â½� ¯�Ö÷ �î) x2 = 2 ø x1 = 1 ¯�Ö÷ ¤¢�bÎÖ÷ ¤¢ �î ´¨� 132 Â��Â� I Â� y = f(x) ��Þþ�î�õ ø ;Àµê�üõ.Àµê�üõ ë�Ô�� (´¨� ý¥Âõ �bÎÖ÷ �î) a = −10â��� ý�úõ�õÂµÆî� ,¢¤��õ ¥� ×þ Âû ¤¢ .ßþÂÞ� 16.4.4:À����� I ùb¥�� Â� �¤ y = f(x)1) f(x) = x2 − 4x+ 6, I = [−3;10]2) f(x) = x+
1
x
, I =

[ 11000 ;1000]3) f(x) =
√5− 4x, I = [−1;1]4) f(x) = x2(x − 1)3, I = [−1;2]��õÂµÆî� �b ±¨�½õ©ø¤ ýÂ�ð¤�Ø� �� �¤ Âþ¥ ý�úþø�Æõ�÷ ¥� ×þ Âû:À��î ´��� ,°¨��õ ý�ù¥�� Â� °¨��õ üã��� ÕÜÎõù�Ú÷� ,0 ≤ x ≤ 1 ø 1 < p Âð� (512p−1 ≤ xp + (1− x)p ≤ 1ù�Ú÷� ,0 ≤ x ≤ 1 ø 0 < m,n Âð� (6

xm(a− x)n ≤ mmnn

(m+ n)m+n
am+n.|a sinx+ b cosx| ≤

√

a2 + b2 ý� b Âû ø a Âû Ǒ�¥� �� (7.23 ≤ x2 + 1
x2 + x+ 1 ≤ 2 ý� x Âû Ǒ�¥� �� (8��Þþ�î�õ �÷ ad 6= bc �� f(x) =

ax+ b

cx+ d
�î À�û¢ ö�È÷ (9.��Þ���õ �÷ ø ¢¤�¢�î À��î ß��ã� ý¤�Ï �¤ x3 + px + q ¤¢ q ø p °þ�Â® (10.Àª�� �µª�¢ x = 3 �bÎÖ÷ ¤¢ 5 Â��Â� üõ�Þ���õ�bÎÖ÷ ¤¢ f(x) =

{
−1/x3 x > 0 Âð�3x3 x ≤ 0 Âð� �î À�û¢ ö�È÷ (11ø¢ ¤¢ f ′(x) ´õ�ä �î üó�� ¤¢ ,¢¤�¢ ��Þ���õ x = 0.´¨� üØþ x = 0 éÂÏ62



üª�î ø Ä÷�Âð� ,ñø¤ ý�þ�Ìì 5.4 Çþ�û¢Â�¤�î ø ÕµÈõ 4 ÛÊêâ��� ÕµÈõ ý�û�Èþ¤ À��î ´��� (9
f(x) = (x2 − 1)(x2 − 5x+ 6).À�µÆû üÖ�Ö� üÚÞû�ø¢ ø ñø� �b ±�Âõ ��ÖµÈõ ý�¤�¢ üã��� Âð� �î À�û¢ ö�È÷ (10ý�¤�¢ Çõ�õÂµÆî� �bÎÖ÷ ø¢ Âû ß�� ù�Ú÷� ,Àª�� �µ¨���.´¨� ÓÎä �bÎÖ÷ ×þ Ûì���b µÆ� ùb¥�� Â� y = f(x) â��� Âð� .Ä÷�Âð� �b �Ìì 5.5.4�¤�¬ ßþ� ¤¢ ,Àª�� ÂþÁ³ÖµÈõ (a; b) ¥�� ùb¥�� Â� ø �µ¨��� [a; b]�î ¢¤�¢ ¢��ø ý� c ∈ (a; b) ×þ Ûì�À�
f(b) − f(b) = f ′(c)(b − a),x ∈ [a; b] Ǒ�¥� �� ,Ý��î ­Âê :��±��

g(x) = (b− a)f(x) − x(f(b) − f(a))ÂþÁ³ÖµÈõ (a; b) Â� ø �µ¨��� [a; b] Â� y = g(x) �¤�¬ ßþ� ¤¢�b �Ìì ����� ,�Áó g(a) = g(b) = bf(a) − af(b) ùø�ã� .´¨��õ� .g′(c) = 0 �î ¢¤�¢ ¢��ø ý� c ∈ (a; b) ,ñø¤
g′(x) = (a− b)f ′(x) − (f(b) − f(a))ö� ý�¥� �� �î ¢¤�¢ ¢��ø ý� c ∈ (a; b) ,ßþ�Â����

f(b) − f(a) = f ′(c)(b − a)

2 .´¨� ��Þ� ö�ûÂ� ø
y = Âð� ,Ä÷�Âð� �b �Ìì Õ��Îõ .ü¨À�û Â�±ã� 6.5.4
c ∈ ×þ ù�Ú÷� ,Àª�� ÂþÁ³ÖµÈõ (a; b) Â� ø �µ¨��� [a; b] Â� f(x)¤¢ y = f(x) ¤�¢�Þ÷ Â� §�Þõ Í¡ °�ª �î ¢¤�¢ ¢��ø ý� (a; b)
(b, f(b)) ø (a, f(a)) ¯�Ö÷ ß�� Û¬�ø Í¡ �� Â��Â� x = c �bÎÖ÷.¢�ª ���� �-3.4 ÛØª �� .Àª��üõ
f(x) = â��� ý�Â� �¤ Ä÷�Âð� �b �Ìì (1 .ñ�·õ 7.5.4.Ý��îüõ Õ�Ö½� [−1;2] ùb¥�� ø x3 + x�µ¨��� [−1;2] Â� Å� ,´¨� ý��ÜÞ� À�� y = f(x) ö��¤�ÂìÂ� Ä÷�Âð� �b �Ìì Íþ�Âª ,ü�ãþ .´¨� ÂþÁ³ÖµÈõ (−1;2) Â� ø�î Àª�� �µª�¢ ¢��ø ý� c ∈ (−1;2) Àþ�� ,�¹�µ÷ ¤¢ .Àª��üõ,�õ� .f ′(c) = 4 ,ü�ãþ f(2) − f(−1) = f ′(c)(2 − (−1))ùb¤�� ¤¢ c = 1 �ú�� �î .c = ±1 ßþ�Â���� ,f ′(c) = 3c2 + 1.¢¤�¢ ¤�Âì (−1;2)

b = 1 ø a = −1 Ǒ�¥� �� f(x) = 1 − 3√
x2 â��� (2 ñ�·õÝþ¤�¢ ,−1 ≤ x ≤ 1 Âû Ǒ�¥� �� ,ßþ� ¢��ø �� üóø ¢�ªüõ ÂÔ¬¤¢ ñø¤ �b �Ìì ÝØ� �� °ÜÎõ ßþ� ýÂû�Ò Ëì��� .f ′(x) 6= 0?´Æ��üóø ,´¨� �µ¨��� [−1;1] Â� y = f(x) �î ´¨� ßªø¤ .Û��b �Ìì Íþ�ÂªÅ� .¢¤�À÷ ¢��ø x = 0 ¤¢ �î f ′(x) =

−23 x−1/3.´¨� ¢�Ì� ¤¢ ,ü�ãþ .À�µÆ�÷ ¤�ÂìÂ� ñø¤×þ �ú�� f(x) = x3 + 2x − 1 â��� �î À��î ´��� (3 ñ�·õ.¢¤�¢ �Èþ¤ø ´¨� (R Â�) �µ¨��� y = f(x) ,�f ø� .Û�
f(0)f(1) = (−1)(2) = −2 < 0�Èþ¤ ßþ� .¢¤�¢ �Èþ¤ ×þ Ûì�� [0;1] ùb¥�� ¤¢ y = f(x) �Áó

f(a) = f(b) = ��÷ ø a, b ∈ R Âð� �î �Â� ,Àª��üõ ¢ÂÔ� ÂÊ½�õ
f ′(c) = �î ¢¤�¢ ¢��ø ý� c ∈ (a, b) ,ñø¤ �b �Ìì ����� ù�Ú÷� ,0.´Æ�÷ ßØÞõ �î 3c2 + 2 = 0 ,ü�ãþ .0.ßþÂÞ� 4.5.4.¢¤�¢ ���� ×þ �ú�� (0;1) ùb¥�� ¤¢ xex = 2 À�û¢ ö�È÷ (1
f(x) = x3 +4x2−7x−10 ý�Â� �¤ ñø¤ �b �Ìì üµ¨¤¢ (2.À��î Õ�Ö½� [−1;2] ùb¥�� øùb¥�� ø f(x) = ln(sinx) ý�Â� �¤ ñø¤ �b �Ìì üµ¨¤¢ (3.À��î Õ�Ö½� [π6 ;

5π6 ]�b �Ìì Íþ�Âª ý�¤�¢ [−1;2] ùb¥�� ø f(x) = |x| â��� �þ� (4?�Â� ?À�µÆû ñø¤¤¢ �î f(x) = 1+ xm(x−1)n â��� ÕµÈõ �b ±¨�½õ öøÀ� (5ùb¥�� ¤¢ Ûì�� â��� ßþ� ÕµÈõ �î À��î ´��� ,n,m ∈ N ö�.¢¤�¢ �Èþ¤ ×þ (0;1)�ÎÖ÷ Âû ¤¢ üû��µõ ÕµÈõ ý�¤�¢ y = f(x) â��� À��î­Âê (6. lim
x→a+

f(x) = lim
x→b−

f(x) ß��»Þû ø ´¨� (a; b) ùb¥�� ¥��î ¢¤�¢ ¢��ø ý� c ∈ (a; b) �¤�¬ ßþ� ¤¢ �î À��î ´���.f ′(c) = 0¤À÷�Äó ý��ÜÞ� À�� ß�õ� n ý�û�Èþ¤ ��Þ� �î À��î ´��� (7:À�ª��üõ (−1;1) ùb¥�� ¤¢ ¤�Ê½õ ø üÖ�Ö�
Pn(x) =

12nn!

d

dxn
{(x2 − 1)n}ý��ÜÞ� À�� ß�õ� n ý�û�Èþ¤ ��Þ� �î À��î ´��� (8∗:À�ª��üõ üÖ�Ö�ÓÈ�±�

Hn(x) = (−1)nex
2 dn
dxn

(

e−x
2)63



Çþ�û¢Â�¤�î ø ÕµÈõ 4 ÛÊê üª�î ø Ä÷�Âð� ,ñø¤ ý�þ�Ìì 5.4.| arctana− arctan b| ≤ |a− b| ý� b ø a Âû ý�¥� �� (5.b− a

b
< ln

(
b

a

)

<
b− a

a
ù�Ú÷� 0 < b < a Âð� (6ù�Ú÷� 0 < β ≤ α <

π2 Âð� (7
α− β

cos2 β ≤ tanα− tanβ ≤ α− β

cos2 α
f(x) = 3√x â��� ý�Â� Ä÷�Âð� �b �Ìì �Â� �î À�û¢ ¼�®�� (8.´Æ�÷ ¼�½¬ [−1;1] ùb¥�� ø
[0;2] ùb¥�� ø f(x) =

{
x 0 ≤ x < 1 Âð�1/x 1 ≤ x Âð� â��� �þ� (9?À��îüõ ëÀ¬ Ä÷�Âð� �b �Ìì Íþ�Âª ¤¢Â� y = g(x) ø y = f(x) â���� Âð� .üª�î �b �Ìì 9.5.4Ǒ�¥� �� ,À�ª�� ÂþÁ³ÖµÈõ (a; b) ¥�� ùb¥�� Â� ,�µ¨��� [a; b] �b µÆ� ùb¥��¤¢ ,g(a) 6= g(b) ø (f ′(x))2 + (g′(x))2 6= 0 ý� x ∈ (a; b) Âû�î ¢¤�¢ ¢��ø ý� c ∈ (a; b) ×þ �¤�¬ ßþ�

f ′(c)

g′(c)
=
f(b) − f(a)

g(b) − g(a)Ý��î ­Âê ´¨� üê�î :��±��
h(x) = (g(b) − g(a))f(x) − (f(b) − f(a))g(x)

(a; b) ¥�� ùb¥�� Â� ø �µ¨��� [a; b] �b µÆ� ùb¥�� Â� y = h(x) â��� ö��î�.h(a) = h(b) = g(b)f(a) − g(a)f(b) ùø�ã� ,´¨� ÂþÁ³ÖµÈõ¢��ø ý� c ∈ (a; b) ßþ�Â���� ,´¨� ¤�ÂìÂ� ñø¤ �b �Ìì Íþ�Âª Å��î üó�� ¤¢ .h′(c) = 0 �î ¢¤�¢
h′(x) = (g(b) − g(a))f ′(x) − (f(b) − f(a))g′(x)

2 .´¨� ��Þ� ö�ûÂ� ø
f(x) = x2 â���� ý�Â� �¤ üª�î �b �Ìì (1 .ñ�·õ 10.5.4.À��î Õ�Ö½� [−1;2] �b µÆ� ùb¥�� ø g(x) = 2x − 1 ø
[−1;2] Â� y = g(x) ø y = f(x) â���� �î ´¨� ßªø¤ .Û�ø g′(x) = 2 ,f ′(x) = 2x ,À÷ÂþÁ³ÖµÈõ (−1;2) Â� �µ¨���Àª�� ý� c ∈ (−1;2) Àþ�� Å� .g(2) − g(−1) = 6 6= 0.c = 12 �þ 36 =

2c2 ü�ãþ f ′(c)

g′(c)
=
f(2) − f(−1)

g(2) − g(−1)
�î

¤¢ §�Þõ �î Ý���þüõ y = x3 ü�½�õ Â� �¤ ý��ÎÖ÷ (2 ñ�·õ
B = (2,8) ø A = (−1,−1) ¯�Ö÷ ß�� Û¬�ø Â�ø �� �ÎÖ÷ ö�.Àª�� ý¥��õ
A �bÎÖ÷ ñ�Ï �î ¢�ª ���� ´¨� üê�î ,¤�Ñ�õ ßþ� ý�Â������ Å� .´¨� x = 2 �� B �bÎÖ÷ ñ�Ï ø x = −1 ��ùb¥�� ø f(x) = x3 â��� ý�Â� Ä÷�Âð� �b �Ìì ´¨� üê�î ,6.5.4�î ¢¤�¢ ¢��ø ý� c ∈ (−1;2) ,ü�ãþ .Ý��î ù¢�Ôµ¨� [−1;2],f ′(c) = 3 �¹�µ÷ ¤¢ .f(2) − f(−1) = f ′(c)(2 − (−1))ö�� ø x = ±1 ßþ�Â���� .f ′(c) = 3c2 Ý�÷�¢üõ �î üó�� ¤¢�¤�±ä ÂÑ÷ ¢¤�õ �bÎÖ÷ Å� ,¢¤�¢ ¤�Âì (−1;2) ùb¥�� ¤¢ c = 1 �ú��.(1, f(1)) = (1,1) ¥� ´¨�ý� x, y ∈ R Âû ý�¥�� �î Ý��îüõ ´��� (3 ñ�·õ

| sinx− sin y| ≤ |x− y|¢Àä ø¢ a < b ø f(x) = sinx Ý��î ­Âê ,¤�Ñ�õ ßþ� ý�Â�
[a; b] ùb¥�� ø y = f(x) â��� ý�Â� Ä÷�Âð� �b �Ìì ¥� .À�ª�� ù��¿ó¢¤¢ ,´¨� ü��õÀÖõ f(x) = sinx â��� ö�� .Ý��îüõ ù¢�Ôµ¨�ÂþÁ³ÖµÈõ R Â� f ′(x) = cosx ö�� ø ´¨� �µ¨��� R Â� �¹�µ÷¤�ÂìÂ� ÂÑ÷ ¢¤�õ �b �õ�¢ ø â��� ý�Â� Ä÷�Âð� �b �Ìì Íþ�Âª ,�Áó .´¨��î ¢¤�¢ ¢��ø ý� c ∈ (a; b) ,ßþ�Â���� .´¨�

sin b− sin a = (cos c)(b − a),üêÂÏ ¥� .´êÂð ÕÜÎõ ¤Àì �Î��¤ ß�êÂÏ ¥� ö���üõ ñ��üê�î ö��î� | sin b − sin a| ≤ |b − a| �¹�µ÷ ¤¢ ø | cos c| ≤ 1.b = y ø a = x �î ¢�ª ­Âê ´¨�.ßþÂÞ� 8.5.4Õ�Ö½� [1; e] ùb¥�� ø f(x) = lnx ý�Â� �¤ Ä÷�Âð� �b �Ìì (1.À��î
[0;1] ùb¥�� ø f(x) = arcsinx â��� ý�Â� �¤ Ä÷�Âð� �b �Ìì (2.À��î Õ�Ö½�â��� ý�Â� �¤ Ä÷�Âð� �b �Ìì (3

f(x) =

{

(3− x2)/2 0 ≤ x ≤ 1 Âð�1/x 1 < x Âð�.À��î Õ�Ö½� [0;2] ùb¥�� ø¥� ù¢�Ôµ¨� �� �¤ �úþø�Æõ�÷ ¥� ×þ Âû ,8 �� 4 ���þÂÞ� ¤¢:À��î ´��� Ä÷�Âð� �b �Ììù�Ú÷� ,0 < p ø 0 < y < x Âð� (4
pyp−1(x− y) ≤ xp − yp ≤ pxp−1(x− y)64



â���� Ý�¨Â� ¤¢ ÕµÈõ ¥� ù¢�Ôµ¨� 6.4 Çþ�û¢Â�¤�î ø ÕµÈõ 4 ÛÊêù�Ú÷� ,f ′(x) < 0 ý� x ∈ (a; b) Âû Ǒ�¥� �� Âð� ø ´¨� ý¢�ã¬.Àª��üõ üóø�÷ [a; b] Â� y = f(x) â���,��� �b �Ìì ¤¢ (a; b) ¥�� ùb¥�� ý�¹� .´ª�¢¢�þ 4.6.4,(−∞; b) ,[a; b) ,(a; b] :¢�¢ ¤�Âì ö���üõ �¤ ýÂÚþ¢ ùb¥�� Âûö���ä �� .R = (−∞; +∞) �þ ø [a; +∞) ,(a; +∞) ,(−∞; b]�î ´¨� ý¢�ã¬ [a; b] Â� y = f(x) üµìø �ú�� ø üµìø :ñ�·õ.Àª�� ý¢�ã¬ (a; b) ¯�Ö÷ ��Þ� ¤¢ y = f(x)�ú÷� Â� f(x) = x − x2 â��� �î üþ�û�Ü¬�ê .ñ�·õ 5.6.4.Ý��îüõÉ¿Èõ �¤ ´¨� üóø�÷ �þ ø ý¢�ã¬
f ′(x) ´õ�ä ´¨� üê�î ,´¨� ÂþÁ³ÖµÈõ y = f(x) ö��
(

−∞;
12) Â� �î ,f ′(x) = 1 − 2x ,�õ� .Ý��î ü¨¤Â� �¤ùb¥�� Â� y = f(x) ,ßþ�Â���� .´¨� üÔ�õ (12 ; +∞

) Â� ø ´±·õ¢�ª ���� .´¨� üóø�÷ [12 ; +∞
) ùb¥�� Â� ø ý¢�ã¬ (−∞;

12].ý¢�ã¬ �÷ ø ´¨� üóø�÷ �÷ x =
12 �bÎÖ÷ ¤¢ y = f(x) �î�ÎÖ÷ ×þ ¤¢ y = f(x) â��� ÕµÈõ ´õ�ä �Ø�þ� ßµÆ÷�¢ ��¤¢ �ú�� �î üµó�� �� ´±Æ÷ �¤ ýÂ�Õ�ì¢ ÛØª ö���üõ ,´¨� ����ú�� Ýû ¥��û �õ� .¢Âî Ý�¨Â� ,Ý�µª�¢ á�Ï� ö� üÚµ¨��� ¢¤�õ¤¢ ´ó�� �¨ ¥� üØþ ù�Ú÷� ,f ′(x0) < 0 Âð� �Âþ¥ .¢¤�¢ ¢��ø.Àû¢  ¤ ´¨� ßØÞõ 4.4 ÛØª


ø ÂãÖõ �bÎÖ÷ (� ,�À½õ �bÎÖ÷ (Óó� :4.4 ÛØªüÎ¡ �bÎÖ÷ (�.Ý����� Ýû ¥� �¨ ßþ� É�¿È� ý�Â� üªø¤ Àþ��¤¢ y = f(x) â��� Ý���ðüõ ü�¤�¬ ¤¢ .ÓþÂã� 6.6.4ý¢�ã¬ x = x0 �bÎÖ÷ ¤¢ ö� ÕµÈõ �î ´¨� ÂãÖõ x = x0 �bÎÖ÷�î Ý���ð �À½õ x = x0 �bÎÖ÷ ¤¢ �¤ ö� ü�¤�¬ ¤¢ ø ,Àª��ü�¤�¬ ¤¢ ,ñ¢�ãõ ö��� �� .Àª�� üóø�÷ x = x0 ¤¢ ö� ÕµÈõü�½�õ ¤�¢�Þ÷ Â� §�Þõ �î Ý���ð ÂãÖõ x = x0 ¤¢ �¤ y = f(x)¤¢ ø ¢�ª âì�ø ü�½�õ Âþ¥ x = x0 �bÎÖ÷ ¤¢ y = f(x) â���Í¡ �î Ý���ð �À½õ x = x0 �bÎÖ÷ ¤¢ �¤ y = f(x) ü�¤�¬ü�½�õ ý��� x = x0 �bÎÖ÷ ¤¢ y = f(x) â��� ¤�¢�Þ÷ Â� §�Þõ
x = x0 �bÎÖ÷ ¤¢ y = f(x) Ý���ðüõ ü�¤�¬ ¤¢ .¢¢Âð âì�ø

Ýþ¤�¢ 0 ≤ x ≤ π4 Âû Ǒ�¥� �� �î À�û¢ ö�È÷ (2 ñ�·õ.√2
π
x2 ≤ sinx,f(x) = x2 Ý��îüõ ­Âê ,°ó�Îõ ßþ� ��±�� ý�Â� .Û�

y = g(x) ,y = f(x) ¢¤�õ ¤¢ üª�î �b �Ìì ¥� ø g(x) = sinxý� c ∈ (0; a) Å� .a ≤ π4 �î ,Ý��îüõ ù¢�Ôµ¨� [0; a] ùb¥�� ø�î ´Æû
a2 − 0

sin a− 0 =
f(a) − f(0)

g(a) − g(0)
=
f ′(c)

g′(c)
=

2c
cos c

√22 < cos a < ø 2c < 2a < π2 ßþ�Â���� ,0 < c < a üóø�î ¢�ª ­Âê ´¨� üê�î ö��î� . a2
sina

<
π√2 �¹�µ÷ ¤¢ .cos c.x = a.ßþÂÞ� 11.5.4ùb¥�� ø g(x) =

1
x
,f(x) = x3 â���� ý�Â� �¤ üª�î �b �Ìì (1.À��î Õ�Ö½� [1;3] �b µÆ�.arctanx ≤ arcsinxù�Ú÷� ,0 ≤ x ≤ 1 Âð� À��î ´��� (2ø f(x) = x2 â���� ý�Â� üª�î �b �Ìì �Â� �î À�û¢ ¼�®�� (3?´Æ�÷ �Â�� Û��ì [−1;1] �b µÆ� ùb¥�� ø g(x) = x3â���� Ý�¨Â� ¤¢ ÕµÈõ ¥� ù¢�Ôµ¨� 6.4¤¢ .´¨� â��� ×þ y + f(x) À��î ­Âê .ÓþÂã� 1.6.4´¨� ý¢�ã¬ x = x0 �bÎÖ÷ ¤¢ y = f(x) â��� Ý���ðüõ ü�¤�¬

x0 < x < x0 + ǫ Âû Ǒ�¥� ù� �î ¢�ª ´ê�þ ö��� ý� ǫ > 0 �î�µª�¢ x0 − ǫ < x < x0 Âû Ǒ�¥� �� ø f(x0) < f(x) Ý�ª�� �µª�¢â��� Ý���ðüõ ü�¤�¬ ¤¢ ,���Èõ �¤�Ê� .f(x) < f(x0) Ý�ª��´ê�þ ö��� ý� ǫ > 0 �î ´¨� üóø�÷ x = x0 �bÎÖ÷ ¤¢ y = f(x)

f(x0) > f(x) Ý�ª�� �µª�¢ x0 < x < x0 + ǫ Âû Ǒ�¥� �� �î ¢�ª.f(x) > f(x0) Ý�ª�� �µª�¢ x0 − ǫ < x < x0 Âû Ǒ�¥� �� ø
x = �bÎÖ÷ ¤¢ y = f(x) â��� À��î ­Âê .��Ìì 2.6.4ù�Ú÷� ,f ′(x0) > 0 Âð� ,�¤�¬ ßþ� ¤¢ .´¨� ÂþÁ³ÖµÈõ x0,f ′(x) < 0 Âð� ø ´¨� ý¢�ã¬ x = x0 �bÎÖ÷ ¤¢ y = f(x).´¨� üóø�÷ x = x0 �bÎÖ÷ ¤¢ y = f(x) ù�Ú÷�
[a; b] ùb¥�� Â� y = f(x) â��� À��î ­Âê .��Ìì 3.6.4Ǒ�¥� �� Âð� ,�¤�¬ ßþ� ¤¢ .´¨� ÂþÁ³ÖµÈõ (a; b) ùb¥�� Â� ø �µ¨���
[a; b] Â� y = f(x) â��� ù�Ú÷� ,f ′(x) > 0 ý� x ∈ (a; b) Âû65



Çþ�û¢Â�¤�î ø ÕµÈõ 4 ÛÊê â���� Ý�¨Â� ¤¢ ÕµÈõ ¥� ù¢�Ôµ¨� 6.4üÚµÆ� â��� üÜî ¤�µê¤ �� �î ¢¤�¢ ¢��ø ��÷ ÂÚþ¢ «�¡ ´ó�� �¨:¢¤�¢,¢�ª ÂÔ¬ x = x0 ¥� üÚþ�ÆÞû ×þ ¤¢ y = f ′(x) Âð� (¯.´¨� ´��� x = x0 ¥� üÚþ�ÆÞû ×þ ¤¢ y = f(x) ù�Ú÷�¢�ª ÂÔ¬ x = x0 ¥� üÚþ�ÆÞû ×þ ¤¢ y = f ′′(x) Âð� (ü¥� üÚþ�ÆÞû ×þ ¤¢ y = f(x) ù�Ú÷� ,Àª�� ´±·õ y = f ′(x) ø.´¨� ý¢�ã¬ üÎ¡ x = x0¢�ª ÂÔ¬ x = x0 ¥� üÚþ�ÆÞû ×þ ¤¢ y = f ′′(x) Âð� (í¥� üÚþ�ÆÞû ×þ ¤¢ y = f(x) ù�Ú÷� ,Àª�� üÔ�õ y = f ′(x) ø.¢�ª ���� 5.4 ÛØª �� .´¨� üóø�÷ üÎ¡ x = x0

â���� üã®�õ ¤�µê¤ :5.4 ÛØªÝ¨¤ �¤ f(x) = x3 + x â��� (1 .ñ�·õ 11.6.4.Ý��îüõ´¨� �¤�±ä y = f(x) �bÈþ¤ �ú�� ø Df = R �î ¢�ª �����Áó ø x(x2 + 1) = 0 �¹�µ÷ ¤¢ ,x3 + x = 0 �Âþ¥ ,x = 0 ¥�Å� .´¨� ´±·õ ù¤��Þû �î f ′(x) = 3x2 + 1 ,ùø�ã� .x = 0.f ′′(x) = 6x ,ß��»Þû .´¨� ý¢�ã¬ �� �Þû ¤¢ y = f(x).Àª��üõ �À½õ (−∞;0] Â� ø ÂãÖõ [0; +∞) Â� y = f(x) ,Å��� �¤ y = f(x) â��� ¤�¢�Þ÷ ö���üõ ��ä�Ï� ßþ� ýÀ�±ãÞ� ��.(¢�ª ���� Óó�-6.4 ÛØª ��) ¢�Þ÷ Ý�¨Â� ö���ÞÏ�


f(x) = x3 + x â��� ¤�¢�Þ÷ (Óó� :6.4 ÛØª
f(x) = x2+1

x−1 â��� ¤�¢�Þ÷ (�.Ý��îüõ Ý�¨Â� �¤ f(x) =
x2 + 1
x− 1 â��� (2 ñ�·õý��Èþ¤ º�û y = f(x) ø Df = R − {0} �î ¢�ª �����¹�µ÷ ¤¢ .f(x) = x+ 1+
2

x− 1 ùø�ã� .¢¤�À÷
lim
x→∞

{f(x) − (x− 1)} = lim
x→∞

2
x− 1 = 0

Â��Â� üµ¨�¤ Í¡ �� �ÎÖ÷ ö� ¥� üÚþ�ÆÞû ×þ ¤¢ �î ´¨� üÎ¡.Àª�� Â��Â� ö� Â� §�Þõ Í¡ �� ¤�¢�Þ÷ ,ÂÚþ¢ ö��� �� .Àª��
[a; b] ùb¥�� Â� y = f(x) â��� À��î ­Âê .��Ìì 7.6.4�¤�¬ ßþ� ¤¢ .Àª�� ÂþÁ³ÖµÈõ (a; b) ùb¥�� Â� ø �µ¨���ù�Ú÷� ,f ′′(x) > 0 ý� x ∈ (a; b) Âû Ǒ�¥� �� Âð� (Óó�.´¨� ÂãÖõ [a; b] Â� y = f(x)ù�Ú÷� ,f ′′(x) < 0 ý� x ∈ (a; b) Âû Ǒ�¥� �� Âð� (�.´¨� �À½õ [a; b] Â� y = f(x)Ǒ�¥� �� ø Àª�� �µ¨��� [a; b] Â� y = f(x) Âð� .��Ìì 8.6.4,´¨� ´��� [a; b] Â� y = f(x) ù�Ú÷� .f ′(x) = 0 ,x ∈ (a; b) Âû.f(x) = c ,x ∈ [a; b] Âû Ǒ�¥� �� �î ¢¤�¢ ¢��ø ý� c ü�ãþ,x ∈ (a; b) Âû Ǒ�¥� �� ø Àª�� �µ¨��� [a; b] Â� y = f(x) Âð�ø c ü�ãþ ,´¨� üÎ¡ [a; b] Â� y = f(x) ù�Ú÷� .f ′′(x) = 0.f(x) = cx+ d ,x ∈ [a; b] Âû Ǒ�¥� �� �î À÷¤�¢ ¢��ø ý� d��Àî ¤¢ f(x) =

1
x
â��� �î À��î É¿Èõ .ñ�·õ 9.6.4.´¨� ÂãÖõ ¯�Ö÷ ��Àî ¤¢ ø �À½õ ¯�Ö÷Å� .f ′′(x) =

2
x3 ùø�ã� ø Df = R − {0} �î Ýþ¤�¢ ����Â� y = f(x) ßþ�Â���� ,´¨� ´±·õ (0; +∞) Â� y = f ′′(x) ö��üÔ�õ (−∞;0) ùb¥�� Â� y = f ′′(x) ö�� ø Àª��üõ ÂãÖõ ù¥�� ßþ�.Àª��üõ �À½õ ù¥�� ßþ� Â� y = f(x) ßþ�Â���� ,´¨�°ÜÎõ �� ���� �� .â���� üã®�õ ¤�µê¤ 10.6.4�bÎÖ÷ ¤¢ �ø¢ �b ±�Âõ ÕµÈõ ý�¤�¢ y = f(x) â��� Âð� ,ÂîÁó�ë�ê´¨� ßØÞõ Âþ¥ ���� ¥� üØþ �ú�� ø ×þ ù�Ú÷� ,Àª�� x = x0:Àû¢  ¤¤¢ y = f(x) ù�Ú÷� ,f ′′(x0) > 0 ø f ′(x0) > 0 Âð� (Óó�.´¨� ÂãÖõ ø ý¢�ã¬ x = x0¤¢ y = f(x) ù�Ú÷� ,f ′′(x0) < 0 ø f ′(x0) > 0 Âð� (�.´¨� �À½õ ø ý¢�ã¬ x = x0ý�¤�¢ y = f(x) ù�Ú÷� ,f ′′(x0) = 0 ø f ′(x0) > 0 Âð� (�.´¨� x = x0 ¤¢ ý¢�ã¬ ÓÎä �bÎÖ÷¤¢ y = f(x) ù�Ú÷� ,f ′′(x0) > 0 ø f ′(x0) < 0 Âð� (¢.´¨� ÂãÖõ ø üóø�÷ x = x0¤¢ y = f(x) ù�Ú÷� ,f ′′(x0) < 0 ø f ′(x0) < 0 Âð� (û.´¨� �À½õ ø üóø�÷ x = x0ý�¤�¢ y = f(x) ù�Ú÷� ,f ′′(x0) = 0 ø f ′(x0) < 0 Âð� (ø.´¨� x = x0 ¤¢ üóø�÷ ÓÎä �bÎÖ÷ý�¤�¢ y = f(x) ù�Ú÷� ,f ′′(x0) > 0 ø f ′(x0) = 0 Âð� (¥.´¨� x = x0 ¤¢ üã®�õ ��Þ���õý�¤�¢ y = f(x) ù�Ú÷� ,f ′′(x0) < 0 ø f ′(x0) = 0 Âð� (�.´¨� x = x0 ¤¢ üã®�õ ��Þþ�î�õ66



�úþø�Æõ�÷ ø �û¢�½�� ��±�� ¤¢ ÕµÈõ ¥� ù¢�Ôµ¨� 7.4 Çþ�û¢Â�¤�î ø ÕµÈõ 4 ÛÊê�î ¢�ªüõ �Ñ��õ ��ä�Ï� ßþ� �Þû ý¤ø� âÞ� ��
x −∞ −

√6+
√13 −

√6−√13 −1 0 √3/3 1
f ′′(x) + 0 0 − −
f ′(x) − − − + 0 −
f(x) 0 0.¢�Þ÷ Ý�¨Â� �¤ 7.4 ÛØª ö���üõ ,ßþ�Â���� ø



f(x) = x(1− x2)1/2 â��� ¤�¢�Þ÷ :7.4 ÛØªù¢�Ôµ¨� �� �¤ Âþ¥ â���� ¥� ×þ Âû ¤�¢�Þ÷ .ßþÂÞ� 12.6.4:À��î Ý�¨Â� ,��� ¤¢ ùÀª ù¢�¢ �Âª ©ø¤ ¥�1) f(x) = 3x− x3, 2) f(x) =

x− 2
√

x2 + 1 ,3) f(x) =

(1+ x1− x

)4
, 4) f(x) =

cosx

cos(2x) ,5) f(x) = 2x− tanx, 6) f(x) = e2x− x2,7) f(x) =
ex1+ x

, 8) f(x) = sinx+
sin(3x)3 ,9) f(x) = xx, 10) f(x) =
x

(1+ x)(1− x2) ,11) f(x) = arcsin

( 2x1+ x2) .12) f(x) =
3√
x2 − 3√

x2 + 1,13) f(x) = (1+ x)1/x cos(2x),14) f(x) =
√

(x− 1)(x − 2)(x − 3),

ø �û¢�½�� ��±�� ¤¢ ÕµÈõ ¥� ù¢�Ôµ¨� 7.4�úþø�Æõ�÷ý�Â� .¢�Þ÷ ��±�� ö���üõ ÕµÈõ ×Þî �� �¤ ý¤��Æ� ý�û¢�½��Â� üã��� ÕµÈõ Âð� �î ¢�ªüõ ù¢�Ôµ¨� ´�¬�¡ ßþ� ¥� ¤�Ñ�õ ßþ�.´¨� ´��� ÂÑ÷ ¢¤�õ ùb¥�� Â� â��� ö� ,Àª�� ÂÔ¬ ù¥�� ×þ

.Àª��üõ y = f(x) â��� ¤�¢�Þ÷ °÷�¹õ y = x+ 1 ,ü�ãþ
f ′(x) =

(2x)(x − 1) − (1)(x2 + 1)

(x− 1)2 =
x2 − 2x− 1

(x− 1)2
=

(x− (1+
√2))(x− (1−

√2))

(x− 1)2ßþ� ¥� �¤�¡ ¤¢ ø ´±·õ 1−
√2 ø 1+

√2 ß�� y = f ′(x) ,Å�.Àª��üõ ´±·õ ù¥��
f ′′(x) =

(2x− 2)(x − 1)2 − 2(x− 1)(x2 − 2x− 1)

(x− 1)4
=

4
(x− 1)3¤¢ .´¨� üÔ�õ (−∞;1) Â� ø ´±·õ (1;∞) Â� y = f ′′(x) ,Å�Ýþ¤�¢ á�Þ¹õ

x −∞ 1−√2 1 +
√2 +∞

f ′′(x) − − + +
f ′(x) + 0 − − 0 +

f(x) x+ 1 2(1−√2) −∞ ÓþÂã�ùÀÈ÷ +∞ 2(1+
√2) x+ 1.¢�Þ÷ Ý�¨Â� �¤ �-6.4 ÛØª ö���üõ ßþ�Â���� ø.Ý��îüõ Ý¨¤ �¤ f(x) =

√

x(1 − x2) â��� (3 ñ�·õÂð� �ú�� ø Âð� x ∈ Df �î ¢�ª ����
x(1 − x2) ≥ 0 ⇔







{
x ≥ 01− x2 ≥ 0

{
x ≤ 01− x2 ≤ 0

⇔







{
x ≥ 0
|x| ≤ 1

{
x ≤ 0
|x| ≥ 1 ⇔

[ 0 ≤ x ≤ 1
x ≤ −1

y = f(x) ö�� �î ,Df = (−∞;−1] ∪ [0;1] ßþ�Â����¤¢ ,²� �b µ¨��� x = −1 ø x = 1 ¤¢ Å� ,´¨� ü��õÀÖõùø�ã� .´¨� �µ¨��� Df ¯�Ö÷ Âþ�¨ ¤¢ ø ´¨�¤ �b µ¨��� x = 0�� f ′(x) = 0 ¯Âª .f ′(x) = (1 − 3x2)/(2√x(1− x2))¤¢ x =

√33 �ú�� ø ´¨� x = ±
√32 �þ 1 − 3x2 = 0 ü�ãõß��»Þû .¢¤�¢ ¤�Âì y = f(x) �b �õ�¢

f ′′(x) =
3x4 − 6x2 − 14√(x(1− x2))3

f ′′(x) = 0⇔ x2 =
3+ 2√33

x = −13√9+ 6√3 �ú�� �î x = ±13√9+ 6√3 ,ßþ�Â����°��Â� �� ,â��� ßþ� Ý�¨Â� ý�Â� Ýúõ ¯�Ö÷ Å� .´¨� ñ�±ì ¢¤�õ¥� À��¤�±ä
−13√9+ 6√3, −1, 0, √33 , 167



Çþ�û¢Â�¤�î ø ÕµÈõ 4 ÛÊê �úþø�Æõ�÷ ø �û¢�½�� ��±�� ¤¢ ÕµÈõ ¥� ù¢�Ôµ¨� 7.4.Àª��üõ 1 < x
√
x �Áó ø 1 <

√
x ü�ãõ �� 1 < x­Âê ,�õ�üóø�÷ (1; +∞) ùb¥�� Â� y = f(x) â��� �Áó ø f ′(x) < 0 ßþ�Â����ü�ãþ ,f(x) < f(1) ý� x > 1 Âû Ǒ�¥� �� �¹�µ÷ ¤¢ .´¨�.3− 1

x
< 2√x �þ −2√x+ 3− 1

x
< 0.x−x22 < ln(1+x) ý� x > 0 Âû Ǒ�¥� �� �î À��î ´��� (2 ñ�·õÂÑ÷ ¤¢ �¤ f(x) = ln(1+x)−x+

x22 â��� ¤�Ñ�õ ßþ� ý�Â� .Û�,�¤�¬ ßþ� ¤¢ .0 < x �î Ý��îüõ ­Âê ß��»Þû ,ÝþÂ�ðüõ:Ýþ¤�¢ ,x > 0 ö��
f ′(x) =

11+ x
− 1+ x =

x21+ x,x > 0 Âð� Å� .´¨� ý¢�ã¬ [0; +∞) Â� y = f(x) ,ßþ�Â����.´¨� ÂÑ÷ ¢¤�õ ýø�Æõ�÷ ö�Þû �î ,f(0) < f(x) ù�Ú÷�ù�Ú÷� ,0 < y ,0 < α < β Âð� �î À��î ´��� (3 ñ�·õ.(xα + yα)1/α < (xβ + yβ)1/βÀ�û��¿ó¢ y ø β ,α Ý��îüõ­Âê ,ýø�Æõ�÷ ßþ� ��±�� ý�Â� .Û�ýø�Æõ�÷ ý�¨ ø¢ ö�� ,ùø�ã� .À�ª��üõ ´��� Å� ßþ� ¥� ø´¨À� ñ�õÂê ø ÝþÂ�Ú� Ýµþ¤�Úó ß�êÂÏ ¥� ´¨� üê�î ,À�µÆû ´±·õñ�õÂê ,ü�ãþ .Ý��î ��±�� �¤ ùÀõ�1
α

ln(xα + yα) <
1
β

ln(xβ + yβ):Ý��îüõ ÓþÂã� �¤ Âþ¥ â��� ,Û�ó¢ ß�Þû ��
f(x) =

1
α

ln(xα + yα) − 1
β

ln(xβ + yβ), (x > 0)

f ′(x) > 0 ßþ�Â���� .f ′(x) = xα−1
xα+yα − xβ−1

xβ+yβ �¤�¬ ßþ� ¤¢ü�ãþ .´¨� xf ′(x) > 0 ü�ãõ ��
xα

xα + yα
>

xβ

xβ + yβ
⇔ xα(xβ + yβ) > xβ(xα + yα)

⇔ xαyβ > xβyα

⇔
( y

x

)β−α
> 1

β>α⇔ y

x
> 1 ⇔ y > x,y < x Âð� ø 0 < f ′(x) ù�Ú÷� ,0 < x < y Âð� ,ü�ãþ«�¡ ý�û´ó�� �î ´¨� üê�î Å� .´¨� f ′(x) < 0 ù�Ú÷�ÝþÂ�Ú� ÂÑ÷ ¤¢ �¤ lim

x→+∞
f(x) ø f(x) , lim

x→0+
f(x)

lim
x→0+

f(x) =
1
α

ln(yβ) − 1
β

ln(yβ) = 0,
f(y) = ln2(1

α
− 1
β

)

> 0
lim

x→+∞
f(x) =

1
α

lim
x→+∞

ln(xα + yα)

−1
β

lim
x→+∞

ln(xβ + yβ)

=
1
α

lim
x→+∞

ln(xα) − 1
β

lim
x→+∞

ln(xβ) = 0

x ∈ Âû ý�¥� �� �î À��î ´��� (1 .ñ�·õ 1.7.4.arcsinx+ arccosx = π/2 ý� [−1;1]¤¢ �¤ f(x) = arcsinx + arccosx â��� ¤�Ñ�õ ßþ� ý�Â� .Û�ý� x ∈ (−1;1) Âû ý�¥� �� �¤�¬ ßþ� ¤¢ .ÝþÂ�ðüõ ÂÑ÷Â� y = f(x) ,�¹�µ÷ ¤¢ .f ′(x) =
1

√1− x2 +
−1

√1− x2 = 0Âû ý�¥� �� ,ßþ�Â���� ø f(0) = π/2 �õ� .´¨� ´��� (−1;1) ùb¥��ùÀª ù¢�¢ ÝØ� ý¤�ÂìÂ� .´¨� ùÀª ��±�� ÝØ� ý� x ∈ (−1;1).¢�Þ÷ üÖ�Ö½� ö���üõ �fÞ�ÖµÆõ �¤ x = 1 �þ ø x = −1 ý�¥� ��´��� �¤ cos4 x + sin4 x =
14 (3 + cos(4x)) ¢�½�� (2 ñ�·õ.À��îâ��� ¤�Ñ�õ ßþ� ý�Â� .Û�

f(x) = cos4 x+ sin4 x− 14 (3+ cos(4x))�¤�¬ ßþ� ¤¢ .ÝþÂ�ðüõ ÂÑ÷ ¤¢ R Â� �¤
f ′(x) = −4 sinx cos3 x+ 4 cosx sin3 x+ sin(4x)

= −4 sinx cos x(sin2 x− cos2 x) + sin(4x)
= −2 sin(2x) cos(2x) + sin(4x) = 0üêÂÏ ¥� .´¨� ´��� R = (−∞;∞) ùb¥�� Â� f(x) �¹�µ÷ ¤¢.Àª ��±�� ÝØ� ø f(0) = 1+ 0− 1 = 0:À��î ��±�� �¤ Âþ¥ ý�û¢�½�� ¥� ×þ Âû .ßþÂÞ� 2.7.41) 2 sin2 x+ cos(2x) = 12) cos4 x = sin4 x+

14 (5− cos(4x))3) arccos

(1− x21+ x2) = 2 arctanx 0 ≤ x4) arcsin

( 2x1+ x2) =

=







−π − 2 arctanx x ≤ −1 Âð�2 arctanx −1 < x < 1 Âð�
π − 2 arctanx 1 ≤ x Âð�â���� ö¢�� üóø�÷ ø ý¢�ã¬ �bãó�Îõ �� �¤ ý¤��Æ� ý�úþø�Æõ�÷â��� ��¿µ÷� ,Ûþ�Æõ �÷�Ú�þ� üÜ¬� ÛØÈõ .¢�Þ÷ ��±�� ö���üõ.´¨� °¨��õý� x > 1 Âû Ǒ�¥� �� �î À��î ´��� (1 .ñ�·õ 3.7.4.´¨� ¤�ÂìÂ� 2√x > 3− 1

x
ýø�Æõ�÷

f(x) = −2√x+ 3− 1
x
Ý��îüõ ­Âê ,¤�Ñ�õ ßþ� ý�Â� .Û��¤�¬ ßþ� ¤¢ .1 < x ø

f ′(x) =
−1√
x

+
1
x2 =

−x√x+ 1
x268



�úþø�Æõ�÷ ø �û¢�½�� ��±�� ¤¢ ÕµÈõ ¥� ù¢�Ôµ¨� 7.4 Çþ�û¢Â�¤�î ø ÕµÈõ 4 ÛÊê
I = ùb¥�� Â� f(x) = lnx â��� ¥� ,ýø�Æõ�÷ ßþ� ��±�� ý�Â�ÕµÈõ �Âþ¥ ,´¨� �À½õ f(x) �õ� .Ý��îüõ ù¢�Ôµ¨� (0; +∞):´¨� üÔ�õ I Â� ö� �ø¢

f ′′(x) = (f ′(x))′ =

(1
x

)′
=

−1
x2,x2 ,x1 ¢Àä n Âû ø n ∈ N Âû Ǒ�¥� �� ,��� �b �Ìì Õ��Îõ ,Å�Ýþ¤�¢ I ùb¥�� ¤¢ âì�ø xn ø . . .

ln

(
x1 + x2 + · · · + xn

n

)

≥

≥
(

ln(x1) + ln(x2) + · · · + ln(xn)

n

)

≥ ln
(

(x1x2 · · ·xn)1/n)öÀ÷�¨¤ e ö��� �� �� ,´¨� ý¢�ã¬ x 7→ ex â��� �Ø�þ� �� ���� �� ø.¢¢Âðüõ �¹�µ÷ ¤�îÁõ ýø�Æõ�÷ ,ß�êÂÏ,x1 ´±·õ ¢Àä n Âû ø n ∈ N Âû Ǒ�¥� �� �î À��î ´��� (2 ñ�·õý� xn ø . . . ,x2
(x1 + x2 + · · · + xn)

( 1
x1 +

1
x2 + · · · + 1

xn

)

≥ n2¤¢ (0; +∞) ùb¥�� Â� �¤ y = −1
x â��� ,á�®�õ ßþ� ��±�� ý�Â�

f ′′(x) = ù�Ú÷� ,0 < x Âð� �¤�¬ ßþ� ¤¢ �õ� .ÝþÂ�ðüõ ÂÑ÷
xn ø . . . x2 ,x1 ´±·õ ¢�Àä� Ǒ�¥� �� ßþ�Â���� .−2x−3 < 0Ýþ¤�¢1

−x1+x2+···+xn

n

≥ −1/x1 − 1/x2 − · · · − 1/xn
n ,ßþ�Â����

x1 + x2 + · · · + xn
n

.
1/x1 + 1/x2 + · · · + 1/xn

n
≥ 1.Àþ�üõ ´¨À� ¤�îÁõ ýø�Æõ�÷ n2 ¤¢ ß�êÂÏ ö¢Âî �Â® �� ø.ßþÂÞ� 7.7.4

xn ø . . . ,x2 ,x1 ø n > 1 ,m,n ∈ N Âð� �î À��î ´��� (1�¤�¬ ßþ� ¤¢ ,À�ª�� üû��¿ó¢ ´±·õ ¢�Àä�
nm−1 (xm1 + xm2 + · · · + xmn ) ≥ (x1 + x2 + · · · + xn)

m

(xm1 + xm2 + · · · + xmn )nm−1 ≥ (x1 + x2 + · · · + xn)
mù�Ú÷� ,x1, x2, · · · , xn ∈ R ø n ∈ N Âð� �î À��î ´��� (2

ex1 + ex2 + · · · + exn ≥ n e(x1+x2+···+xn)/n

ex1 + ex2 + · · · + exn ≥ n exp
(x1+x2+···+xn

n

)

Ýþ¤�¢ ý� x > 0 Âû Ǒ�¥� �� ,ßþ�Â����0 ≤ f(x) ≤ ln2(1
α

− 1
β

).À�îüõ ´��� �¤ ö�ûÂ� ñø� ýø�Æõ�÷ �î:�î À��î ´��� .ßþÂÞ� 4.7.4.ex > 1 ù�Ú÷� ,x > 0 Âð� (1.x > ln(x+ 1) ù�Ú÷� ,x > 0 Âð� (2.lnx > 2(x− 1)

x+ 1 ù�Ú÷� ,x > 1 Âð� (3.coshx > 1+
x22 ù�Ú÷� ,x 6= 0 Âð� (4.|x| ≥ | sinx| ý� x Âû Ǒ�¥� �� (5.1+ 2 lnx ≤ x2 ù�Ú÷� ,0 < x Âð� (6.2x arctanx ≥ ln(1+ x2) ý� x Âû Ǒ�¥� �� (7.1+x ln

(

x+
√1+ x2) ≥

√1+ x2 ý� x Âû Ǒ�¥� �� (8.x− x36 < sinx < x ù�Ú÷� ,0 < x <
π2 Âð� (9.(1+

1
x

)x

< e <

(1+
1
x

)x+1 ù�Ú÷� ,0 < x Âð� (10.xα − 1 > α(x− 1) ù�Ú÷� ,1 < x ø 1 < α Âð� (11∗. n
√
x− n

√
a ≤ n

√
x− a ù�Ú÷� ,x > a > 0 ø n ∈ Z Âð� (12¤¢ (ö� �ø¢ ÕµÈõ ö¢�� üÔ�õ ,ü�ãþ) â��� ö¢�� �À½õ ¥�:À��î ���� Âþ¥ �b �Ìì �� .¢�Þ÷ ù¢�Ôµ¨� ö���üõ �úþø�Æõ�÷ ��±��ø Àª�� �À½õ I ùb¥�� Â� y = f(x) Âð� .��Ìì 5.7.4ù��¿ó¢ ¢Àä n Âû ø n üã�±Ï ¢Àä Âû Ǒ�¥� �� ù�Ú÷� ,ù��¿ó¢ n ∈ Z:Ýþ¤�¢ x1, x2, · · · , xn ∈ I

f(x1) + f(x2) + · · · + f(xn)

n
≤ f

(
x1 + x2 + · · · + xn

n

)Â�� "�õ�ð â���' ×�¨�î ��µî ¥� 10 �b½Ô¬ ¤¢ °ÜÎõ ßþ� ��±��)(.´¨� ùÀõ� ß��¤� Û�õ�´��� �¤ ü¨À�û - ü��Æ� ýø�Æõ�÷ (1 .ñ�·õ 6.7.4,x1 ´±·õ ø üÖ�Ö� ¢Àä n Âû ø n ∈ N Âû Ǒ�¥� �� ,ü�ãþ .À��îÝþ¤�¢ xn ø . . . ,x2
n n
√
x1x2 · · ·xn ≤ x1 + x2 + · · · + xn.69



Çþ�û¢Â�¤�î ø ÕµÈõ 4 ÛÊê ��Üä ÂÚþ¢ ý�ûÇ¿� ø ý¢Â�¤�î Ûþ�Æõ ¤¢ ÕµÈõ ¢Â�¤�î 8.4Ý��îüõ ¯�½õ Û�ÎµÆõ x2
a2 +

y2
b2 = 1 üÌ�� ¤¢ (2 ñ�·õ´��Æõ ßþÂµÈ�� ý�¤�¢ ø üÌ�� ý�û¤�½õ ý¥��õ ö� á�®� �î.Àª��´Þ¨ ¤¢ âì�ø ý¢�Þä âÜ® ¢¤�¡Â� Û½õ �î Ý��î ­Âê�¤ �-8.4 ÛØª ,ßþ�Â���� .´¨� x Â��Â� �û x ¤�½õ �� ,´¨�¤ßþ� ¤¢ .y = ±b

√1− x2/a2 �¹�µ÷ ¤¢ .¢�Þ÷ Ý�¨Â� ö���üõ
A(x) = 2x × �� ´¨� Â��Â� Û¬�� Û�ÎµÆõ ´��Æõ ,�¤�¬ßþ� ¤¢ ,�õ� .0 ≤ x ≤ a �î Ýþ¤�¢ ���� ��÷ ø 2b√1− x2/a2�¤�¬
A′(x) = 0 ⇔ 4b√1− x2

a2 + 4bx −2x
a22√1− x2

a2 = 0
⇔

(1− x2
a2)− x2

a2 = 0
⇔ x2 =

a22 ⇒ x = a

√22�Ø�þ� �� ���� �� .´¨� ¤�îÁõ ùb¥�� Â� â��� ß�Ø� �bÎÖ÷ �ú�� �îÝþÂ�ðüõ �¹�µ÷ A(a) = 0 ø A(a√22 ) = 2ab ,A(0) = 0
x = Ǒ�¥� �� ´¨� 2ab Â��Â� ù¥�� ßþ� ¤¢ A(x) ¤�ÀÖõ Â·î�À� �î.Àû¢üõ  ¤ a√2/2á�ãª �� ¤øÀõ ö�À�õ ×þ ý��� �fÞ�ÖµÆõ Àþ�� ü¨�÷�ê (3 ñ�·õ�¤ ö� Àþ�� üä�Ô�¤� �� ¤¢ �î Ý�÷�À� Ý�û��¡üõ .¢�ª ö��þø� Rö�À�õ ßþ� é�ÂÏ� ù¢�� ý�Â� �¤ üþ��ªø¤ ßþÂµú� �� Ý��î °Ê÷§���Æî �� ¼Î¨ ×þ Âþ��� �Àª �Ø�þ� ¼�®�� ?¢¤ø� Ýû�Âêâ±�õ ¥� �Ü¬�ê â�Âõ �� ø Ý�ÖµÆõ °¨��� ü÷�¤�÷ ý�úä�ãª �b þø�¥.¢¤�¢ §�Øãõ °¨��� ,¤�÷�¤ ¤�÷ â±�õ �� ö�À�õ ¤ø¢ ùb¢�� ¤¢ âì�ø �ÎÖ÷ ×þ �Ü¬�ê Âð�ö� ¤¢ �î l =

√

x2 +R2 �Áó ø l2 = x2 + R2 ù�Ú÷� ,Ý�õ��� lßþ� �� �î ý¤�÷ ¤�ÀÖõ Âð� .´¨� ö�À�õ �îÂõ �� ¤�÷ â±�õ �b Ü¬�ê x�ÜÿÆõ ­Âê ����� ù�Ú÷� ,Ý�õ��� A(x) �¤ À¨¤üõ �ÎÖ÷
A(x) ≈ cos θ =

R

l
=

R
√

x2 +R2ý� k ý¢Àä �¹�µ÷ ¤¢ ,A(x) ≈ 1/l2 = 1/(x2 + R2) ��÷ ø�î ¢�ªüõ ´ê�þ ö���
A(x) = k × R

√

x2 +R2 × 1
x2 +R2.Ý��î ��õÂµÆî� 0 ≤ x ­Âê �� �¤ A(x) â��� ´¨� üê�î Å�¤�Ñ�õ ßþ� ý�Â�

A′(x) = 0 ⇔ kR

(−32 )

(2x)(x2 +R2)−5/2
⇔ x = 0

ø ý¢Â�¤�î Ûþ�Æõ ¤¢ ÕµÈõ ¢Â�¤�î 8.4��Üä ÂÚþ¢ ý�ûÇ¿�.¢�ªüõ ù¢�Ôµ¨� üµã�¬ ø ý¢Â�¤�î Ûþ�Æõ ¥� ý¤��Æ� ¤¢ ÕµÈõüúþÀ� .Ý��îüõ ���¤� �¤ ö� ¥� Â�ù¢�¨ ø «�¡ �÷�Þ÷ À�� Ûþ£ ¤¢ßþ� °ó�ì .¢¤�¢ ü�ê ��ä�Ï� �� ¥��÷ Â�ýÀ� ý�úó�·õ �î ´¨�ÛþÀ±� ��õÂµÆî� Û��Æõ �� ,�ú÷� ýÀ�� �¤�¬ ¥� Å� ,Û��Æõ.À÷�ªüõ30 âÜ® �� ø â�Âõ ÛØª �� ��Öõ �b ãÎì (1) .ñ�·õ 1.8.4×��î â�Âõ ¤�ú� öÀþÂ� �� Ý�û��¡üõ .´¨� ¤��µ¡� ¤¢ Âµõüµ÷�¨ßþ� .Ý��î ��ú� �¤ ý¥�� ø ¤ ü�þÂ�ª �b ±ã� ,â�Âõ ßþ� ý�¨ ¤�ú� ¥�.¢�ª Â·î�À� ¤�îÁõ �b ±ã� Ý¹� �� Ý�û¢ ��¹÷� �÷�Ú� �¤ ¤�î�À� ý�úã�Âõ âÜ® ñ�Ï Ý��îüõ ­Âê ,¤�Ñ�õ ßþ� ý�Â�-8.4 ÛØª ��) Àª�� x Â��Â� ­øÂÔõ â�Âõ �bª�ð ¤�ú� ¥� ùÀª
V (x) = x × (30 − Â��Â� Û¬�� �b ±ã� Ý¹� .(¢�ª ���� Óó�Å� .0 ≤ x ≤ 15 �î Ýþ¤�¢ ���� ß��»Þû .¢�� Àû��¡ 2x)2ßþ� ý�Â� .Ý��î ��õÂµÆî� [0;15] ùb¥�� Â� �¤ V (x) â��� ´¨� üê�îÝ��îüõ �±¨�½õ �¤ V (x) ¤�Ñ�õ

V ′(x) = (30− 2x)2 − 4x(30 − 2x)�î ´¨� ü�ãõ ßþ� �� V ′(x) = 0 ,ßþ�Â����

¤¢ ùÀª ¯�½õ Û�ÎµÆõ (� ü�þÂ�ª �b ±ã� (Óó�üÌ��
V ′(x) = 0 ⇔

[ 30− 2x = 030− 2x− 4x = 0
⇔

[
x = 15
x = 5.Àª��üõ ¤�îÁõ ùb¥�� ¤¢ â��� ßþ� ß�Ø� �bÎÖ÷ x = 5 ,�¹�µ÷ ¤¢�Æþ�Öõ �¤ V (15) ø V (5) ,V (0) Âþ¢�Öõ ´¨� üê�î ßþ�Â����Â��Â� [0;15] ùb¥�� Â� V (x) ¤�ÀÖõ Â·î�À� ,�b¹�µ÷ ¤¢ .Ý��îÛ¬�� x = 5 Ǒ�¥� �� �î ´¨� °ãØõ Âµõ üµ÷�¨ V (5) = 2000.¢�ªüõ70



ñ�µ���û ùÀä�ì 9.4 Çþ�û¢Â�¤�î ø ÕµÈõ 4 ÛÊêö� ´äÂ¨ °ãØõ �� ¤�¿� üµÈî ×þ ´¡�¨ éÂÊõ (6Â� Âµõ�Ü�î 10 ´äÂ¨ ¤¢ �î Ý�÷�¢üõ .´¨� °¨��µõ�¤�¿õ ø ´¨� ´ä�¨ ¤¢ ö�õ�� 60 ´¡�¨ ´Þ�ì ,´ä�¨´ä�¨ ¤¢ ö�õ�� 480 Â� æó�� (´äÂ¨ ¥� ÛÖµÆõ) ÂÚþ¢Âû ¤¢ �¤�¿õ á�Þ¹õ üµÈî ¥� üµäÂ¨ �� ¤¢ .¢�ªüõ¤¢ �¤�¿õ Ûî á�Þ¹õ ?¢�� Àû��¡ ßþÂµú� ÂÔ¨ ¥� Âµõ�Ü�î?¢�� Àû��¡ ¤ÀÖ� ´ä�¨ Âûá�Þ¹õ �î À��î Ý¨¤ ö��� üµ¨�¤ Í¡ P = (1,4) �bÎÖ÷ ¥� (7À�îüõ �À� ��Êµ¿õ ý�û¤�½õ ýø¤ �î �¤ üµ±·õ ��ãÎì.Àª�� ßþÂµÞî�� ¥� Â� H á�Ô�¤� ø R ùbÀä�ì á�ãª �� üÏøÂ¿õ Ó�ì ×þ (8á�ãª .Àµê�üõ Ó�ì ßþ� ¤¢ ß�Ú�¨ �ó�Üð ×þ .´¨� ùÀª�� ,�� ßØÞõ Ý¹� ßþÂµð¤�� �� Àª�� Àþ�� ¤ÀÖ� �ó�Üð ßþ��¤�¡ ù¢Â±õ�÷ Ó�ì ¥� ,�ó�Üð ßþ� ùbÀª ¤ø�Ï�è Ç¿� °±¨?¢�ªñ�µ���û ùÀä�ì 9.4ß��ã� ¢�ªüõ üµ��¤ �� �¤ â���� ÂÆî À� �î ÝþÀþ¢ À� ´ÞÆì ¤¢¥� ¢¤��õ �÷�ð ßþ� ¤¢ .ÀûÀ÷  ¤ ��ú�� ´ó�� �Ø�þ� �� ¯øÂÈõ ,¢Âî�û©ø¤ ßþ� .Àª ù¢�Ôµ¨� �±�Âõ ø ý¥¤� Ýû ©ø¤ ���� üþ�úªø¤¾¨�� öøÀ� Û��Æõ ¥� üã�¨ø �b µ¨¢ ø À�µÆû ´þ¢øÀ½õ ý�¤�¢ ��÷üª�î �b �Ìì ¥� üÖÎ�õ ý��¹�µ÷ �î ñ�µ���û ùÀ��ì .À÷�õ Àû��¡.´¨� �ÜÿÆõ ßþ� ¾¨�� ,´¨�
∞
∞ �þ 00 Ýú±õ ´ó�� �� lim

x→x0 f(x)

g(x)
Âð� .��Ìì 1.9.4¢��ø ��÷ üóø� À� ù�Ú÷� ,Àª�� ¢���õ lim
x→x0 f ′(x)

g′(x)
ø Àõ�¹÷���.Àª��üõ Â��Â� üõø¢ �� ø ¢¤�¢Ýþ¤�¢ 00 ´ó�� ¤¢ :��±��

lim
x→x0 f(x)

g(x)
= lim

x→x0 f(x) − f(x0)
g(x) − g(x0)

= lim
x→x0 f(x)−f(x0)

x−x0
g(x)−g(x0)
x−x0 =

f ′(x0)
g′(x0)Ýþ¤�¢ ∞

∞ ´ó�� ¢¤�õ ¤¢
ℓ = lim

x→x0 f(x)

g(x)
= lim

x→x0 1
g(x)1
f(x)

(1)
= lim

x→x0 − g′(x)

g2(x)
− f ′(x)

f2(x)
= lim

x→x0 g′(x)f ′(x)
×
(

lim
x→x0 f(x)

g(x)

)2
= ℓ2. lim

x→x0 g′(x)f ′(x)00 ´ó�� ¥� (1) ¤¢ �Ø�þ� ¼�®�� .ℓ = lim
x→x0 f ′(x)

g′(x)
ßþ�Â����

2 .Ýþ�ù¢�Þ÷ ù¢�Ôµ¨�

¤�÷ ö���õ ,Àþ��� ßØÞõ �bÎÖ÷ ßþÂ�ß���� �� ý¤�÷ â±�õ Âð� ü�ãþ.¢�ª ���� 9.4 ÛØª �� .¢�� Àû��¡ Â·î�À� ö� üÈ¿�

ö� ¤ø¢ üþ��ªø¤ ö�À�õ ø §�÷�ê : 9.4 ÛØª�î �¤ y ø x ´±·õ ¢Àä ø¢ á�Þ¹õ ¤�ÀÖõ ßþÂµÞî (4 ñ�·õ.Ý��îüõ ß��ã� ,´¨� a´��� Â��Â� �ú÷� �ÂÌÜ¬��ÂÑ÷ ¤¢ �¤ âÞ� Û¬�� â��� .y = a/x ßþ�Â���� ,xy = a ö��

f ′(x) = 0 ¯Âª �¤�¬ ßþ� ¤¢ .f(x) = x + a/x ÝþÂ�ðüõ
x = ±√

a �þ x2 = a �¹�µ÷ ¤¢ ,´¨� 1 − a/x2 = 0 ü�ãõ ��ß�Ø� �bÎÖ÷ �ú�� x =
√
a Å� ,´¨� ùÀª ­Âê x > 0 ö�� �î�õ� .Àª��üõ �ÜÿÆõ

f ′′(
√
a) =

2a
x3 ∣∣∣∣x=√

a

=
2√
a
> 0ü�ãþ .´¨� y = f(x) üã®�õ ��Þ���õ ×þ x =

√
a Å� .¤�ÀÖõ Ûì�À� ý�¤�¢ x = y =

√
a Ǒ�¥� �� ÂÑ÷ ¢¤�õ á�Þ¹õ.´¨� 2√a Â��Â� ¤�ÀÖõ ßþ� ø Àª��üõ.ßþÂÞ� 2.8.4�î À�Æþ��� ö��� ¢Àä ø¢ á�Þ¹õ �¤�¬ �� �¤ 8 ¢Àä (1.Àª�� ßØÞõ ¤�ÀÖõ ßþÂµØ��î �ú÷� ��±ãØõ á�Þ¹õ�¤ üØþ ö� ,S ­øÂÔõ ´��Æõ �� ý�ûÛ�ÎµÆõ â�Þ� ¥� (2.À��î ß��ã� ´¨� Í�½õ ßþÂµÞî ý�¤�¢ �îö� ùbÀ��ì �î ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ ý�ùÀ��Öó� ¶Ü·õ ¤�È�õ (3âÜ® ñ�Ï .´¨� V Ý¹� ý�¤�¢ ,´¨� á�Ìó� ýø�Æµõ¤�ÀÖõ ßþÂµÞî ö� Ûî ´��Æõ �� Àª�� Àþ�� ¤ÀÖ� ö� ùbÀä�ì?Àª�� ßØÞõ¯�½õ Ý¹� ßþÂµÈ�� �� ý��÷��µ¨� ,R á�ãª �� ý�ùÂî ¤¢ (4.À��îÀþ�� Âµõüµ÷�¨ 20 ñ�Ï �� ýÀó�õ �� üÏøÂ¿õ Ó�ì ×þ (5�� Àª�� Àþ�� ¤ÀÖ� ¯øÂ¿õ ßþ� á�Ô�¤� .¢�ª �µ¡�¨?¢�ª Û¬�� ßØÞõ Ý¹� ßþÂµð¤��71



Çþ�û¢Â�¤�î ø ÕµÈõ 4 ÛÊê ¤�Ü�� �b �Ìì 10.415) lim
x→0 ln(cos(ax))

ln(cos(bx))
, 16) lim

x→0+

xx − x

lnx− x+ 1 ,17) lim
x→0+

(

xx
x − 1) , 18) lim

x→π/4(tanx)tan(2x),19) lim
x→0 ex − x36 − x22 − x− 1

cosx+ x22 − 1 ,20) lim
x→0 (1+ x)1/x − e

x
, 21) lim

x→0+

( (1+ x)1/x
e

)1/x222) lim
x→∞

( 3√(a+ x)(b + x)(c+ x) − x
)

,23) lim
x→∞

{ 3√
x3 + x2 + x+ 1

− 3√
x2 + x+ 1× ln(ex + x)

x

}

.

¤�Ü�� �b �Ìì 10.4�î ¢�ªüõ �ÂÎõ ñ��¨ ßþ� ,À�µÆû üÔÜµ¿õ á��÷� ý�¤�¢ â�����þ ?¢Âî ù¢�Ôµ¨� Â�ù¢�¨ â���� ¥� Â�ùÀ�»�� â���� ý�¹� ö���üõ �þ�ßþÂ�ù¢�¨ �úþ��ÜÞ� À�� �Ø�þ� �� ���� �� .ü±þÂÖ� ÛØª �� Ûì�À�â��� ö���üõ �þ� �î Ý��îüõ �ÂÎõ �¤ ñ��¨ ßþ� ,À�µÆû â���� á�÷�� x = x0 ­øÂÔõ �bÎÖ÷ üÚþ�ÆÞû ¤¢ �¤ y = f(x) ­øÂÔõßþÂµú� ,´¨� ß��� Âð� ?¢¥ °þÂÖ� n �b ±�Âõ ¥� ý��ÜÞ� À�� ×þ?´¨� ��Àî ßØÞõ °þÂÖ�
y = g(x) ø y = f(x) À��î ­Âê .ÓþÂã� 1.10.4ø À÷¢Âðüõ ÓþÂã� x = x0 �bÎÖ÷ üÚþ�ÆÞû ¤¢ �î À�ª�� üã����
x = x0 ¤¢ y = g(x) ø y = f(x) Ý���ðüõ ü�¤�¬ ¤¢ .n ∈ N¤¢ . lim

x→x0 f(x) − g(x)

(x− x0)n = 0 �î À�µÆû �� n �b ±�Âõ ¢¤�¡Â� ý�¤�¢ü¡Â� ¤¢ .f(x) = g(x) +O
(

(x− x0)n) Ý�Æþ�÷üõ ´ó�� ßþ�.¢�ªüõ ù¢�Ôµ¨� ��÷ f(x) ≈ g(x) ý¤�Êµ¡� ¢�Þ÷ ¥� âì��õ×þ ¤¢ y = f(x) â��� Âð� .¤�Ü�� �b �Ìì 2.10.4�� (n − 1) �b ±�Âõ �� ��ÖµÈõ ý�¤�¢ x = x0 �bÎÖ÷ ¥� üÚþ�ÆÞû:ù�Ú÷� ,Àª�� �µª�¢ ¢��ø ��÷ f (n)(x0) ø Àª��
f(x) = f(x0) + f ′(x0)(x− x0)

+
12f ′′(x0)(x − x0)2 + · · ·

· · · + 1
n!
f (n)(x0)(x − x0)n +O

(

(x− x0)n).´¨� ßþÂµú� ¢�¡ á�÷ ¤¢ °þÂÖ� ßþ� ø

ù¢�Ôµ¨�' ü�ãõ �� (û) ¢�Þ÷ ,Âþ¥ ý�ú�¤�±ä ¤¢ .ñ�·õ 2.9.4.a > 1 ø Àª��üõ "ñ�µ���û ©ø¤ ¥�
lim
x→0 ln(1+ x)

x

û
= lim

x→0 1/(1+ x)1 = 1
lim
x→a

xm − am

xn − an
û
= lim

x→a

mxm−1
nxn−1 =

m

n
am−n

lim
x→∞

ax

xn
û
= lim
x→∞

ax ln a

nxn−1 û
= · · · û= lim

x→∞
ax(ln a)n

n!
= +∞Ýú±õ ´ó�� �î lim

x→1( x

x− 1 − 1
lnx

) �±¨�½õ ý�Â� (4 ñ�·õÝ��îüõ ÛÞä Âþ¥ ©ø¤ �� ,Àõ�¹÷�üõ∞−∞

lim
x→1( x

x− 1 − 1
lnx

)

= lim
x→1 x lnx− x+ 1

(x− 1) ln xû
= lim

x→1 lnx+ x1/x− 1
lnx+ (x− 1)1/x = lim

x→1 x lnx

x ln x+ x− 1û
= lim

x→1 lnx+ x1x
lnx+ x1x + 1 =

1200 Ýú±õ ´ó�� �� �î lim
x→0xsin x �±¨�½õ ý�Â� (5 ñ�·õ:Ý��îüõ ÛÞä Âþ¥ ©ø¤ �� ,Àõ�¹÷�üõ,lnx üÚµ¨��� Û�ó¢ �� Å� ,ℓ = lim

x→0xsin x Ý��î ­ÂêÝþ¤�¢
ln ℓ = ln( lim

x→0 xsin x) = lim
x→0 ln(xsin x) = lim

x→0 sinx lnxö��î� .´¨� ùÀª ÛþÀ±� 0×∞ Ýú±õ ´ó�� �� �î
ln ℓ = lim

x→0 sinx lnx = lim
x→0 lnx1

sin x

û
= lim

x→0 1
x

− cosx
sin2 x

= lim
x→0 −1

cosx
×
(

lim
x→0 sinx

x

)2
× lim
x→0x = 0.ℓ = 1 �þ ln ℓ = 0 ßþ�Â����´¨À� �¤ Âþ¥ ¢øÀ� ¥� ×þ Âû ¤�ÀÖõ .ßþÂÞ� 3.9.4:Àþ¤ø�1) lim

x→0 ex − 1
sinx

, 2) lim
x→0 x− sinx

x− arctanx
,3) lim

x→0 x− arctanx

x3 , 4) lim
x→0 ax − bx

cx − dx
,5) lim

x→0(arctanx

x

)1/x2
, 6) lim

x→0xne−1/x2 ,7) lim
x→0(arccotx− 1

x

)

, 8) lim
x→1( 1

lnx
− x

lnx

)

,9) lim
x→∞

x
(

e1/x − 1) , 10) lim
x→0x2e1/x2 ,11) lim

x→0+

x− ln x

(− lnx)x
, 12) lim

x→π/2−(tanx)2x−π ,13) lim
x→0+

x1/ ln(ex−1), 14) lim
x→0+

(1
x

)arctan x

,72



¤�Ü�� �b �Ìì 10.4 Çþ�û¢Â�¤�î ø ÕµÈõ 4 ÛÊê�bÎÖ÷ ¤¢ �¤ f(x) = xex â��� ��¨ �b ±�Âõ �� ¤�Ü�� ÍÆ� (2.Àþ¤ø� ´¨À� x = −1�¤ Ýû¢ �b ±�Âõ �� f(x) =
3√

sinx3 â��� ö¤�ó ×õ ÍÆ� (3.Àþ¤ø� ´¨À�ÝÈª �b ±�Âõ �� �¤ f(x) = ln

(
sinx

x

) â��� ö¤�ó ×õ ÍÆ� (4.Àþ¤ø� ´¨À�:À��î ��±�� �¤ Âþ¥ ý�úþø�Æ� ¥� ×þ Âû ,ö¤�ó ×õ ÍÆ� ×Þî ��5) ex = 1+ x+
x22 +

x33!
+ · · · + xn

n!
+O

(

xn
)6) cosx = 1− x22!

+
x44!

− · · ·

· · · + (−1)n
x2n

(2n)!
+O

(

x2n+1)7) (1+ x)m = 1+mx+
m(m− 1)2 x2 + · · ·

· · · + m(m− 1) · · · (m− n+ 1)

n!
xn +O

(

xn
)8)

11− x
= 1+ x+ x2 + · · · + xn +O

(

xn
)9) ln(1+ x) = x− x22 +

x33 − · · ·

· · · + (−1)n−1 xn
n

+O
(

xn
)�¤ Ûþ�Æõ ¥� ü¡Â� ø ¢Âî ù¢�Ôµ¨� ö���üõ ùÀõ� ´¨À� ��ä�Ï� ¥�.¢�Þ÷ Û� ýÂ�ù¢�¨ �¤�¬ ��

f(x) = â��� ö¤�ó ×õ ÍÆ� (1 .ñ�·õ 5.10.4.À��î �±¨�½õ Ý¹�� �b ±�Âõ �� �¤ sinx

x+ 13.10.4 ¥� (3) ñ�·õ ø 4.10.4¤� (8) ø (1) ßþÂÞ� ¥� .Û��î ÝþÂ�ðüõ �¹�µ÷ ø ù¢Âî ù¢�Ôµ¨�
sinx

x+ 1 = (sinx)
11− (−x)

=

(

x− x33!
+
x55!

− · · ·
)

(1− x+ x2 − · · ·)

= x− x33!
+
x55!

− · · · − x2 +
x43!

− · · ·

· · · + x3 − x53!
+ · · · − x4 + · · ·

= x− x2 +
56x3 − 56x4 − 101120x5 +O

(

x5)ù��¿ó¢ �ø¥ �b ±�Âõ �� �¤√1+ x2 â��� ö¤�ó ×õ ÍÆ� (2 ñ�·õ.Àþ¤ø� ´¨À� 2nÝþ¤�£ 4.10.4 ¥� 7 ßþÂÞ� �� ���� �� .Û�
√1+ x2 = (1+ x2)1/2

â��� �� n �b ±�Âõ ¤�Ü�� �bÎ��¤ ��� ñ�õÂê ´¨�¤ ´Þ¨ �¤�±äÍÆ� �¤ �¤�±ä ßþ� ,x0 = 0 Âð� .Ý�õ�÷üõ x = x0 ¤¢ y = f(x).Ý�õ�÷üõ ö¤�ó ×õâ��� �¤�ú� �b ±�Âõ ¤�Ü�� ÍÆ� (1 .ñ�·õ 3.10.4.À����� x = 1 ¤¢ �¤ f(x) =
√3+ x¤¢ y = f(x) �¤�ú� �b ±�Âõ �� ��ÖµÈõ ,¤�Ñ�õ ßþ� ý�Â� .Û�:Ý��îüõ �±¨�½õ �¤ x = 1

f(1) = (3+ x)1/2∣∣∣
x=1 = 2

f ′(1) =
12 (3+ x)−1/2∣∣∣

∣
x=1 =

14
f ′′(1) =

−14 (3+ x)−3/2∣∣∣
∣
x=1 =

−132
f (3)(1) =

38 (3+ x)−5/2∣∣∣
∣
x=1 =

3256
f (4)(1) =

−1516 (3+ x)−7/2∣∣∣
∣
x=1 =

−152048:�¹�µ÷ ¤¢
f(x) = 2+

14 (x − 1) +
−12× 32 (x− 1)2

+
36× 256 (x − 1)3 +

−1524× 2048 (x− 1)4
+O
(

(x − 1)4)�¤ f(x) = sinx â��� ù��¿ó¢ �b ±�Âõ �� ö¤�ó ×õ ÍÆ� (2 ñ�·õ.Àþ¤ø� ´¨À�,f ′′(x) = − sinx ,f ′(x) = cosx �Ø�þ� �� ���� �� .Û��î ÝþÂ�ðüõ �¹�µ÷ f (4)(x) = f(x) ø f (3)(x) = − cosx

f(0) = f (4)(0) = · · · = f (4n)(0) = 0
f ′(0) = f (5)(0) = · · · = f (4n+1)(0) = 1
f ′′(0) = f (6)(0) = · · · = f (4n+2)(0) = 0
f (3)(0) = f (7)(0) = · · · = f (4n+3)(0) = −1ßþ�Â����

sinx = 0+ x+ 0− x33!
+ 0+

x55!
+ 0− x77!

+ · · ·

= x− x33!
+
x55!

− x77!
+ · · ·

· · · + (−1)n
x2n+1

(2n+ 1)!
+O

(

x2n+1)�bÎ��® �� â��� ��¨ �b ±�Âõ ¤�Ü�� ÍÆ� (1 .ßþÂÞ� 4.10.4.Àþ¤ø� ´¨À� x = 2 ¤¢ �¤ f(x) =
x+ 1
x− 173



Çþ�û¢Â�¤�î ø ÕµÈõ 4 ÛÊê Û�Æ÷�ÂÔþ¢ 11.4â���� ö¤�ó ×õ ÍÆ� ¥� ù¢�Ôµ¨� �� (1 .ñ�·õ 8.10.4Ýþ¤�¢ ,ex ø cosx

lim
x→0 cosx− e−x

2/2
x4 =

= lim
x→0 1

x4{(1− x22 +
x424 +O

(

x4))
−
(1− x22 +

x48 + O
(

x4))}
= lim

x→0 1
x4 ( x424 − x48 +O(x4))

=
124 − 18 =

−112Ýþ¤�¢ ,ex ø sinx â���� ö¤�ó ×õ ÍÆ� ¥� ù¢�Ôµ¨� �� (2 ñ�·õ
lim
x→0 ex sinx− x(1+ x)

x3 =

= lim
x→0 1

x3 {(1+ x+
x22 +

x36 +O
(

x3))×

×
(

x− x36 +O
(

x3))− x(1+ x)

}

= lim
x→0 1

x3 (x32 − x36 +O
(

x3)) =
12 − 16 =

13:À��î �±¨�½õ �¤ Âþ¥ ¢øÀ� ¥� ×þ Âû .ßþÂÞ� 9.10.41) lim
x→0(1x − 1

sinx

) 2) lim
x→0 2x + 2−x − 2

x23) lim
x→0 sin(sinx) − x

3√1− x2
x54) lim

x→0 1− (cosx)sin x

x3 Û�Æ÷�ÂÔþ¢ 11.4
x = x0 ¤¢ y = f(x) À��î ­Âê .ÓþÂã� 1.11.4�bÎÖ÷ ¤¢ y = f(x) â��� Ý���ðüõ �¤�¬ ßþ� ¤¢ ,´¨� ÂþÁ³ÖµÈõ
x = x0 �bÎÖ÷ ¤¢ ö� Û�Æ÷�ÂÔþ¢ ø ´¨� ÂþÁ� Û�Æ÷�ÂÔþ¢ x = x0�î ,Ý��îüõ ÓþÂã� df |x0 = f ′(x0)dx �¤�¬ �� �¤

dx = △x = x− x0:´¨� ùÂ�çµõ ø¢ üã��� df ßþ�Â����
df : (x, x0) 7→ f ′(x0)(x− x0)

= 1+
12x2 +

(1/2)(1/2− 1)2 (x2)2
+

(1/2)(1/2− 1)(1/2− 2)2 (x2)3 + · · ·

= 1+
x22 − x48 +

x616 − · · ·

+

( 1
n!

•

12 •

−12 •

−32 • · · ·

· · · •

−(2n− 1)2 )

x2n +O(x2n)

= 1+
x22 − x48 +

x616 − · · ·

· · · + (−1)n(2n− 3)!22n−1 • (n− 2)!
x2n +O(x2n)

.ßþÂÞ� 6.10.4.À����� �¤ f(x) =
x2 + 1
x2 − 1 Ýû¢ �b ±�Âõ ö¤�ó ×õ ÍÆ� (1�¤ f(x) =

x

ex − 1 â��� Ýû¢��¨ �b ±�Âõ ö¤�ó ×õ ÍÆ� (2.À������¤ f(x) = sin(sinx) â��� ��¨ �b ±�Âõ ö¤�ó ×õ ÍÆ� (3.À�����:À��î ��±�� �¤ Âþ¥ ü±þÂÖ� ý�ú�¤�±ä ¥� ×þ Âû4)
1
R2 − 1

(R+ x)2 ≈ 2x
R25)

3√1+ x1− x
− 3√1− x1+ x

≈ 43x6)
ln2

ln(1+ x/100)
≈ 70

xÂõ� Û�ó¢ .¢Âî ù¢�Ôµ¨� ö���üõ ¢øÀ� �b ±¨�½õ ¤¢ ¤�Ü�� ÍÆ� ¥�.Ýþ¢Âî ¢�þ ö� ¥� À� ´ÞÆì ¤¢ �f ±ì �î ´¨� Âþ¥ ��ÌìÂð� .ý¥¤� Ýû ý�úó�õÂê À�ó�� ©ø¤ 7.10.4×þ ¤¢ y = f(x) â��� �� (n − 1) �b ±�Âõ �� ü��� ��ÖµÈõ�µª�¢ ¢��ø ��÷ f (n)(x0) ø À�ª�� ¢���õ x = x0 ¥� üÚþ�ÆÞû:ù�Ú÷� ,Àª��
f(x) −

{

f(0) + f ′(0)x +
12f ′′(0)x2 + · · ·

· · · + 1
(n− 1)!

f (n−1)(0)xn−1} ∼ 1
n!
fn(0)xn74



Û³�õ ¥� ù¢�Ôµ¨� 12.4 Çþ�û¢Â�¤�î ø ÕµÈõ 4 ÛÊê,x0 = 0 ø f(x) = cosx Ý��î ­Âê .ñ�·õ 6.11.4
x0 �bÎÖ÷ ¤¢ f �� k �b ±�Âõ ÍÆ� �¤ y = gk(x) Âð� �¤�¬ ßþ� ¤¢ù�Ú÷� ,Àª��

g1(x) = 1,
g2(x) = g3(x) = 1− x22 ,

g4(x) = g5(x) = 1− x22 +
x424 ,Ý�¨Â� �¤ 1 ≤ k ≤ 4 �� gk ø f â���� �-10.4 ÛØª ¤¢.Ýþ�ù¢�Þ÷â��� �� k �b ±�Âõ �� ¤�Ü�� ÍÆ� ¢¤�õ Âû ¤¢ .ßþÂÞ� 7.11.4¥� üÚþ�ÆÞû ×þ ¤¢ �¤ �ú÷� ø �µê�þ �¤ x = x0 �bÎÖ÷ ¤¢ y = f(x):À��î Ý�¨Â� x = x01) f(x) = x sinx, x0 = 0, k = 4.2) f(x) = x3 − 3x+ 1, x0 = 1, k = 3.3) f(x) = x2 − sinx, x0 = 0, k = 4.4) f(x) =

x− 1
x+ 1 , x0 = 2, k = 2.Û³�õ ¥� ù¢�Ôµ¨� 12.4´½� Ç¿� �� ,Û³�õ ¤��ê� �Â÷ ¥� ù¢�Ôµ¨� ��õÀÖõ ùbÀû�Èõ ý�Â�.¢�ª �ã��Âõ ×þ ÛÊê ¥� ��÷ ß�Þû­Âê .­øÂÔõ â��� ×þ ÕµÈõ �b ±¨�½õ 1.12.4.Ýþ�ù¢�Þ÷ ÓþÂã� Û³�õ Í�½õ ¤¢ �f ±ì �¤ y = f(x) â��� À��îù¢�Ôµ¨� diff(f(x),x) ¤�µ¨¢ ¥� â��� ßþ� ÕµÈõ �b ±¨�½õ ý�Â�.Ý��îüõ¤�µ¨¢ ¥� f(x) â��� �� n ÕµÈõ �b ±¨�½õ ý�Â�.Ý��îüõ ù¢�Ôµ¨� diff(f(x),x$n)¢�Þ÷ ÍÖê ,Ý��î ù¢�Ôµ¨� Diff ¥� diff ý�¹� �»÷���Àû��¿÷ �¤�¬ ý��±¨�½õ ø Àª Àû��¡ Û¬�� ýÂ�ÚÖµÈõ.´êÂþÁ�:À��î ���� Âþ¥ �Âª ��«�¡ ¢¤�õ À�� �� .ñ�·õ 2.12.4

diff(xˆ2 − 3 ∗ x + 1, x)
Û³�õ
−→ 2x − 3

diff(sin(1 − 2 ∗ x), x$3)
Û³�õ
−→ 8 cos(1 − 2x)

Diff(sin(1 − 2 ∗ x), x$3)
Û³�õ
−→ ∂3

∂x3
sin(1 − 2x)

â��� ¤�¢�Þ÷ Â� §�Þõ Í¡ Âð� .ü¨À�û Â�±ã� 2.11.4ö� ¢�Àµõ� ¤¢ ø ù¢�Þ÷ Ý¨¤ �¤ x = x0 �bÎÖ÷ ¤¢ y = f(x):Ý�¨¤üõ y = f(x) ý�Â� ü±þÂÖ� ¤�ÀÖõ ×þ �� ,Ý��î ´îÂ�§�Þõ Í¡ Â� ¢�ã¬ ö���õ df |x0 ,ü�ãþ .f(x) ≈ f(x0)+ df |x0.À�îüõ Â��ç� ∆x ùb¥�À÷� �� x0 ¥� Â�çµõ �î üõ�Ú�û ,´¨� â��� Â�.¢�ª ���� Óó�-10.4 ÛØª ��

�b ±�Âõ ý�úÎÆ� (� Û�Æ÷�ÂÔþ¢ ü¨À�û Â�±ã� (Óó�­øÂÔõ â��� ×þ ý���ÂþÁ³ÖµÈõ y = g(x) ø y = f(x) Âð� .��Ìì 3.11.4�¤�¬ ßþ� ¤¢ ,À�ª��1) d(af) = adf, 2) d(f ± g) = df ± dg,3) d(fg) = gdf + fdg, 4) d

(
f

g

)

=
1
g2 (gdf − fdg),5) d(f(g)) = f ′(g)dg..¢�¢ Ý�Þã� ö���üõ Âþ¥ ÛØª �� �¤ Û�Æ÷�ÂÔþ¢ ��úÔõ

n �b ±�Âõ ÕµÈõ ý�¤�¢ y = f(x) â��� Âð� .ÓþÂã� 4.11.4�� ø ù¢�¢ ö�È÷ dnf ¢�Þ÷ �� �¤ ö� �� n �b ±�Âõ Û�Æ÷�ÂÔþ¢ ,Àª�� ��¥� ù¢�Ôµ¨� �� .dnf = f (n)(x)dxn :Ý��îüõ ÓþÂã� Âþ¥ �¤�¬:´ª�÷ ö���üõ ýÂ�ù¢�¨ �¤�¬ �� �¤ ¤�Ü�� �b �Ìì ,��úÔõ ßþ�×þ ¤¢ y = f(x) Âð� .¤�Ü�� �b �Ìì ¢À¹õ ö��� 5.11.4
f (n)(x0) ø Àª�� �µª�¢ �� n �b ±�Âõ ÕµÈõ x = x0 ¥� üÚþ�ÆÞûù�Ú÷� ,Àª�� ¢���õ

f(x) = f(x0) + df |x0 +
12 df2∣∣∣

x0 + · · ·

+
1
n!
dfn|x0 +O ((x− x0)n)

�bÎÖ÷ ¤¢ y = f(x) â��� �� k �b ±��õ ¤�Ü�� ÍÆ� g(x) �»÷���
y = g(x) â��� �Þ÷ ¥� ´¨� �¤�±ä dkf ∣∣∣

x0 ù�Ú÷� ,Àª�� x = x0¢�ª ���� .∆g∣∣∣
x0 = g′(x0) dx ,ÂÚþ¢ ö��� �� .x = x0 �bÎÖ÷ ¤¢´ó�� ¤¢ ,´¨� ´¨�¤ Í¡ ×þ y = g(x) ,k = 1 ´ó�� ¤¢ �î. . . ø ´¨� üÞú¨ ×þ y = g(x) ,k = 275



Çþ�û¢Â�¤�î ø ÕµÈõ 4 ÛÊê Û³�õ ¥� ù¢�Ôµ¨� 12.4Â� y = f(x) â��� ��Þ���õ �b ±¨�½õ ý�Â� ���Èõ �¤�¬ ��ù¢�Ôµ¨� minimize(f(x),{x},{x=a..b}) ¤�µ¨¢ ¥� [a; b] ùb¥��Â� y = x2 − 3x â��� ��Þ���õ ø ��Þþ�î�õ ,�÷�Þ÷ ý�Â� .Ý��îüõ¥� À��¤�±ä °��Âµ� [−1;1] ùb¥��
maximize(xˆ2 − 3x, {x}, {x = −1..1})

Û³�õ
−→ 4

minimize(xˆ2 − 3x, {x}, {x = −1..1})
Û³�õ
−→ −2

ÍÆ� �b ±¨�½õ ý�Â� .â��� ×þ ¤�Ü�� ÍÆ� 6.12.4¤�µ¨¢ ¥� x = a �bÎÖ÷ ¤¢ f(x) ­øÂÔõ â��� �� n �b ±�Âõ ¤�Ü��ÍÆ� ,�÷�Þ÷ ý�Â� .Ý��îüõ ù¢�Ôµ¨� taylor(f(x),x=a,n+1)¥� ´¨� �¤�±ä x = 1 �bÎÖ÷ ¤¢ 1/x â��� �ø¢ �b ±�Âõ ¤�Ü��
taylor(1/x, x = 1, 3)

Û³�õ
−→ 1 − (x − 1) + (x − 1)2 + O(x3):�î ´¨� ü�ãõ ßþ� �� Û³�õ ¤¢ O((x − x0)n) ¢�Þ÷ ¢�ª ����
O
(

(x− x0)n−1)üµ÷Âµ�þ� §¤¢� ¤¢ . 7.12.4
http://webpages.iust.ac.ir/m_nadjafikhah/r1.html.´¨� ùÀª ù¢¤ø� ���õ¥ ßþ� ¤¢ ÂµÈ�� â���õ ø �úó�·õ

y = f(x) â��� Âð� .ü�Þ® â��� ÕµÈõ 3.12.4ùÀª üêÂãõ ü�Þ® ÛØª �� F (x, y) = c �bÎ��¤ ×Þî ��¤�µ¨¢ ¥� x °Æ� Â� y �� n �b ±�Âõ ÕµÈõ �b ±¨�½õ ý�Â� ,Àª��ý�Â� .Ý��îüõ ù¢�Ôµ¨� implicitdiff(F(x,y)=c,y,x$n)´±Æ÷ y ��¨ ÕµÈõ �¤�¬ ßþ� ¤¢ ,x2 + y2 = 1 Âð� ,�÷�Þ÷�� ´¨� Â��Â� x ��
implicitdiff(xˆ2 + yˆ2 = 1, y, x$3)

Û³�õ
−→ −3

x(x2 + y2)

y5

y = f(x) â��� Âð� .ýÂµõ�¤�� â��� ÕµÈõ 4.12.4ýÂµõ¤�� ÛØª �� y = V (t) ø x = U(t) Í��ø¤ ×Þî ��¥� x°Æ� Â� y �� n �b ±�Âõ ÕµÈõ �b ±¨�½õ ý�Â� ,Àª�� ùÀª üêÂãõ
implicitdiff({x=U(t),y=V(x)},{y,t},y,x$ n) ¤�µ¨¢¤¢ ,y = t2 − 1 ø x = sin(t) Âð� ,�÷�Þ÷ ý�Â� .Ý��îüõ ù¢�Ôµ¨��� ´¨� Â��Â� x �� ´±Æ÷ y ��¨ ÕµÈõ �¤�¬ ßþ�

implicitdiff({x = sin(t), y = tˆ2 − 1}, {y, t}, y, x$3)Û³�õ
−→ 23 sin t cos t+ t cos2 t+ 3 sin2 t

cos5 t��Þþ�î�õ �b ±¨�½õ ý�Â� .â��� ��õÂµÆî� 5.12.4¤�µ¨¢ ¥� [a; b] ùb¥�� Â� y = f(x)

maximize(f(x),{x},{x=a..b}).Ý��îüõ ù¢�Ôµ¨�

76



5 ÛÊê
ß�ãõ�÷ ñ�ÂÚµ÷�ý� x ∈ (a; b) Âû ý�¥� �� �î ¢¤�¢ ¢��ø ý� C üµ��� ¢Àä.F1(x) = F2(x) + C¤¢ .x ∈ (a; b) �î ,g(x) = F1(x)−F2(x) Ý��î­Âê :��±��

(a; b) Â� ��÷ g(x) ,F2(x) ø F1(x) ýÂþÁ³ÖµÈõ Û�óÀ� �¤�¬ ßþ�ý� x ∈ (a; b) Âû Ǒ�¥� �� ­Âê Õ��Îõ ,ùø�ã� .´¨� ÂþÁ³ÖµÈõ
g′(x) = F ′1(x) − F ′2(x)

= f(x) − f(x) = 0
2 .´¨� ´��� (a; b) Â� y = f(x) Å�â��� ý�Â� ��óø� â��� ×þ y = f(x) Âð� .�¹�µ÷ 4.1.5�b �óø� â���� ��Þ� �bä�Þ¹õ ù�Ú÷� ,Àª�� (a; b) ùb¥�� Â� y = f(x).{F (x) + C |C ∈ R} ¥� ´¨� �¤�±ä (a; b) Â� y = f(x)â��� ý�Â� ��óø� â��� ×þ y = F (x) Âð� .¢�¢¤�Âì 5.1.5â���� �bÞû �bä�Þ¹õ �¤�¬ ßþ� ¤¢ ,Àª�� (a; b) ùb¥�� Â� y = f(x)�� {F (x) + C |C ∈ R} ý�¹� �¤ (a; b) ùb¥�� Â� y = f(x) �b �óø�:Ý�Æþ�÷üõ ü�ãþ .Ý�û¢üõ ö�È÷ F (x) + C ¢�Þ÷
∫

f(x) dx = F (x) + C (a < x < b)��� �¹�µ÷ ¤¢ (a; b) ùb¥�� ö¢�� ��¤�³Øþ ¯Âª .ñ�·õ 6.1.5ñ�·õ ö���ä �� ,�Âþ¥ .´¨� üõ��ó�
F2(x) =

1
x

ø F1(x) =

{ 1/x+ 1 x > 0 Âð�1/x x < 0 Âð�
(−∞;0)∪ (0;∞) �bä�Þ¹õ Â� f(x) = ln |x| â��� ý��óø� â�����î üó�� ¤¢ ,À�µÆû

F1(x) − F2(x) =

{ 1 x > 0 Âð�0 x < 0 Âð�

�î ´¨� �ó�bÆõ ßþ� Û� ÛÊê ßþ� ¥� éÀûü ã �� � � þ� ,À ª� � ­øÂ Ô õ y = f(x) â �� � Â ð�'."F ′(x) = f(x) �î ´ê�þ ö���üõ y = F (x)�b þÂÑ÷' ���� ý¢Â�¤�î ø °ó�� ¤��Æ� �b þÂÑ÷ ×þ ¥�è� �ó�bÆõ ßþ�ö� öøÀ� Àã� ÛÊê ¤¢ �Ø�þ� Ûì� À� .´¨� "Û�Æ÷�ÂÔþ¢ ��¢�ãõ.¢�¢ ��¹÷� ö���üÞ÷ ü÷�À�� ¤�îÓþÂã� 1.5.(a; b) ⊆ Df ø y = f(x) À��î ­Âê .��óø� â��� 1.1.5
(a; b) Â� y = f(x) ý�Â� ��óø� â��� ü�¤�¬ ¤¢ �¤ y = F (x) â���.F ′(x) = f(x) ý� x ∈ (a; b) Âû ý�¥� �� �î Ý���ð��óø� â��� ×þ F (x) =

√1− x2 (1 .ñ�·õ 2.1.5.´¨� (−1;1) ùb¥�� Â� f(x) =
−x

√1− x2 â��� ý�Â�
f(x) = cosx â��� ý�Â� ��óø� â��� ×þ F (x) = − sinx (2 ñ�·õ.´¨� R = (−∞; +∞) Â�Â� f(x) = 1/x â��� ý�Â� ��óø� â��� ×þ F (x) = lnx (3 ñ�·õ.´¨� (0; +∞) ùb¥��â��� ý�Â� ��óø� â��� ×þ F (x) =

12 ln
∣
∣
∣
x2 − x+ 1
x2 + x+ 1 ∣∣∣ (4 ñ�·õ.´¨� R Â� f(x) =

x2 − 1
x4 + x2 + 1�î �Â� ,¢¤�À÷ ý���óø� â��� º�û R Â� f(x) = [x] â��� (5 ñ�·õ�î ü�ãõ ßþ� �� ,´¨� ü÷��õ ¤�ÀÖõ ´�¬�¡ ý�¤�¢ â��� Âû ÕµÈõ.´êÂð Àû��¡ ��÷ �¤ �ú÷� ß�� Âþ¢�Öõ �bÞû ,¢Â�Ú� �¤ ø¢ ÕµÈõ Âð�.Â�¡ �¤ 1/2 ¤�ÀÖõ üóø ýÂ�ðüõ �¤ 1 ø 0 Âþ¢�Öõ [x] �î üó�� ¤¢ø¢ y = F2(x) ø y = F1(x) Âð� .��Ìì 3.1.5ù�Ú÷� ,Àª�� (a; b) ùb¥�� Â� y = f(x) â��� ý�Â� ��óø� â���77
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∫

sinxdx = − cosx+ C,5)

∫

cosxdx = sinx+ C,6)

∫

secxdx = ln
∣
∣
∣tan

(π4 +
x2)∣∣∣+ C,

(

x 6= k
π2 , k ∈ Z

)7)

∫

cscxdx = ln
∣
∣
∣tan

( x2)∣∣∣+ C,

(x 6= kπ, k ∈ Z)8)

∫

sec2 xdx = tanx+ C,

(

x 6= k
π2 , k ∈ Z

)9)

∫

csc2 xdx = − cotx+ C,

(

x 6= kπ , k ∈ Z

)10)

∫
dx

x2 + a2 =
1
a

arctan
(x

a

)

+ C,

(

a 6= 0 , x 6= k
aπ2 , k ∈ Z

)11)

∫
dx

x2 − a2 =
12a ln

∣
∣
∣
∣

x− a

x+ a

∣
∣
∣
∣
+ C,

(a 6= 0, x 6= ±a)12)

∫
dx

√

x2 + a2 = ln
∣
∣
∣x+

√

x2 + a2∣∣∣+ C13)

∫
dx

√

x2 − a2 = ln
∣
∣
∣x+

√

x2 − a2∣∣∣+ C,

(

|a| < |x|
)14)

∫
dx

√

a2 − x2 = arcsin
(x

a

)

+ C,

(

a 6= 0 , −a < x < a
)15)

∫ √

x2 + a2 dx =
x2√x2 + a2

+
a22 ln

∣
∣
∣x+

√

x2 + a2∣∣∣+ C,16)

∫ √

x2 − a2 dx =
x2√x2 − a2

−a
22 ln

∣
∣
∣x+

√

x2 − a2∣∣∣+ C,
(

|a| ≤ |x|
)17)

∫ √

a2 − x2 dx =
x2√a2 − x2

+
a22 arcsin

(x

a

)

+ C,
(

a 6= 0 , |a| ≤ |x|
)18)

∫
dx
n
√
x

=
n

n− 1 1
n
√
x1−n + C,

(0 < x
)

.(a; b) ⊆ Df ø y = f(x) ÝþÂ�ð .ß�ãõ�÷ ñ�ÂÚµ÷� 7.1.5ñ�ÂÚµ÷� �¤ (a; b) ùb¥�� Â� y = f(x) â��� �b �óø� â���� �bÞû �bä�Þ¹õ¢�Þ÷ �� ø ùÀ�õ�÷ (a; b) Â� y = f(x) ß�ãõ�÷
∫

f(x) dx (a < x < b)Âî£ ¥� ,Àª�� ßØÞõ �bä�Þ¹õ ßþÂµð¤�� (a; b) Âð� .Ý�û¢üõ ö�È÷.∫ f(x) dx Ý�Æþ�÷üõ �ú�� ø ù¢Âî ý¤�¢¢�¡ ö�´¨� ßªø¤ .Ý�õ�÷üõ ñ�ÂÚµ÷� ö�Þó� �¤ ω = f(x) dx �¤�±äù�Ú÷� ,Àª�� y = f(x) ý�Â� ��óø� â��� ×þ y = F (x) Âð� �î.¢�ªüõ Â��Â� ω �� F (x) Û�Æ÷�ÂÔþ¢¢�¢ ö�È÷ ö���üõ ´ó�ú¨ �� .ñ�·õ 8.1.51)

∫

x5 dx =
16x6 + C,2)

∫ 1
x
dx = lnx+ C, (x 6= 0)3)

∫

[x]dx = ∅,4)

∫ 1
√1− x2 dx = arcsinx+ C, (−1 < x < 1).ýÂ�Úó�ÂÚµ÷� �b ó�bÆõ 2.5ù¥�À÷� ö�Þû �� �÷�Ô¨�bµõ .Àª �ÂÎõ ÕµÈõ �ó�bÆõ Û±ì Ç¿� ¤¢Õê�õ�÷ �f �Þãõ ø ´¿¨ ýÂ�Úó�ÂÚµ÷� ,´¨� Õê�õ ýÂ�ÚÖµÈõ �îÛ�Æ÷�ÂÔþ¢ ��¢�ãõ Ûþ�Æõ ¥� ý��÷�Þ÷ �ó�bÆõ ßþ� �Âþ¥ !´¨�¥� ö���ÞÏ� �¤�¬ ¤¢ üµ� Û�ó¢ ß�Þû �� ,(y′ = f(x)) ´¨��Ø�þ� �� ,�f ·õ !Àª�� ñ�½õ ´¨� ßØÞõ ö� ßµê�þ ,���� ¢��øâ��� º�û üóø ,´¨� ��óø� â��� ý�¤�¢ y = sinx/x â��� Ý�÷�¢üõ.Ý�¨��ªüÞ÷ �¤ ¢�ª sinx/x Â��Â� ö� ÕµÈõ ý�ü��õÀÖõ.´¨� ÕµÈõ �� ´Èð¥�� ©ø¤ �� ýÂ�Úó�ÂÚµ÷� �ó�bÆõ Û�ñ�ÂÚµ÷� �� â��¤ ü��ä�Ï� ø ù¢Âî ù¢�Ôµ¨� üÜ±ì ��ä�Ï� ¥� ,ü�ãþ�þ�� ý�úó�õÂê ¥� ñøÀ� ×þ �ÂÏ �� ¤�î ßþ� .Ýþ¤ø�üõ ´¨À�¼�®�� Â�ù¢�¨ â���� °Æ� Â� �¤ ùÀ�»�� â���� �î ��Ìì ý¢�Àã� ø.¢ÂþÁ�üõ ��¹÷� ,À�û¢üõÝþ¤�¢ ,ýÂ�ÚÖµÈõ �� .ß�ãõ�÷ ñ�ÂÚµ÷� ñøÀ� 1.2.51)

∫

xadx =
xa+1
a+ 1 + C,

(

− 1 6= a ∈ R

)2)

∫
dx

x
= ln |x| + C,

(

x 6= 0)3)

∫

axdx =
ax

ln a
+ C,

(

a > 0)3′)

∫

exdx = ex + C,78
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=

∫ 1√
x+ 1−

√
x− 2√

x+ 1+
√
x− 2√

x+ 1+
√
x− 2 dx

=

∫ √
x+ 1+

√
x− 2

(x+ 1) − (x− 2)
dx

=
13 ∫ (√x+ 1+

√

x− 2) dx
=

26√(x+ 1)3 +
26√(x− 2)3 + Cù�Ú÷� x 6= −1 Âð� (4 ñ�·õ

∫
x3dx
x+ 1 =

∫ (

x2 − x+ 1− 1
x+ 1) dx

=

∫

(x2 − x+ 1) dx −
∫

dx

x+ 1
=

x33 − x22 + x− ln |x+ 1| + Cù�Ú÷� x 6= 2kπ + π/2 Âð� (5 ñ�·õ
∫

tan2 xdx =

∫
sin2 x
cos2 x dx

=

∫ 1− cos2 x
sin2 x dx

=

∫

(sec2 x− 1) dx

=

∫

sec2 xdx−
∫

dx

= tanx− x+ Cý� x Âû ý�¥� �� (6 ñ�·õ
∫

sin2 xdx =

∫ 1− cos(2x)2 dx

=
12x− 14 sin(2x) + Cù�Ú÷� kπ − π/2 < x < kπ + π/2 Âð� (7 ñ�·õ

∫
dx1+ sinx

=

∫
dx1+ sinx

1− sinx1− sinx
dx

=

∫ 1− sinx1− sin2 x dx
=

∫ 1− sinx

cos2 x dx

=

∫

sec2 xdx +

∫ − sinx

cos2 x dx

=

∫

− (ln | cosx|)′ dx+

∫

−
( 1

cosx

)′
dx

= − ln | cosx| − 1
cosx

+ Cý� x Âû ý�¥� �� (8 ñ�·õ
∫
√1+ cosxdx =

∫ √2 cos2 ( x2) dx
=

√2 ∫ sgn
(

cos
(x2)) cos

( x2) dx
= 2√2sgn

(

cos
( x2)) sin

(x2)+ C

19)

∫
dx

x
√

x2 − a2 =
1
a

sec−1 ∣∣∣x
a

∣
∣
∣+ C,

(

|x| > |a| , a 6= 0)20)

∫
dx

x
√

a2 − x2 = −1
a

sech−1 ∣∣
∣
x

a

∣
∣
∣+ C,

(0 < |x| < |a| , a 6= 0)21)

∫
dx

x
√

x2 + a2 = −1
a

csch−1 ∣∣
∣
x

a

∣
∣
∣+ C,

(

x 6= 0 , a 6= 0),∫ f(x) dx = F (x) + C �î ü�¤�¬ ¤¢ .��Ìì 2.2.5ù�Ú÷� ,Àª�� ÂÔ¬ Óó�¿õ ý¢Àä a ø ∫ g(x) dx = G(x) + C1)

∫

(f(x) + g(x)) dx = F (x) +G(x) + C2)

∫

af(x) dx = aF (x) + C3)

∫

f(ax+ b) dx =
1
a
F (ax+ b) + C�¤�±ä ´¨�¤ ´Þ¨ ¤¢ �î ¢�ª ���� .´ª�¢¢�þ 3.2.5Âð� âì�ø ¤¢ .´¨� ùÀª ù¢�¢ ö�È÷ �ä�Þ¹õ ×þ üÜî ÛØª ,ñø�

A+B := �¤�¬ �� �¤ �ú÷� âÞ¹Ü¬�� ,À�ª�� �ä�Þ¹õ ø¢ B ø A×þ �ÂÌÜ¬�� .Ý��îüõ ÓþÂã� {a + b | a ∈ A , b ∈ B}ÓþÂã� αA := {αa | a ∈ A} �¤�¬ �� �ä�Þ¹õ ×þ ¤¢ ¢Àä�� C Âî£ ¥� ,ñ�ÂÚµ÷� Ûþ�Æõ Û� ¤¢ �î ¢�ªüõ ��¬�� .¢¢Âðüõßþ� .¢¢Âð Âî£ C Â¡� Í¡ ¤¢ ø ¢�ªüõ ý¤�¢¢�¡ ü÷�þ�� �b Ü�Âõ.¢¥�¨üõ Â�ù¢�¨ �¤ Û¬�� ý�úþø�Æ� ý¤�ÂìÂ� ����� ¤�îÝþ¤�¢ ,ÂîÁó� ë�ê °ó�Îõ �� ���� �� .ñ�·õ 4.2.5ù�Ú÷� x 6= 0 Âð� (1 ñ�·õ
∫ 3x2 + 5x− 1

x
dx = 3 ∫ xdx + 5 ∫ dx−

∫
dx

x

= 3x22 + 5x− ln |x| + Cù�Ú÷� x 6= 0 Âð� (2 ñ�·õ
∫ (

x+
1
x

)3
dx =

∫ (

x3 + 3x+
3
x

+
1
x3) dx

=

∫

x3dx+ 3 ∫ xdx + 3 ∫ dx

x
+

∫
dx

x3
=

x44 + 3x22 + 3 ln |x| − 12x2 + Cù�Ú÷� x > 2 Âð� (3 ñ�·õ
∫

dx√
x+ 1−

√
x− 2 =79



ß�ãõ�÷ ñ�ÂÚµ÷� 5 ÛÊê Â�çµõ Â��ç� ©ø¤ �� ýÂ�Úó�ÂÚµ÷� 3.5Â�çµõ Â��ç� ©ø¤ �� ýÂ�Úó�ÂÚµ÷� 3.5
∫

f du =

∫

f(x) du(x) ¥� ¤�Ñ�õ .¢�¢ ¤�Âì 1.3.5ÂþÁ³ÖµÈõ üã��� u(x) ,�õ�¢� ¤¢ .´¨� ∫ f(x)u′(x) dx ñ�ÂÚµ÷�.´¨� ù��¿ó¢ øüã��� u(x) ø ∫ f(x) dx = F (x)+C Âð� .��Ìì 2.3.5.∫ f(u) du = F (u) + C �¤�¬ ßþ� ¤¢ ,Àª�� ÂþÁ³ÖµÈõ�î Ý��î ���� ´¨� üê�î :��±��
{F (u)}′ = u′(x)F ′(u) = u′(x)f(x)

2 .f(u) du = u′(x)f ′(u(x)) dx ��÷ øñ�ÂÚµ÷� Ûþ�Æõ Û� ý�Â� �õ �þø�´¨¢ ßþÂµð¤�� ,��Ìì ßþ�.´¨� ß�ãõ�÷
u = x2 + 3x + 7 Ý��î ­Âê Âð� (1 .ñ�·õ 3.3.5�¹�µ÷ ¤¢ ø du = (2x + 3) dx ù�Ú÷�

∫ 2x+ 3
x2 + 3x+ 7 dx =

∫
du

u
= ln |u| + C

= ln |x2 + 3x+ 7| + C

du = tanxdx ù�Ú÷� u = ln | secx| Ý��î ­Âê Âð� (2 ñ�·õ�¹�µ÷ ¤¢ ø
∫

tanxdx

ln | secx| =

∫

udu =
u22 + C

=
12 ln2 | secx| + C,du = −2exdx ù�Ú÷� u = 1− 2ex Ý��î ­Âê Âð� (3 ñ�·õßþ�Â���� ,exdx = −du/2 �þ

∫

ex sin(1− 2ex) dx =

∫

sinu

(−12 du

)

=
−12 ∫

sinudu =
12 cosu+ C

=
12 cos(1− 2ex) + Cø du = dx/ cos2 x ù�Ú÷� u = tanx Ý��î ­Âê Âð� (4 ñ�·õßþ�Â����

∫ 3√tanx

cos2 x dx =

∫ 3√udu =
34u4/3 + C

=
34 (tanx)4/3 + Cù�Ú÷� u = sin2 x Ý��î ­Âê Âð� (5 ñ�·õ

du = 2 sinx cos xdx = sin(2x)

ý� x Âû ý�¥� �� (9 ñ�·õ
∫

sin(2x) cos(3x) dx =

=

∫ 12 (sin(2x+ 3x) + sin(2x − 3x)) dx
=

12 ∫ (sin(5x) − sinx) dx

= − 110 cos(5x) +
12 cosx+ Cù�Ú÷� x > −1 Âð� (10 ñ�·õ

∫

x
√

x+ 1 dx =

∫

(x+ 1− 1)
√

x+ 1 dx
=

∫ (

(x+ 1)3/2 − (x+ 1)1/2) dx
=

(x+ 1)5/25/2 − (x + 1)3/23/2 + C

=
25 (x+ 1)2√x+ 1− 23 (x+ 1)

√

x+ 1+ C:À��î �±¨�½õ �¤ Âþ¥ ý�úó�ÂÚµ÷� ¥� ×þ Âû .ßþÂÞ� 5.2.51)

∫
dx

√
x+

√
x+ 1 , 2)

∫
x2 + 5x+ 7

x+ 3 dx,3)

∫

(sinx+ cosx)2dx, 4)

∫

(tanx+ cotx)2dx,5)

∫

tanh2 xdx 6)

∫ (√
x− 1√

x

)3
dx,7)

∫ 3x√x+ 1 dx, 8)

∫

(2− x)4dx,9)

∫

sinx sin(2x) dx, 10)

∫
xdx√
x+ 2 .11)

∫
dx

x2 − 9 , 12)

∫
dx

√

x2 + 4 ,13)

∫ 3xexdx, 14)

∫ 2x+ 3
x+ 1 dx,15)

∫
√2− 3xdx, 16)

∫
dx√1− x

,17)

∫ 42−3x dx, 18)

∫
a2x − 1√

ax
dx,19)

∫

sin4 xdx, 20)

∫

sin3 xdx,21)

∫
√1− sinxdx, 22)

∫
dx

sin2 x cos2 x,23)

∫ √
x(x2 − 3x + 1) dx,24)

∫

sinx
√1− cos(2x) dx,80
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a

b
tanx Ý��î ­Âê Âð� (9 ñ�·õßþ�Â���� ø du =

a du

b cos2 x
I =

∫
dx

a2 sin2 x+ b2 cos2 x
=

1
b2 ∫ dx

(a2/b2) tan2 x+ 1 •

dx

cos2 x
=

1
ab

∫
du

u2 + 1 =
1
ab

arctanu+ C

=
1
ab

arctan
(a

b
tanx

)

+ CÀ��î �±¨�½õ �¤ Âþ¥ ý�úó�ÂÚµ÷� ¥� ×þ Âû .ßþÂÞ� 4.3.51)

∫
x21+ x6 dx, 2)

∫
x+ 3
√

x2 − 4 dx,3)

∫
dx7x2 + 8 , 4)

∫
arctan(x/2)

x2 + 4 dx,5)

∫ √

arcsinx1− x2 dx, 6)

∫
ln(2x) dx
x ln(4x) ,7)

∫
exdx

ex − 1 , 8)

∫
exdx

√1− e2x ,9)

∫ 1
x

sin(ln |x|) dx, 10)

∫
tan (

√
x)√

x
dx,11)

∫ 1+ sin(3x)
cos2(3x) dx, 12)

∫
dx

sinhx
,13)

∫

tanhxdx, 14)

∫

x
5√5− x2 dx,15)

∫

xe−x
2
dx, 16)

∫
dx

cos2 x+ 1 ,17)

∫
arcsinx+ x
√1− x2 dx, 18)

∫

sin3 x√cosxdx,19)

∫
ax+ b

cx+ d
dx, 20)

∫

x.2x2 dx,21)

∫
dx

sinx+ cosx
, 22)

∫ (√

x+ 1− 1)2 dx,23)

∫
x−

√

arctan(2x)4x2 + 1 dx,24)

∫
dx

(a+ b) + (a− b)x2 , 25)

∫ √

x2 − 1
x

dx,26)

∫
√

ln(x+
√

x2 + 1)

x2 + 1 dx,27)

∫
dx

√

(1+ x2) ln(x+
√1+ x2) ,28)

∫

tan2(3x) sec2(3x) dx.

ßþ�Â���� ø
∫

esin
2 x sin(2x) dx =

∫

exdu = eu + C

= esin
2 x + C,x = (u − 1)2 ù�Ú÷� u = 1 +

√
x Ý��î ­Âê Âð� (6 ñ�·õø dx = 2(u− 1) du ßþ�Â����

∫ 1+ x1+
√
x
dx =

∫ 1+ (u− 1)2
u

2(u− 1) du

= 2 ∫ (u2 − 2u+ 2)(u − 1)

u
du

= 2 ∫ (u2 − 3u+ 4− 2
u

)

du

= 2u33 − 3u2 + 8u− 4 ln |u| + C

=
23 (1+

√
x)3 − 3(1+

√
x)2

+8(1+
√
x) − 4 ln |1+

√
x| + C�þ ex = u − 1 ù�Ú÷� u = 1 + ex Ý��î ­Âê Âð� (7 ñ�·õßþ�Â���� ø dx = du/(u− 1) �¹�µ÷ ¤¢ .x = ln |u− 1|

∫
dx1+ ex

=

∫
du

u(u− 1)
=

∫
du

u2 − u

=

∫
du

(u− 1/2)2 − (1/2)2¤¢ ø du = dv/2 ù�Ú÷� u − 1/2 = v/2 Ý��î ­Âê Âð� ñ���¹�µ÷
∫

dx1+ ex
=

∫
dv/2

(v/2)2 − (1/2)2 = 2 ∫ dv

v2 − 1
= ln

∣
∣
∣
∣

v − 1
v + 1 ∣∣∣∣+ C = ln

∣
∣
∣
∣

2u− 22u ∣
∣
∣
∣
+ C

= ln

∣
∣
∣
∣

ex

ex + 1 ∣∣∣∣+ CÝþ¤�¢ �¤�¬ ßþ� ¤¢ ,u = x + 1/x Ý��î ­Âê Âð� (8 ñ�·õßþ�Â���� ø du = (1− 1/x2) dx
I =

∫
(x2 − 1) dx

(x4 + 3x2 + 1) arcsin(x+ 1/x)
=

∫
(1− 1/x2) dx

(x+ 1/x)2 + 1) arcsin(x + 1/x)
=

∫
du) dx

(u2 + 1) arcsinuø dv = du/(u2 + 1) ù�Ú÷� ,v = arctanu Ý��î ­Âê ñ��ßþ�Â����
I =

∫
dv

v
= ln |v| + C

= ln | arctanu| + C

= ln
∣
∣
∣ arctan

(

x+
1
x

)∣
∣
∣+ C81



ß�ãõ�÷ ñ�ÂÚµ÷� 5 ÛÊê Ǒ�� �� Ǒ�� ©ø¤ �� ýÂ�Úó�ÂÚµ÷� 4.5�¹�µ÷ ¤¢ ,dv = dx/x2 ø u = lnx À��î ­Âê (3 ñ�·õßþ�Â���� .v = −1/x ø du = dx/x

∫
lnx

x2 dx =

∫

udv = uv −
∫

vdu

=
−1
x

lnx−
∫ −1

x

dx

x

= − lnx

x
+

∫

x−2 dx
= − lnx

x
− 1
x

+ C�¹�µ÷ ¤¢ ,dv = x3dx ø u = arctanx À��î ­Âê (4 ñ�·õßþ�Â���� v = x4/4 ø du = dx/(1+ x2)
∫

x3 arctanxdx =
x44 arctanx−

∫
x44 dx

x2 + 1
=

x44 arctanx− 14 ∫ (x2 − 1+
1

x2 + 1) dx

=
x4 − 14 arctanx− x312 +

x4 + Cø x = sin t �¤�¬ ßþ� ¤¢ ,t = arcsinx À��î ­Âê (5 ñ�·õßþ�Â���� .dx = cos tdt

∫
x arcsinx
√1− x2 dx =

∫
t sin t

√1− sin2 t cos tdt

=

∫

t sin tdt

du = dt �¹�µ÷ ¤¢ ,dv = sin tdt ø u = t Ý��î ­Âê Âð� ö��î�ßþ�Â���� v = − cos t ø
∫
x arcsinx
√1− x2 dx = −t cos t−

∫

− cos tdt

= −t cos t+ sin t+ C

= −(arcsinx) cos(arcsinx) + x+ C

= −(arcsinx)
√1− x2 + x+ C�¹�µ÷ ¤¢ ,dv = e2x dx ø u = sin(3x) À��î ­Âê (6 ñ�·õßþ�Â���� v =

∫

e2x dx =
12e2x + C ø du = 3 cos(3x) dx

I =

∫

e2x sin(3x) dx
= (sin(3x))(12e2x)−

∫ (12e2x) (3 cos(3x)) dx
=

12e2x sin(3x) − 32 ∫ e2x cos(3x) dx�¹�µ÷ ¤¢ ,dv = e2x ø u = cos(3x) À��î ­Âê ,ÂÚþ¢ ¤��ßþ�Â���� .v =

∫

e2x dx =
12e2x + C ø du = −3 sin(3x) dx

I =
12e2x sin(3x) − 32{(cos(3x))(12e2x)

�±¨�½õ ý�Â� °¨��õ Â�çµõ Â��ç� ��¿µ÷� �î ´¨� ßþ� ´�ãì�ø¤¢ §�¨� ß�Þû Â� ;´Æ�÷ ý�ù¢�¨ ¤�î ,«�¡ ñ�ÂÚµ÷� ×þ�úó�ÂÚµ÷� ¥� üþ�ûù¢��÷�¡ �ãó�Îõ �� �÷�ð�À� ¤�Î� ,ýÀã� ý�úÈ¿��±¨�½õ Û��ì ü¬�Ê¿� Â�çµõ Â��ç� �� ×þ Âû �î Ýþ¥�¢Â�üõø Ǒ�� �� Ǒ�� ©ø¤ ¥� ý¤Àì �î ´¨� �¥� ö� ¥� Û±ì .À�µÆû.Ý�ª�� �µª�¢ á�Ï� ÂÆî ×�ØÔ�Ǒ�� �� Ǒ�� ©ø¤ �� ýÂ�Úó�ÂÚµ÷� 4.5â��� ø¢ v = v(x) ø u = u(x) À��î ­Âê .��Ìì 1.4.5.´¨� ¢���õ ∫ udv ß�ãõ�÷ ñ�ÂÚµ÷� ø À�µÆû (a; b) Â� ÂþÁ³ÖµÈõø ´¨�¢���õ ��÷ ∫ vdu �¤�¬ ßþ� ¤¢
∫

udv = uv −
∫

vdu�Ø�þ� ø �ó�bÆõ ��®øÂÔõ �� ���� �� :��±��
d(uv) = udv + vduß�êÂÏ ¥� �î ´¨� üê�î ßþ�Â���� ø udv = d(uv) − vdu Ýþ¤�¢

2 .ÝþÂ�Ú� ñ�ÂÚµ÷� ýø�Æ� ßþ�¤¢ ,dv = ex ø u = x Ý��î ­Âê (1 .ñ�·õ 2.4.5ßþ�Â���� v =

∫

exdx = ex + C ø du = dx �¹�µ÷
∫

xexdx =

∫

udv

= uv −
∫

vdu

= xex −
∫

exdx

= xex − ex + C

= (x− 1)ex + C�¹�µ÷ ¤¢ ,dv = dx ø u = arctanx À��î ­Âê (2 ñ�·õßþ�Â���� v =

∫

dx = x+ C ��÷ ø du = dx/(1+ x2)
∫

arctanxdx =

∫

udv = uv −
∫

vdu

= x arctanx−
∫

x
dx1+ x2ø dt = 2xdx Ýþ¤�¢ t = 1+ x2 ­Âê ��

∫

arctanxdx = x arctanx−
∫

dt2t
= x arctanx− 12 ln |t| + C

= x arctanx− 12 ln |1+ x2| + C82



ýÂÆî â���� ¥� ýÂ�Úó�ÂÚµ÷� 5.5 ß�ãõ�÷ ñ�ÂÚµ÷� 5 ÛÊê
=

−125 e−xRe

(
[5(1+ 2i)x+ (4i− 3)

]

×
(
cos(2x) + i sin(2x)))

= −e
−x25 ((5x− 3) cos(2x)

−(10x+ 4) sin(2x)) + CÀ��î �±¨�½õ �¤ Âþ¥ ý�úó�ÂÚµ÷� ¥� ×þ Âû .ßþÂÞ� 3.4.51)

∫

arcsinxdx, 2)

∫

x cos2 xdx,3)

∫

x sinxdx, 4)

∫
x

ex
dx,5)

∫

x cos(3x) dx, 6)

∫

x2e3x dx,7)

∫ 2−x dx, 8)

∫

ln2 xdx,9)

∫

x2 lnxdx, 10)

∫
lnx√
x
dx,11)

∫

e
√
x dx, 12)

∫

ln
(

x+
√1+x2)dx,13)

∫ 3x cosxdx, 14)

∫

sin(lnx) dx,15)

∫

(x+1)arctanxdx, 16)

∫

x ln

(1− x1+ x

)

dx,17)

∫
ln(lnx)

x
dx, 18)

∫

x arctan2 xdx,19)

∫
arcsin (

√
x)√1− x
dx, 20)

∫

cos2(lnx) dx,21)

∫
sin2 x
ex

dx, 22)

∫ √

a2 + x2 dx,23)

∫

xex sinxdx, 24)

∫

arcsin
(√
x
)
dx,25)

∫

sinx ln(tanx) dx, 26)

∫
ln(sinx)

sin2 x dx,27)

∫ 1
x3 cos(

1
x

) dx, 28)

∫
x2 dx

(x2 + 1)2 dx,29)

∫
x3 dx

√

x2 − 1 , 30)

∫

tanx ln(cos x) dx,31)

∫ √1
x
− 1 dx, 32) e2xeex

dx.ýÂÆî â���� ¥� ýÂ�Úó�ÂÚµ÷� 5.5�î ´¨� P (x)

Q(x)
�Âê �� â���� ¥� ýÂ�Úó�ÂÚµ÷� Ç¿� ßþ� á�®�õÀª �µÔð �ø¢ ÛÊê ¤¢ �f ±ì .À�µÆû ý��ÜÞ� À�� Q(x) ø P (x)

−12 ∫ (e2x)(−3 sin(3x) dx)}
=

12e2x sin(3x) − 34e2x cos(3x)
−94 ∫ e2x sin(3x) dx

=
12e2x(2 sin(3x) − 3 cos(3x)) − 94I�b ó¢�ãõ �� ,�¹�µ÷ ¤¢

I +
94I =

14e2x(2 sin(3x) − 3 cos(3x)) + Cßþ�Â���� .Ý�¨¤üõ
I =

113e2x(2 sin(3x) − 3 cos(3x)) + C�¹�µ÷ ¤¢ ,dv = dx ø u =
√

a2 − x2 À��î ­Âê (7 ñ�·õßþ�Â���� .v = x ø du =
−xdx

√

a2 − x2
I =

∫
√

a2 − x2 dx
= x

√

a2 − x2 −
∫

x
−x

√

a2 − x2 dx
= x

√

a2 − x2 −
∫
a2 − x2 + a2
√

a2 − x2 dx

= x
√

a2 − x2 −
∫ √

a2 − x2 dx− a2 ∫ dx
√

a2 − x2
= x

√

a2 − x2 − I − a2 arcsin
(x

a

)ßþ�Â���� ø I + I = x
√

a2 − x2 − a2 arcsin
(x

a

) �¹�µ÷ ¤¢
I =

x2√a2 − x2 − a22 arcsin
(x

a

)

+ Cö���üõ �úó�ÂÚµ÷� �b ±¨�½õ ý�Â� ÍÜµ¿õ ¢�Àä� «��¡ ¥� (8 ñ�·õ
∫
xe−x cos(2x) dx ñ�ÂÚµ÷� ¢¤�õ ¤¢ ñ�·õ ö���ä �� ¢�Þ÷ ù¢�Ôµ¨�:Ý��îüõ ÛÞä Âþ¥ ©ø¤ ��

∫

xe−x cos(2x) dx = Re

(∫

xe−xe2xi dx)
= Re

(∫

xe(2i−1)x dx

)

= Re

( 12i− 1 ∫ xde(2i−1)x

)

= Re

(−1− 2i5 [

xe(2i−1)x −
∫

e(2i−1)x dx

])

=
−15 Re

(

(1+ 2i) [xe(2i−1)x −
∫

e(2i−1)x dx

])

=
−15 Re

(

(1+ 2i) [xe(2i−1)x − 12i− 1e(2i−1)x

])

=
−125 e−xRe

([5(1 + 2i)x+ (1+ 2i)2]e2xi)83



ß�ãõ�÷ ñ�ÂÚµ÷� 5 ÛÊê ýÂÆî â���� ¥� ýÂ�Úó�ÂÚµ÷� 5.5ñ�õÂê ¥� ´¨� üê�î ,ùÀõ� ´¨À� �ó�bÆõ Û� ý�Â�
cos2 u =

1+ cos(2u)2ßþ� ¥� ��ãê¢ �� �ó�bÆõ Û� �õ�¢� ¤¢ ´¨� ßØÞõ .Ý��î ù¢�Ôµ¨�.¢�ª ù¢�Ôµ¨� ñ�õÂêù��¿ó¢ °þ�Â® �� �� 2(k − 1) �b ±�Âõ ý��ÜÞ� À�� (2 ©ø¤�î ÝþÂ�ðüõ ÂÑ÷ ¤¢ ý¤�Ï �¤ α ù��¿ó¢ ´��� ¢Àä ø P (x)

∫
Ax+B

(ax2 + bx+ c)k
dx =

P (x)

(ax2 + bx+ c)k−1
+α

∫
dx

ax2 + bx+ cÀ�� ö¢�¢ ¤�Âì Â��Â� ø ýø�Æ� ßþ� ß�êÂÏ ¥� ýÂ�ÚÖµÈõ �� Å³¨ ø�À�� �¤ α ¢Àä ø P (x) °þ�Â® ,ýø�Æ� éÂÏ ø¢ ¤¢ ý�úþ��ÜÞ�¢�ª �±¨�½õ Àþ�� �î üó�ÂÚµ÷� �ú�� ´þ�ú÷ ¤¢ ,ßþ�Â���� .Ý��îüõ.´¨� ∫ dx

ax2 + bx+ c
ñ�ÂÚµ÷��¤ 3x + 22x2 + x− 3 ýÂÆî â��� ñ�ÂÚµ÷� (1 .ñ�·õ 3.5.5.À��î �±¨�½õÝ�ÆÖ� �� ý¥��÷ ,´¨� �Â¿õ ¥� ÂµÞî �¤�¬ �b�¤¢ ö�� .Û�.´¨� (x − 1)(2x + 3) Â��Â� 2x2 + x − 3 ,ùø�ã� .´Æ�÷Ý��îüõ ­Âê Å�3x+ 22x2 + x− 3 =

A

x− 1 +
B2x+ 3¤¢ Âð� ñ�� .3x+2 = A(2x+3) +B(x−1) �¤�¬ ßþ� ¤¢�� .A = 1 Ýþ¤ø�üõ ´¨À� ,ÝþÂ�Ú� ×þ �¤ x ¤�ÀÖõ ýø�Æ� ßþ��¹�µ÷ ¤¢ .B = 1 Ýþ¤ø�üõ ´¨À� ,x =

−32 ö¢�¢ ¤�Âì
∫ 3x+ 22x2 + x− 3 dx =

∫ { 1
x− 1 +

12x+ 3} dx

=

∫
dx

x− 1 +

∫
dx2x + 3 =

∫
dt

t
+
12 ∫ ds

s

= ln |t| + 12 ln |s| + C

= ln |x− 1| + 12 ln |2x+ 3| + C.s = 2x+ 3 ø t = x− 1´¨� ùÀª ­Âê �¹�þ� ¤¢ �î�¤ x3
(x − 1)(x− 2)(x − 3)

ýÂÆî â��� ñ�ÂÚµ÷� (2 ñ�·õ.À��î �±¨�½õ:Ý��îüõ Ý�ÆÖ� �Â¿õ Â� �¤ �¤�¬ �Àµ�� .Û�
x3

(x− 1)(x− 2)(x − 3)
=

x3
x3 − 6x2 + 11x − 6

= 1+
6x2 − 11x + 6

(x − 1)(x− 2)(x − 3)

â��� ý¢�Àã� ø ý��ÜÞ� À�� ×þ á�Þ¹õ �� �¤ üã��� ß��� Âû �îø¢ ¥� üØþ �� ù¢�¨ ýÂÆî â���� .¢�Þ÷ �þ�¹� ö���üõ ù¢�¨ ýÂÆî:À�ª��üõ Âþ¥ üÜî �Âê.a 6= 0 ø a, b, A ∈ R ö� ¤¢ �î , A

(ax+ b)k
(Óó�ø a 6= 0 ,a, b, c, A,B ∈ R ö� ¤¢ �î , Ax +B

(ax2 + bx+ c)k
(�.∆ = b2 − 4ac < 0�¤ üþ�ûÂÆî ß��� ¥� ýÂ�Úó�ÂÚµ÷� �î ´¨� üê�î ßþ�Â����.¢�¢ ��¹÷� ö��µ�.Óó� á�÷ ùb¢�¨ ýÂÆî â���� ¥� ýÂ�Úó�ÂÚµ÷� 1.5.5¥� ,a 6= 0 �î A

(ax+ b)k
ù¢�¨ ýÂÆî â��� ¥� ýÂ�Úó�ÂÚµ÷� ý�Â�ßþ�Â���� ,Ý��îüõ ù¢�Ôµ¨� u = ax+ b Â�çµõ Â��ç�

∫
A

(ax + b)k
=
A

a

∫
du

uk.� á�÷ ùb¢�¨ ýÂÆî â���� ¥� ýÂ�Úó�ÂÚµ÷� 2.5.5�î Ax +B

(ax2 + bx+ c)k
ùb¢�¨ ýÂÆî â��� ¥� ýÂ�Úó�ÂÚµ÷� ý�Â�:¢¤�¢ ¢��ø üÜî ©ø¤ ø¢ ,∆ = b2 − 4ac < 0 ø a 6= 0Ý��îüõ Ý�ÆÖ� 2ax+ b Â� �¤ Ax +B �Àµ�� (1 ©ø¤

Ax+B =
A2a (2ax+ b) +

(
Ab2a +B

)Ý�Æþ�÷üõ Å³¨
Ax +B

(ax2 + bx+ c)k
=

(
A2a) 2ax+ b

(ax2 + bx+ c)k

+

(
Ab2a +B

) 1
(ax2 + bx+ c)kßþ�Â���� ,u = ax2 + bx+ c Ý��îüõ ­Âê ñø� ñ�ÂÚµ÷� ¢¤�õ ¤¢

∫ 2ax+ b

(ax2 + bx+ c)k
dx =

∫
du

uk�bÎ��¤ �� ,�ø¢ ñ�ÂÚµ÷� ¢¤�õ ¤¢
ax2 + bx+ c =

14a {(2ax+ b)2 +
(√4ac− b2)2}.2ax + b =

√4ac− b2 tanu Ý��îüõ ­Âê ø ù¢Âî ����ßþ�Â����
∫

dx

(ax2 + bx+ c)k
=

∫ 12a√4ac− b2(1+ tan2 u) du
{ 14a (4ac− b2)(1+ tan2 u)}k

= 22k−1ak−1(4ac− b2)1/2−k ∫ (1+ tan2 u)1−k du
= 22k−1ak−1(4ac− b2)(1−2k)/2 ∫ (cos u)2(k−1) du84



ýÂÆî â���� ¥� ýÂ�Úó�ÂÚµ÷� 5.5 ß�ãõ�÷ ñ�ÂÚµ÷� 5 ÛÊê:Ý��îüõ ­Âê ¤�Ñ�õ ßþ� ý�Â� .Û�1
(x+ 1)2(x− 2)3 =

A

x− 1 +
B

(x− 1)2 +
C

(x− 2)

+
D

(x− 2)2 +
E

(x− 2)3�¹�µ÷ ¤¢1 = A(x− 1)(x − 2)3 +B(x − 2)3
+C(x− 1)2(x− 2)2 +D(x− 1)2(x− 2) + E(x − 1)2,x = 0 ø x = −2 ,x = −1 ,x = 2 ,x = 1 ö¢�¢ ¤�Âì �� ö��î�ø 1 = E ,1 = −B Ýþ¤ø�üõ ´¨À�






54A− 27B + 36C − 12D + 4E = 1192A − 64B + 144C − 36D + 9E = 18A− 8B + 4C − 2D + E = 1 ⇒

⇒







9A+ 6C − 2D = −516A+ 12C − 3D = −64A+ 2C −D = −4ßþ�Â���� .D = −2 ø C = 3 ,A = −3 �¹�µ÷ ¤¢�� ´¨� Â��Â� ∫ dx

(x− 1)2(x − 2)3 dx
=

∫
{

−3
x− 1 +

−1
(x− 1)2 +

3
x− 2

+
−2

(x− 2)2 +
1

(x− 2)3} dx
= −3 ∫ dx

x− 1 −
∫

dx

(x− 1)2 + 3 ∫ dx

x− 2
−2 ∫ dx

(x − 2)2 +

∫
dx

(x− 2)3
= −3 ∫ dt

t
−
∫
dt

t2 + 3 ∫ ds

s
− 2 ∫ ds

s2 +

∫
ds

s3
= −3 ln |t| + 1

t
+ 3 ln |s| + 1

s
+
s−2
−2 + C

= −3 ln |x− 1| + 1
x− 1 + 3 ln |x− 2|

+
2

x− 2 − 12(x− 2)2 + C.s = x− 2 ø t = x− 1´¨� ùÀª ­Âê �¹�þ� ¤¢.À��î �±¨�½õ �¤ x

(x− 1)(x2 + 4)
ýÂÆî â��� ñ�ÂÚµ÷� (5 ñ�·õÝ��îüõ ­Âê ¤�Ñ�õ ßþ� ý�Â� .Û�

x

(x− 1)(x2 + 4)
=

A

x− 1 +
Bx+ C

x2 + 4�� ö��î� .x = A(x2 + 4) + (Bx + C)(x − 1) �¹�µ÷ ¤¢1 = 5A �î Ýþ¤ø�üõ ´¨À� °��Âµ� ,x = 2i ø x = 1 ­Âêß��»Þû ø A = 1/5 ,�¹�µ÷ ¤¢ .2i = (2Bi + C)(2i − 1) øÂÚþ¢ �¤�±ä �� �þ ø 2i = (−C − 4B) + (−2B + 2C)i
{

−C − 4B = 0
−2B + 2C = 2 {

C = −4B
−10B = 2 {

C = 45
B = −15

ù¢�¨ ý�ûÂÆî ¥� üä�Þ¹õ �� �¤ ùÀõ� ´¨À� ýÂÆî â��� Å³¨:Ý��îüõ �þ�¹�6x2 − 11x + 6
(x− 1)(x − 2)(x − 3)

=
A

x− 1 +
B

x− 2 +
C

x− 3ßþ�Â����6x2 − 11x+ 6 = A(x − 2)(x− 3)

+B(x− 1)(x − 3) + C(x − 1)(x− 2)´¨À� °��Â� �� ,x = 3 ø x = 2 ,x = 1 ­Âê �� ö��î��¹�µ÷ ¤¢ .27 = 2C ø 8 = −B ,1 = 2A �î Ýþ¤ø�üõ.C = 27/2 ø B = −8 ,A = 1/2
∫

x3dx
(x− 1)(x − 2)(x− 3)

=

=

∫ {1+
1/2
x− 1 +

−8
x− 2 +

27/2
x− 3} dx

=

∫

dx+
12 ∫ dx

x− 1 − 8 ∫ dx

x− 2 +
272 ∫

dx

x− 3
= x+

12 ln |x− 1| − 8 ln |x− 2| + 272 ln |x− 3| + C�±¨�½õ �¤ x− 1
(x+ 1)2(x− 2)

ýÂÆî â��� ñ�ÂÚµ÷� (3 ñ�·õ.À��î:Ý�Æþ�÷üõ ,�Â¿õ ¤¢ x+ 1 üÎ¡ Ûõ�ä ¤�ÂØ� �� ���� �� .Û�
x− 1

(x+ 1)2(x − 2)
=

A

x+ 1 +
B

(x+ 1)2 +
C

x− 2.x−1 = A(x+1)(x−2+B(x−2)+C(x+1)2 �¹�µ÷ ¤¢,−2 = −3B Ýþ¤�¢ x = 0 ø x = 2 ,x = −1­Âê �� ö��î�,B = 2/3 �¹�µ÷ ¤¢ .−1 = −A − B + C ø 1 = 9Cßþ�Â���� .A = C −B + 1 = −1/9 ø C = 1/9
∫

x− 1
(x+ 1)2(x− 2)

dx =

=

∫ {−1/9
x+ 1 +

2/3
(x+ 1)2 +

1/9
x− 2} dx

= −19 ∫ dx

x+ 1 +
23 ∫ dx

(x+ 1)2 +
19 ∫ dx

x− 2
= −19 ∫ dt

t
+
23 ∫ dt

t2 +
19 ∫ ds

s

= −19 ln |t| + 23 −1
t

+
19 ln |s| + C

= −19 ln |x+ 1| − 23(x + 1)
+
19 ln |x− 2| + C.s = x− 2 ø t = x+ 1´¨� ùÀª­Âê �¹�þ� ¤¢ �î�±¨�½õ �¤ 1

(x − 1)2(x− 2)3 ýÂÆî â��� ñ�ÂÚµ÷� (4 ñ�·õ.Ý��îüõ85



ß�ãõ�÷ ñ�ÂÚµ÷� 5 ÛÊê ýÂÆî â���� ¥� ýÂ�Úó�ÂÚµ÷� 5.5ßþ�Â���� ,x = 2 tanu Ý��î
∫

dx

(x2 + 4)3 =

∫ 2(1+ tan2 u) du
(4 tan2 u+ 4)3

=
132 ∫ du

(1+ tan2 u)2 =
132 ∫ (cos2 u)2du

=
132 ∫ (1+ cos(2u)2 )2

du

=
1128 ∫ (1+ 2 cos(2u) + cos2(2u)) du

=
1128 ∫ du+

164 ∫ cos(2u) du
+

1128 ∫ cos2(2u) du
=

u128 +
sin(2u)128 +

1128 ∫ 1+ cos(4u)2 du

=
u128 +

sin(2u)128 +
u256 +

sin(4u)1024 + CÝþ¤�¢ ,tanu = x/2 �Ø�þ� �� ���� �� �õ�
sin(2u) =

2 tanu1+ tan2 u
=

x1+ x2/4 =
4x4+ x2

cos2(2u) = 1− sin2(2u)
= 1− 16x2

(x2 + 4)2 =
(x2 − 4)2
(x2 + 4)2ßþ�Â����

∫
dx

(x2 + 4)3 =
2256 arctan

( x2)+
4128 x

x2 + 4
+

1128 x(x2 − 4)

(x2 + 4)2 + C�±¨�½õ �¤ 1
x(x2 + 1)(x2 + 2)2 ýÂÆî â��� ñ�ÂÚµ÷� (8 ñ�·õ.À��î�Â® x ¤¢ �¤ ÂÆî �Â¿õ ø �¤�¬ �Àµ�� ¤�Ñ�õ ßþ� ý�Â� .Û��¹�µ÷ ¤¢ .z = x2 Ý��îüõ ­Âê Å³¨ ø Ý��îüõ

∫
dx

x(x2 + 1)(x2 + 2)2 =

∫
xdx

x2(x2 + 1)(x2 + 2)2
=

∫
dx

z(z + 1)(z + 2)2Ûõ��ä �� �õ� ,´¨� ýÂÆî â��� ×þ Ûõ�ª ��÷ Û¬�� ñ�ÂÚµ÷�:Ý��îüõ ­Âê Å³¨ ,üÎ¡1
z(z + 1)(z + 2)2 =

A

z
+

B

z + 1 +
C

z + 2 +
D

(z + 2)2�¹�µ÷ ¤¢1 = A(z + 1)(z + 2)2 +Bz(z + 2)2
+Cz(z + 1)(z + 2) +Dz(z + 1)

�¹�µ÷ ¤¢
I =

∫
xdx

(x − 1)(x2 + 4)

=
15 ∫ dx

x2 + 4 − 15 ∫ x− 4
x2 + 4 dxßþ�Â���� ,x− 4 =

12 (2x) − 4 �õ�
I =

15 ln |x− 1| − 110 ∫ 2x
x2 + 4 dx+

45 ∫ dx

x2 + 4
=

15 ln |x− 1| − 110 ln |x2 + 4| + 25 arctan
( x2)+ C.´¨� ùÀª ù¢�Ôµ¨� t = x2+4 Â�çµõ Â��ç� ¥� ,�ø¢ ñ�ÂÚµ÷� ¢¤�õ ¤¢�±¨�½õ �¤ x2

(x2 + 1)(2x2 + 1)
ýÂÆî â��� ñ�ÂÚµ÷� (6 ñ�·õ.À��î:Ý��îüõ ­Âê ¤�Ñ�õ ßþ� ý�Â� .Û�

x2
(x2 + 1)(2x2 + 1)

=
Ax +B

x2 + 1 +
Cx+D2x2 + 1.x2 = (Ax + B)(2x2 + 1) + (Cx + D)(x2 + 1) ßþ�Â�����î Ýþ¤ø�üõ ´¨À� °��Âµ� x =

√22 i ø x = i ­Âê �� ö��î�ø (Ai+B)(−2+ 1) = −1
(√22 Ci+D

)(−12 + 1) =
−12,B = 1 �¹�µ÷ ¤¢ .√22 Ci+D = −1 ø Ai+B = 1 ,ßþ�Â����ßþ�Â���� .C = 0 ø D = −1 ,A = 0

I =

∫
x2dx

(x2 + 1)(2x2 + 1)

=

∫
dx

x2 + 1 −
∫

dx2x2 + 1Ýþ¤�¢ �ø¢ ñ�ÂÚµ÷� ¤¢ √2x = tanu­Âê ��
I = arctanx−

∫
√22 (1+ tan2 u) du

tan2 u+ 1
= arctanx−

√22 ∫

du

= arctanx−
√22 u+ C

= arctanx−
√22 arctan(

√2x) + C.À��î �±¨�½õ �¤ 1
(x2 + 4)3 ýÂÆî â��� ñ�ÂÚµ÷� (7 ñ�·õ­Âê ´¨� üê�î ßþ�Â���� .´Æ�÷ ÂÆî ×�ØÔ� �� ý¥��÷ .Û�86



ýÂÆî â���� ¥� ýÂ�Úó�ÂÚµ÷� 5.5 ß�ãõ�÷ ñ�ÂÚµ÷� 5 ÛÊê
= x2 − 5+

15
x2 + 1 − 20

(x2 + 1)2 +
15

(x2 + 1)3
− 6

(x2 + 1)4 +
1

(x2 + 1)5ý�Â� .ÝþÂ�Ú� ñ�ÂÚµ÷� �Ü¬�� ý�ûÂÆî ¥� �î ´¨� �¥� �õ�¢� ¤¢�� ,�¤�¬ ßþ� ¤¢ In =

∫
dx

(x2 + 1)n
Ý��îüõ­Âê ¤�Ñ�õ ßþ�Ýþ¤�¢ ,Ǒ�� �� Ǒ�� ©ø¤ ¥� ù¢�Ôµ¨�

In =

∫
dx

(x2 + 1)n

=
1

(x2 + 1)n
x+

∫ 2nx2 dx
(x2 + 1)n+1

=
x

(x2 + 1)n
+ 2n ∫ (x2 + 1− 1) dx

(x2 + 1)n+1
=

x

(x2 + 1)n
+

∫ 2n dx
(x2 + 1)n

−
∫ 2n dx

(x2 + 1)n+1
=

x

(x2 + 1)n
+ 2nIn − 2nIn+1ø In+1 =
2n− 12n In +

x2n(x2 + 1)n
ßþ�Â����

I1 =

∫
dx

x2 + 1 = arctanx+ C

I2 =

∫
dx

(x2 + 1)2 =
12I1 +

x2(x2 + 1)

=
12 arctanx+

x2(x2 + 1)
+ C

I3 =

∫
dx

(x2 + 1)3 =
34I2 +

x4(x2 + 1)2
=

38 arctanx+
3x8(x2 + 1)

+
x4(x2 + 1)2 + C

I4 =

∫
dx

(x2 + 1)4 =
56I3 +

x6(x2 + 1)3
=

516 arctanx+
5x16(x2 + 1)

+
5x24(x2 + 1)2

+
x6(x2 + 1)3 + C

I5 =

∫
dx

(x2 + 1)5 =
78I4 +

x8(x2 + 1)4
=

35128 arctanx+
35x128(x2 + 1)

+
35x192(x2 + 1)2

+
7x48(x2 + 1)3 +

x8(x2 + 1)4 + C ßþ�Â����
∫

x12
(x2 + 1)5 dx =

x33 − 5x+ 15I1 − 20I2
+15I3 − 6I4 + I5

=
x33 − 5x +

1155128 arctan(x) − 765x128(x2 + 1)

+
515x192(x2 + 1)2 − 41x48(x2 + 1)3 +

x8(x2 + 1)4 + C

´¨À� z = 1 ø z = −2 ,z = −1 ,z = 0 ­Âê �� ö��î�1 = 18A + ø 1 = 2D ,1 = −B ,1 = 4A Ýþ¤ø�üõø C = 3/4 ,B = −1 ,A = 1/4 ßþ�Â���� .9B + 6C + 2D�¹�µ÷ ¤¢ .D = 1/2
∫

dx

x(x2 + 1)(x2 + 2)2 =

=
14 ∫ dz

z
−
∫

dz

z + 1 +
34 ∫ dz

z + 2 +
12 ∫ dz

(z + 2)2
=
14 ln |z| − ln |z + 1| + 34 ln |z + 2| + 12 −1

z + 2 + C

=
12 ln |x| − ln |x2 + 1| + 34 ln |x2 + 2| − 12x2 + 4 + C.À��î �±¨�½õ �¤ x2 + 1

x4 + 1 ýÂÆî â��� ñ�ÂÚµ÷� (9 ñ�·õ�Ø�þ� �� ���� �� .Û�
x4 + 1 = x4 + 2x2 + 1− 2x2

= (x2 − 1)2 − (
√2x)2

= (x2 −
√2x+ 1)(x2 +

√2x+ 1)Ý�Æþ�÷üõ
x2 + 1
x4 + 1 =

x2 +
√2x+ 1−

√2x
x4 + 1

=
1

x2 −
√2x+ 1 −

√2x
x4 + 1Ýþ¤�¢ s = x2 ø x−

√22 =

√22 t­Âê �� �¤�¬ ßþ� ¤¢
∫
x2 + 1
x4 + 1 dx =

∫
x2 +

√2x+ 1
x4 + 1 dx−

√2 ∫ xdx

x4 + 1
=

∫
dx

(

x−
√22 )2 +

(√22 )2 −
√2 ∫ xdx

(x2)2 + 1
=

∫
√22 dt12 t2 + 12 −

√2 ∫ 12 ds
s2 + 1

=
√2 arctan t−

√22 arctan s+ C

=
√2 arctan

(√2x− 1)− 12 arctan(x2) + C.À��î �±¨�½õ �¤ x12
(x2 + 1)5 ýÂÆî â��� ñ�ÂÚµ÷� (10 ñ�·õ:Ý�û¢üõ ÍÆ� x2 + 1°Æ� Â� �¤ �¤�¬ �Àµ�� .Û�

x12
(x2 + 1)5 =

((x2 + 1) − 1)6
(x2 + 1)5

=
1

(x2 + 1)5 ((x2 + 1)6 − 6(x2 + 1)5
+15(x2 + 1)4 − 20(x2 + 1)3
+15(x2 + 1)2 − 6(x2 + 1) + 1)87



ß�ãõ�÷ ñ�ÂÚµ÷� 5 ÛÊê ýÂÆî â���� ¥� ýÂ�Úó�ÂÚµ÷� 5.5Ý�Æþ�÷üõ ,(x2 − x+ 2)′ = 2x− 1 �Ø�þ� �� ���� �� ø
x4 + 1

(x2 − x+ 2)2 = 1− 3 x− 1
(x2 − x+ 2)2 +

2x− 3
x2 − x+ 2

= 1− 3 x− 1
(x2 − x+ 2)2 +

2x− 1
x2 − x+ 2

−2 1
x2 − x+ 2 ßþ�Â����

∫
x4 + 1

(x2 − x+ 2)2 dx = x− 3I1 + ln |x2 − x+ 2| − 2I2.I2 =

∫
x− 1

(x2 − x+ 2)2 dx ø I1 =

∫
dx

x2 − x+ 2 ö� ¤¢ �î�î ¢¢Âðüõ ùÀû�Èõ ´ó�ú¨ ��
I1 = 2√77 arctan

(√77 (2x − 1)

)

+ C,ßþ�Â���� .Ý��î ù¢�Ôµ¨� 2.5.5 ¤¢ (2) ©ø¤ ¥� Àþ�� I2 ¢¤�õ ¤¢ øÝ��îüõ ­Âê
∫

x− 1
(x2 − x+ 2)2 =

P (x)

x2 − x+ 2 + α

∫
dx

x2 − x+ 2.Àª��üõ 2(2 − 1) = 2 �b ±�Âõ ý��ÜÞ� À�� ×þ P (x) �î�� .P (x) = Ax2 + Bx + C �î Ý��îüõ ­Âê ,ßþ�Â�����î ÝþÂ�ðüõ �¹�µ÷ ,ùÀª ­Âê �bÎ��¤ ß�êÂÏ ¥� ýÂ�ÚÖµÈõ
x− 1 = (2Ax +B)(x2 − x+ 2)

−(2x− 1)(Ax2 +Bx+ C) + α(x2 − x+ 2)ýø�Æ� ý�¨ ø¢ ¤¢ x Â��Â� ý�ú÷��� °þ�Â® ö¢�¢ ¤�Âì �� ,ßþ�Â����Ýþ¤�¢ ,���
{−A−B + α = 04A− 2C − α = 12B + C + 2α = −1 ⇒







A = −3B+57
C = −8B+117
α = 4B−57.B = 0 Ý��î ­Âê Ý�÷���üõ Å� ,´¨� ù��¿ó¢ B ö�� �î.α = −5/7 ,C = −11/7 ,B = 0 ,A = −5/7 ßþ�Â����Ýþ¤�¢ I2 ¢¤�õ ¤¢ ��óø� ­Âê �� ���� �� ,ßþ�Â����

I2 =

∫ −57x2 − 117
x2 − x+ 2 − 57 ∫ dx

x2 − x+ 2
= −17 ∫ 5x2 + 11

x2 − x+ 2 − 57I1Ýþ¤�¢ á�Þ¹õ ¤¢ ø
∫

x4 + 1
(x2 − x+ 2)2 =

= x+ ln
∣
∣
∣x2 − x+ 2∣∣∣+ 17 3x+ 9

x2 − x+ 2
−3849√7 arctan

(√77 (2x − 1)

)

+ C

ñ�ÂÚµ÷� ,2.5.5 ¥� (2) ©ø¤ ×Þî �� (11 ñ�·õ.À��î �±¨�½õ �¤ ∫ dx

(x2 + x+ 1)3:Ý��îüõ ­Âê ¤�Ñ�õ ßþ� ý�Â� .Û�
∫

dx

(x2 + x+ 1)3 =
P (x)

(x2 + x+ 1)2 + α

∫
dx

x2 + x+ 1.Àª��üõ 2(3 − 1) = 4 �b ±�Âõ ý��ÜÞ� À�� ×þ P (x) �î�î Ý��îüõ ­Âê ,ßþ�Â����
P (x) = Ax4 +Bx3 + Cx2 +Dx+ E.Ýþ¤�¢ ,ùÀª­Âê �bÎ��¤ ß�êÂÏ ¥� ýÂ�ÚÖµÈõ ��1 = (4Ax3 + 3Bx2 + 2Cx+D)(x2 + x+ 1)

−2(2x+ 1)(Ax4 +Bx3 + Cx2 +Dx+ E)

+α(x2 + x+ 1)2ýø�Æ� ý�¨ ø¢ ¤¢ x Â��Â� ý�ú÷��� °þ�Â® ö¢�¢ ¤�Âì �� ,ßþ�Â����Ýþ¤�¢ ,���






2A−B + α = 04A+B − 2C + 2α = 03B − 3D + 3α = 02C −D − 4E + 2α = 0
−2E +D + α = 1 ⇒







A = −1/2+ E
B = −1/3+ 2E
C = −1/2+ 3E
D = 1/3+ 2E
α = 2/3.E = 0 Ý��î ­Âê Ý�÷���üõ Å� ,´¨� ù��¿ó¢ E ö�� �î

D = 1/3 ,C = −1/2 ,B = −1/3 ,A = −1/2 ßþ�Â�����¹�µ÷ ,Âþ¢�Öõ ßþ� ø ��óø� ­Âê �� ���� �� ö��î� .α = 2/3 øÝþÂ�ðüõ
∫

dx

(x2 + x+ 1)3 =
−12x4 − 13x3 − 12x2 + 13x

(x2 + x+ 1)2
+
23 ∫ dx

x2 + x+ 1
=

−12x4 − 13x3 − 12x2 + 13x
(x2 + x+ 1)2

+
4√39 arctan

(√33 (2x + 1)

)

+ C.À��î �±¨�½õ �¤ ∫ x4 + 1
(x2 − x+ 2)2 dx ñ�ÂÚµ÷� (12 ñ�·õÂ� �¤ �¤�¬ ,´Æ�÷ �Â¿õ �b�¤¢ ¥� ÂµÞî �¤�¬ �b�¤¢ ö�� .Û�:Ý��îüõ Ý�ÆÖ� ö� �Â¿õ

x4 + 1
(x2 − x+ 2)2 = 1+

2x3 − 5x2 + 4x− 3
(x2 − x+ 2)22x3−5x2 +4x−3 ,ù¢�¨ ý�ûÂÆî �� öÀ�¨¤ Â³Ñ�õ �� ,Å³¨:Ý��îüõ Ý�ÆÖ� x2 − x+ 2 �� �¤2x3 − 5x2 + 4x− 3 =

= (2x− 3)(x2 − x+ 2) + 3− 3x.88



ýÂÆî â���� ý�Â� üØ¨¢�ÂðøÂµ¨� ©ø¤ 6.5 ß�ãõ�÷ ñ�ÂÚµ÷� 5 ÛÊê33)

∫
x4 + 1
x6 + 1 dx, 34)

∫
dx

x(x10 + 2)
,35)

∫
dx

(x2 + x+ 2)3 , 36)

∫
x4 dx

(x10 + 2x5 + 2)2 .â���� ý�Â� üØ¨¢�ÂðøÂµ¨� ©ø¤ 6.5ýÂÆî�î ÝþÂ�Ú� ñ�ÂÚµ÷� P (x)/Q(x) ýÂÆî â��� ¥� Ý�û��¿� À��î­ÂêÝ��î ­Âê .Àª��üõ P (x) �b�¤¢ ¥� Âµð¤�� Q(x) �b�¤¢ ö� ¤¢üÔ�õ ý�µó¢ �� �ø¢ �b�¤¢ �þ ø ×þ �b�¤¢ Ûõ��ä �� Q(x) �b þ�¹�.Àª�� Q(x) = (R1(x))n1 (R2(x))n2 · · · (Rm(x))nm ÛØª ��ýÂÆî â��� ýÂ�Úó�ÂÚµ÷� ö���üõ 1üØ¨¢�ÂðøÂµ¨� ©ø¤ ×Þî ��ÛþÀ±� ÂÚþ¢ ýÂÆî â��� ×þ ¥� ýÂ�Úó�ÂÚµ÷� �� �¤ P (x)/Q(x)ßªø¤ .Àª��üõ R1(x)R2(x) · · ·Rm(x) ö� �Â¿õ �î ¢�Þ÷.Àª��üõ Â�ù¢�¨ ¤��Æ� ýÂÆî â��� ß��� ¥� ýÂ�Úó�ÂÚµ÷� �î ´¨�.´¨� ¤��µ¨� Âþ¥ �b �Ìì Â� ©ø¤ ßþ� ñ�¬�.ýÂÆî â���� ý�Â� üØ¨¢�ÂðøÂµ¨� �b �Ìì 1.6.5�� ý��ÜÞ� À�� Q(x) ø P (x) À��î ­Âê
deg(P (x)) < deg(Q(x))�b�¤¢ Ûõ��ä ¥� ü�ÂÌÜ¬�� �¤�¬ �� Q(x) �b þ�¹� ø À�µÆûÛØª �� üÔ�õ ý�µó¢ �� �ø¢ �b�¤¢ �þ ø ×þ

Q(x) = (R1(x))n1 (R2(x))n2 · · · (Rm(x))nmý�úþ��ÜÞ� À�� ,ù�Ú÷� .À�µ±·õ ø ¼�½¬ ¢�Àä� �û ni �î ,Àª��üõ�î À÷¤�¢ ¢��ø ý¤�Ï Q2(x) ø Q1(x) ,P2(x) ,P1(x)
∫
P (x)

Q(x)
dx =

P1(x)
Q1(x) +

∫
P2(x)
Q2(x) dx ùø�ã� ø1) Q1(x) = (R1(x))n1−1(R2(x))n2−1 · · · (Rm(x))nm−12) Q2(x) = R1(x)R2(x) · · ·Rm(x)3) deg(P1(x)) < deg(Q1(x))4) deg(P2(x)) < deg(Q2(x)):À��î �±¨�½õ �¤ Âþ¥ ñ�ÂÚµ÷� (1 .ñ�·õ 2.6.5

∫ 6− 7x − x2
x4 − 2x3 + 3x2 − 2x+ 1 dx

:À��î �±¨�½õ �¤ Âþ¥ ý�úó�ÂÚµ÷� ¥� ×þ Âû .ßþÂÞ� 4.5.51)

∫ 12 dx
(x− 1)(x + 2)(x+ 3)

,2)

∫ 2x2 + 41x− 91
(x− 1)(x + 3)(x− 4)

dx,3)

∫
x2 − x+ 7

(x2 − 3x+ 10)2 dx,4)

∫ 5x2 + 6x+ 9
(x− 3)2(x+ 1)2 dx,5)

∫ 260 dx
(x2 − 4x+ 3)(x2 + 4x+ 5)

,6)

∫ 9 dx
(x+ 1)(x2 + x+ 1)2 ,7)

∫
(x2 + 1)(x2 + 2)

(x2 + 3)(x2 + 4)
dx,8)

∫ 2 dx
x4 + 2x3 + 2x2 + 2x+ 1 ,9)

∫
xdx

(x2 + 1)(x2 + 3)
,10)

∫
x7 + x3

x12 − 2x4 + 1 dx,11)

∫
dx

(x+ 1)(x + 2)3 , 12)

∫
x2 − 5x+ 9
x2 − 5x+ 6 dx,13)

∫
x3 − 14x3 − x

dx, 14)

∫
dx

x(x+ 1)2 ,15)

∫
x3 + x+ 1
x(x2 + 1)

dx, 16)

∫ 4x4
x4 − 1 dx,17)

∫ 6 dx
x3 + 1 , 18)

∫
dx

x4 + 4 ,19)

∫
dx

(x2 + 4)3 , 20)

∫
x2dx

x4 + x2 − 2 ,21)

∫
xdx

x4 + x2 + 1 , 22)

∫
dx

x(x2 + 4)3 ,23)

∫
x2 + 1

x(x2 − 1)
dx, 24)

∫ 5x2 + 1
x(x4 − 1)

dx,25)

∫
x2 − 1

x4 + x2 + 1 dx, 26)

∫
x2 − 1
x4 + 1 dx,27)

∫
dx

x(x2 + 1)5 , 28)

∫
x2dx

(x− 1)10 ,29)

∫
dx

x4(x3 + 1)2 , 30)

∫
dx

x8 + x6 ,31)

∫
dx

(x4 − 1)3 , 32)

∫
x9dx

(x2 + x+ 1)4 ,.´¨� �µÆþ¥üõ 1862 �� 1801 ý�úó�¨ ß�� �î §ø¤ ö�À�®�þ¤ ,Strogradsky189



ß�ãõ�÷ ñ�ÂÚµ÷� 5 ÛÊê ýÂÆî â���� ý�Â� üØ¨¢�ÂðøÂµ¨� ©ø¤ 6.5ø D = 11/10 ,C = 0 ,B = 3/5 ,A = 1/10 �¹�µ÷ ¤¢�¹�µ÷ ¤¢ .E = 4/5
∫

x3 + 1
(x+ 2)(x2 + 1)2 dx =

=
x+ 310(x2 + 1)

+
110 ∫ 11x+ 8

(x+ 2)(x2 + 1)
dx×�ØÔ� ©ø¤ ×Þî �� ,´¨�¤ ´Þ¨ ñ�ÂÚµ÷� �b ±¨�½õ ý�Â� ö��î�:Ý�Æþ�÷üõ ÂÆî11x+ 8

(x+ 2)(x2 + 1)
= − 145(x+ 2)

+
14x + 275(x2 + 1)Ýþ¤�¢ á�Þ¹õ ¤¢ ,Å�

∫
x3 + 1

(x+ 2)(x2 − x+ 1)
dx =

=
x+ 310(x2 + 1)

− 145 ln |x+ 2|
+
75 ln(x2 + 1) +

275 arctan(x) + C.À��î �±¨�½õ �¤ ∫ x4 − 3x + 2
x3(x2 − x+ 1)2 dx ñ�ÂÚµ÷� (3 ñ�·õ�b �Ìì ø ùÀª ù¢�¢ ýÂÆî â��� �Â¿õ �b þ�¹� �� ���� �� .Û�:Ý��îüõ ­Âê ,üØ¨¢�ÂðøÂµ¨�

∫
x4 − 3x+ 2

x3(x2 − x+ 1)2 dx =

=
Ax3 +Bx2 + Cx+D

x2(x2 − x+ 1)

+

∫
Ex2 + Fx+G

x(x2 − x+ 1)
dxýø�Æ� �� ,ßµêÂð íÂµÈõ �Â¿õ ø ß�êÂÏ ¥� ýÂ�ÚÖµÈõ ¥� Å�

x(x4 − 3x+ 2) = (3Ax2 + 2Bx+ C)x2(x2 − x+ 1)

−(4x3 − 3x2 + 2x)(Ax3 +Bx2 + Cx+D)

+x3(x2 − x+ 1)(Ex2 + Fx+G)��� ýø�Æ� ý�¨ ø¢ ¤¢ x Â��Â� ý�ú÷��� °þ�Â® ö��î� .Ý�¨¤üõ�î ÝþÂ�ðüõ �¹�µ÷ ø ù¢�¢ ¤�Âì Â��Â� �¤






−2D = 2
F − E −A = 0
E = 0
A+B − 3C + F −G = 03D − C = −32C − 4D +G = 0
−2B + E − F +G = 1 ⇒







A = −1
B = −2
C = 0
D = −1
E = 0
F = −1
G = −4 �¹�µ÷ ¤¢

∫
x4 − 3x+ 2

x3(x2 − x+ 1)2 dx =

=
−x3 − 2x2 − 1
x2(x2 − x+ 1)

+

∫ −x− 4
x(x2 − x+ 1)

dx

ÛØª �� �¤ ùÀª ù¢�¢ ýÂÆî â��� �Â¿õ �Ø�þ� �� ÂÑ÷ .Û�
x4 − 2x3 + 3x2 − 2x+ 1 = (x2 − x+ 1)2­Âê ,üØ¨¢�ÂðøÂµ¨� �b �Ìì �� ���� �� ��÷ ø ¢�Þ÷ �þ�¹� ö���üõ:Ý��îüõ

∫ 6− 7x− x2
(x2 − x+ 1)2 dx =

Ax+B

x2 − x+ 1 +

∫
Cx+D

x2 − x+ 1 dxýø�Æ� �� ,ßµêÂð íÂµÈõ �Â¿õ ø ß�êÂÏ ¥� ýÂ�ÚÖµÈõ ¥� Å�6− 7x− x2 = A(x2 − x+ 1) − (Ax+B)(2x − 1)

+(Cx+D)(x2 − x+ 1)��� ýø�Æ� ý�¨ ø¢ ¤¢ x Â��Â� ý�ú÷��� °þ�Â® ö��î� .Ý�¨¤üõ�î ÝþÂ�ðüõ �¹�µ÷ ø ù¢�¢ ¤�Âì Â��Â� �¤






C = 0
−A+D − C = −1
−2B −D + C = −7
A+B +D = 6 ⇒







A = 2
B = 3
C = 0
D = 1 �¹�µ÷ ¤¢

∫ 6− 7x− x2
(x2 − x+ 1)2 dx =

2x + 3
x2 − x+ 1 +

∫
dx

x2 − x+ 1
=

2x+ 3
x2 − x+ 1 + 2√33 arctan

(√33 (2x− 1)

)

+ C.À��î �±¨�½õ �¤ ∫ x3 + 1
(x + 2)(x2 + 1)2 dx ñ�ÂÚµ÷� (2 ñ�·õ�b �Ìì ø ùÀª ù¢�¢ ýÂÆî â��� �Â¿õ �b þ�¹� �� ���� �� .Û�:Ý��îüõ ­Âê ,üØ¨¢�ÂðøÂµ¨�

∫
x3 + 1

(x+ 2)(x2 + 1)2 dx =

=
Ax +B

x2 + 1 +

∫
Cx2 +Dx+ E

(x+ 2)(x2 + 1)
dxýø�Æ� �� ,ßµêÂð íÂµÈõ �Â¿õ ø ß�êÂÏ ¥� ýÂ�ÚÖµÈõ ¥� Å�

x3 + 1 = (x+ 2)(−Ax − 2Bx+A)

+(x2 + 1)(Cx2 +Dx+ E)��� ýø�Æ� ý�¨ ø¢ ¤¢ x Â��Â� ý�ú÷��� °þ�Â® ö��î� .Ý�¨¤üõ�î ÝþÂ�ðüõ �¹�µ÷ ø ù¢�¢ ¤�Âì Â��Â� �¤






C = 0
D −A = 1
E + C − 2A− 2B = 0
D − 4B +A = 0
E + 2A = 190
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=

√2 ∫ √(x+ 1)2 + 4 dx =
√2 ∫ √(2t)2 + 22 dx

= 4√2 ∫ √1+ t2 dt
= 4√2{ t2√1+ t2 +

12 ln
∣
∣
∣t+

√1+ t2∣∣∣}+ C

=
4√22 x+ 12 √1+

(
x+ 12 )2

+
4√22 ln

∣
∣
∣
∣
∣
∣

x+ 12 +

√1+

(
x+ 12 )2∣∣

∣
∣
∣
∣

+ C

=
x+ 12 √2x2 + 4x+ 10
+2√2 ln

∣
∣
∣

√2(x + 1) +
√2x2 + 4x+ 10∣∣∣+ CÝþ¤�¢ ,u+ 1 = tÅ³¨ ø u = x3 ­Âê �� (2 ñ�·õ

∫
x2dx

√

x6 + 2x3 + 2 =

∫
du/3

√

u2 + 2u + 2
=

13 ∫ du
√

(u + 1)2 + 1
=

13 ∫ dt
√

t2 + 1 =
13 ln

∣
∣
∣t+

√

t2 + 1∣∣∣+ C

=
13 ln

∣
∣
∣x3 + 1+

√

x6 + 2x3 + 2∣∣∣+ C:À��î �±¨�½õ �¤ Âþ¥ ý�úó�ÂÚµ÷� ¥� ×þ Âû .ßþÂÞ� 3.7.51)

∫
√4x2 + 8x+ 5 dx, 2)

∫
dx

√4x2 + 8x+ 5 ,3)

∫ √

x2 + 6x+ 13 dx, 4)

∫ √4x2 + 12x+ 8 dx,5)

∫

x
√

x4 + 2x2 − 3 dx,6)

∫
dx

√

x2 + 2x− 3 ,7)

∫
dx

√2x− x2 , 8)

∫
dx

√8− 4x+ x2 .9)

∫ 2 sinx

√2 cos x+ sin2 x− 1 dx,10)

∫
cosxdx

√1+ 6 sin2 x− cos2 x,11)

∫
dx

x
√4 ln2 x+ 12 ln x+ 8 ,12)

∫

ex
√15+ 2ex − e2x dx,ÛØª �� ñ�ÂÚµ÷� �b ±¨�½õ ý�Â� .©ø¤ 4.7.5ý��ÜÞ� À�� ×þ Pn(x) ö� ¤¢ �î ∫ Pn(x)

√

ax2 + bx+ c
dx:Ý��îüõ ­Âê .´¨� �� n �b�¤¢

∫
Pn(x)

√

ax2 + bx+ c
dx = Qn−1(x)√ax2 + bx+ c

×�ØÔ� ©ø¤ ×Þî �� ,´¨�¤ ´Þ¨ ñ�ÂÚµ÷� �b ±¨�½õ ý�Â� ö��î�:Ý�Æþ�÷üõ ÂÆî
−x− 4

x(x2 − x+ 1)
= −4

x
+

4x− 5
x2 − x+ 1Ýþ¤�¢ á�Þ¹õ ¤¢ ,Å�

∫
x4 − 3x+ 2

x3(x2 − x+ 1)2 dx =

= − x3 + 2x2 + 1
x2(x2 − x+ 1)

− 4 ln |x| + 2 ln(x2 − x+ 1)

−2√3 arctan

(√33 (2x− 1)

)

+ C©ø¤ �� �¤ Âþ¥ ý�úó�ÂÚµ÷� ¥� ×þ Âû .ßþÂÞ� 3.6.5:À��î �±¨�½õ üØ¨¢�ÂðøÂµ¨�1)

∫
dx

x2(x2 + 1)
, 2)

∫ 16xdx
(x+ 1)2(x2 + 1)2 ,3)

∫
x3 − 1

x2(x2 + 1)3 dx. 4)

∫
dx

(x+ 1)2(x+ 2)3 ,5)

∫
x3 + x2 + x+ 1
x2(x2 + x+ 1)2 dx,¥� ý¤Á� Ûõ�ª â���� ¥� ýÂ�Úó�ÂÚµ÷� 7.5�ø¢ ��¤¢ Ûõ�ä ×þüÜî ÛØª �� ý�úó�ÂÚµ÷� �b ±¨�½õ ý�Â� .©ø¤ 1.7.5Âþ¥ �¤�¬ �� ∫ √ax2 + bx+ c dx �þ ø ∫ dx

√

ax2 + bx+ c:Ý��îüõ ÛÞä
−1 �þ ×þ �¤ x2 °þÂ® ,ñ�Øþ¢�¤ Âþ¥ ¤¢ |a| ¥� ýÂ�ð¤�µî�ê �� (1.Ý��îüõ.Ý��îüõ Ûõ�î â�Âõ �¤ ñ�Øþ¢�¤ Âþ¥ ¤¢ Û¬�� �¤�±ä (2ñ�Øþ¢�¤ Âþ¥ �¤�±ä ,△ = b2 − 4ac ø a ´õ�ä �� �µÆ� (3�þ ø (x + α)2 − β2 ,(x + α)2 + β2 �¤�¬ �¨ ¥� üØþ ��ñ�ÂÚµ÷� ,x+α = βt­Âê �� ö��î� .Àª Àû��¡ β2 − (x+ α)21.2.5 ñøÀ� ¤¢ �f ±ì �î ¢¢Âðüõ ÛþÀ±� Âþ¥ �Âê Çª ¥� üØþ ��:À÷�ùÀª üêÂãõ
∫ √

x2 + 1 dx, ∫ √

x2 − 1 dx, ∫ √1− x2 dx,
∫

dx
√

x2 + 1 , ∫
dx

√

x2 − 1 dx, ∫
dx

√1− x2 .Ýþ¤�¢ ,x+ 1 = 3t­Âê �� (1 .ñ�·õ 2.7.5
∫ √2x2 + 4x+ 10 dx =

√2 ∫ √x2 + 2x+ 5 dx91



ß�ãõ�÷ ñ�ÂÚµ÷� 5 ÛÊê �ø¢ ��¤¢ Ûõ�ä ×þ ¥� ý¤Á� Ûõ�ª â���� ¥� ýÂ�Úó�ÂÚµ÷� 7.5�Ø�þ� �þ ø
x2 + 2x+ 3 = 2A(x2 + x+ 1)

+(Ax+B)(2x + 1) + 2λéÂÏ ø¢ ¤¢ ýø�Æõ ý�ú÷��� °þÂ® ö¢�¢ ¤�Âì Â��Â� �� ö��î�6 = 2A + ø ,4 = 3A + 2B ,2 = 4A Ýþ¤�¢ ,��� ýø�Æ�.λ = 15/8 ø B = 5/4 ,A = 1/2 ,�¹�µ÷ ¤¢ .B + 2λßþ�Â����
∫

x2 + 2x+ 3
√

x2 + x+ 1 dx =

(12x+
54)√x2 + x+ 1

+
158 ∫

dx
√

x2 + x+ 1Ýþ¤�¢ x+
12 =

√32 t­Âê ��, ´¨�¤ ´Þ¨ ñ�ÂÚµ÷� ¢¤�õ ¤¢
∫

dx
√

x2 + x+ 1 =

∫
dx

√

(x+ 12 )2 + (
√32 )2

=

∫
√32 dx

√

(
√32 t)2 + (

√32 )2
=

∫
dx

√

t2 + 1 = ln
∣
∣
∣t+

√

t2 + 1∣∣∣+ C

= ln

∣
∣
∣
∣
∣
∣

2√33 (

x+
12)+

√43 (x+
12)2 + 1∣∣∣∣

∣
∣

+ C

= ln

∣
∣
∣
∣
x+

12 +
√

x2 + x+ 1∣∣∣
∣
+ CÝþ¤�¢ á�Þ¹õ ¤¢ ,Å�

∫
x2 + 2x+ 3
√

x2 + x+ 1 =
14 (2x+ 5)

√

x2 + x+ 1
+
158 ln

∣
∣
∣
∣
x+

12 +
√

x2 + x+ 1∣∣∣
∣
+ C:À��î �±¨�½õ �¤ Âþ¥ ý�úó�ÂÚµ÷� ¥� ×þ Âû .ßþÂÞ� 6.7.51)

∫
x2dx

√

x2 − x+ 1 dx 2)

∫
xdx

√

x2 − x+ 13)

∫ 48x6 dx
√

x2 + 1 dx 4)

∫
x2 + 1
√

x2 − 15)

∫ 6x3 − 2x+ 1
√

x2 + 2x dx 6)

∫ 3x5 dx
√

x6 + 2x3 + 27)

∫
x2 − x+ 1

√3− 2x− x2 dx 8)

∫
x3 + x

√3− 2x+ x2 dx

+λ

∫
dx

√

ax2 + bx+ c°þ�Â® �� �� (n − 1) �b�¤¢ ý��ÜÞ� À�� ×þ Qn−1(x) �îß�êÂÏ ¥� Å³¨ .´¨� ñ�ú¹õ ý¢Àä ��÷ λ ø Àª��üõ ñ�ú¹õ°þ�Â® ,ýø�Æ� ß�êÂÏ ö¢�¢ ¤�Âì À½µõ �� ø ÝþÂ�ðüõ ÕµÈõ´Þ¨ ñ�ÂÚµ÷� ��¹÷�Â¨ .Ýþ¤ø�üõ ´¨À� �¤ λ ¢Àä ø Qn−1(x).Ý��îüõ �±¨�½õ 1.7.5©ø¤ �� �¤ ´¨�¤.À��î �±¨�½õ �¤ ∫ x5dx
√1− x2 ñ�ÂÚµ÷� (1 .ñ�·õ 5.7.5Ý��îüõ ­Âê .Û�

∫
x5dx

√1− x2 = (Ax4+Bx3+Cx2+Dx+E)
√1− x2

+λ

∫
dx

√1− x2Ýþ¤�¢ ,��� ýø�Æ� ß�êÂÏ ¥� ýÂ�ð ÕµÈõ ��
x5

√1− x2 = (4Ax3 + 3Bx2 + 2Cx +D)
√1− x2

+(Ax4 +Bx3 + Cx2 +Dx+ E)
−x

√1− x2
+

λ
√1− x2 �Ø�þ� �þ ø

x5 = (4Ax3 + 3Bx2 + 2Cx+D)(1 − x2)
−x(Ax4 +Bx3 + Cx2 +Dx+ E) + λéÂÏ ø¢ ¤¢ ýø�Æõ ý�ú÷��� °þ�Â® ö¢�¢ ¤�Âì Â��Â� �� ö��î�,4A − 3C = 0 ,−4B = 0 ,−5A = 1 Ýþ¤�¢ ,��� ýø�Æ��¹�µ÷ ¤¢ .D + λ = 0 ø 2C − E = 0 ,3B − 2D = 0ø E = −8/15 ,D = 0 ,C = −4/15 ,B = 0 ,A = −1/5ßþ�Â���� .λ = 0

∫
x5dx

√1− x2 = − 115 (3x4 + 4x2 + 8)
√1− x2 + C.À��î �±¨�½õ �¤ ∫ x2 + 2x+ 3

√

x2 + x+ 1 ñ�ÂÚµ÷� (2 ñ�·õÝ��îüõ ­Âê .Û�
∫

x2 + 2x+ 3
√

x2 + x+ 1 dx = (Ax+B)
√

x2 + x+ 1
+λ

∫
dx

√

x2 + x+ 1Ýþ¤�¢ ,��� ýø�Æ� ß�êÂÏ ¥� ýÂ�ÚÖµÈõ ��
x2 + 2x+ 3
√

x2 + x+ 1 = A
√

x2 + x+ 1
+(Ax+B)

2x+ 12√x2 + x+ 1 +
λ

√

x2 + x+ 192
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(x + 1)

√1− x2 = (2Ax +B)
√1− x2

+(Ax2 +Bx+ C)
−x

√1− x2 +
λ

√1− x2ø 2A − C = 1 ,−2B = −1 ,−3A = −1 �¹�µ÷ ¤¢ø C = −1/3 ,B = 1/2 ,A = −1/3 ßþ�Â���� .B + λ = 1:�¹�µ÷ ¤¢ .λ = 1/2
∫

(x+ 1)
√1− x2 dx =

= −13 (x2 − 6x+ 1)√1− x2 +
12 ∫ dx

√1− x2
= −13 (x2 − 6x+ 1)+

12 arcsinx+ C:À��î �±¨�½õ �¤ Âþ¥ ý�úó�ÂÚµ÷� ¥� ×þ Âû .ßþÂÞ� 9.7.51)

∫

(x + 1)
√

x2 + 1 dx, 2)

∫

(x+ 2)
√

x2 + 4 dx,3)

∫

(x2 − 1)
√

x2 + 1 dx, 4)

∫

(2x + 3)
√

x2 − 1 dx,5)

∫

(2x + 1)2√x2 + 2x+ 2 dx,6)

∫

(x2 + 2x+ 2)
√

x2 + 2x− 1 dx.ÛØª �� ñ�ÂÚµ÷� �b ±¨�½õ ý�Â� .©ø¤ 10.7.5
αx + β = 1/t Â�çµõ Â��ç� ¥� ∫ dx

(αx+ β)n
√

ax2 + bx+ c¤¢ ùÀª �ÂÎõ ñ�ÂÚµ÷� ��±ª üó�ÂÚµ÷� Û¬�� .Ý��îüõ ù¢�Ôµ¨�.¢�� Àû��¡ 4.7.5´ÞÆìÝþ¤�¢ x+ 1 = 1/t­Âê �� (1 .ñ�·õ 11.7.5
∫

dx

(x+ 1)2√x2 + 1 =
−dt/t2

(1/t)2√(1/t− 1)2 + 1
=

∫ −t dt
√2t2 − 2t+ 1Ý��îüõ ­Âê ö��î�

∫ −tdt
√2t2 − 2t+ 1 = A

√2t2 − 2t+ 1
+λ

∫
dx

√2t2 − 2t+ 1�¹�µ÷ ¤¢
−t

√2t2 − 2t+ 1 =
A(2t− 1)

√2t2 − 2t+ 1 +
λ

√2t2 − 2t+ 1

ÛØª �� ñ�ÂÚµ÷� �b ±¨�½õ ý�Â� .©ø¤ 7.7.5Û¡�¢ �¤�±ä �Â¿õ ø �¤�¬ ∫

P (x)
√

ax2 + bx+ c dxÛØª �� Û¬�� ,Ý��îüõ �Â® √

ax2 + bx+ c ¤¢ �¤ ñ�ÂÚµ÷�.¢�� Àû��¡ 4.7.5 ¤¢ �øÂÈõ ñ�ÂÚµ÷��¤ ∫ x2√x2 + 4 dx ñ�ÂÚµ÷� (1 .ñ�·õ 8.7.5.À��î �±¨�½õÝþ¤�¢ �¤�¬ ßþ� ¤¢ .Û�
∫

x2√x2 + 4 dx =

∫
x4 + 4x2
√

x2 + 4 dxÝ��îüõ ­Âê ,Å�
∫

x2√x2 + 4 dx = (Ax3 +Bx2 + Cx+D)
√

x2 + 4
+λ

∫
dx

√

x2 + 4 �¹�µ÷ ¤¢
x2√x2 + 4 = (3Ax2 + 2Bx+ C)

√

x2 + 4
+(Ax3 +Bx2 + Cx+D)

x
√

x2 + 4 +
λ

√

x2 + 4
= (3Ax2 + 2Bx+ C)(x2 + 4)

+x(Ax3 +Bx2 + Cx+D) + λø 8B+D = 0 ,12A+2C = 4 ,3B = 0 ,4A = 1 �¹�µ÷ ¤¢
D = 0 ,C = 1/2 ,B = 0 ,A = 1/4 ßþ�Â���� .4C + λ = 0�¹�µ÷ ¤¢ .λ = −2 ø
∫

x2√x2 + 4 dx =

=

(

x34 +
x2)√x2 + 4− 2 ∫ dx

√

x2 + 4
=

x4 (x2 + 2)
√

x2 + 4− 2 ln
∣
∣
∣x+

√

x2 + 4∣∣∣+ C.À��î �±¨�½õ �¤ ∫ (x + 1)
√1− x2 dx ñ�ÂÚµ÷� (2 ñ�·õÝþ¤�¢ �¤�¬ ßþ� ¤¢ .Û�

∫

(x + 1)
√1− x2 dx =

∫
(x+ 1)(1− x2)
√1− x2 dx

=

∫ −x3 − x2 + x+ 1
√1− x2 dxÝ��îüõ ­Âê ,Å�

∫

(x+ 1)
√1− x2 dx = (Ax2 +Bx+ C)

√1− x2
+

∫

λ
dx

√1− x293



ß�ãõ�÷ ñ�ÂÚµ÷� 5 ÛÊê ÛØª �� â���� ¥� ýÂ�Úó�ÂÚµ÷� 8.5�±¨�½õ �¤ Âþ¥ ý�úó�ÂÚµ÷� ¥� ×þ Âû .ßþÂÞ� 12.7.5:À��î1)

∫
dx

(2x + 3)
√4x2 + 4x+ 2 ,2)

∫
dx

(x + 2)
√

x2 + 2x + 2 ,3)

∫
dx

(x − 1)(x+ 2)
√

x2 + 1 ,4)

∫
(2x+ 1)dx

(x2 − 3x+ 2)3√x2 − 1 .5)

∫ 15 dx
(x − 1)3√x2 − 1 , 6)

∫ 8 dx
(x+ 1)5√x2 + 2x,7)

∫
dx

(x − 1)
√

x2 + x+ 1 , 8)

∫
dx

(x+ 1)2√4− x2 ,9)

∫
dx

(x + 1)2x3√x2 − 1 , 10)

∫
(x2 − 1)dx

x
√1+ 3x2 + x4 ,À�û¢ ö�È÷ .Vm :=

∫
xm

√

ax2 + bx+ c
dx À��î ­Âê (11:�¤�¬ ßþ� ¤¢ �îÓó�) V1 =

1
a

√

ax2 + bx+ c− b2aV0�) V2 =
14a2 (2ax− 3b)√ax2 + bx+ c

+
18a2 (3b2 − 4ac)V0ý��ÜÞ� À�� ø αm ´��� ¢Àä ,ý� m Âû ý�¥� �� (�

Vm = �î À÷¤�¢ ¢��ø ý¤�Ï Pm−1(x) �� (m − 1) �b ±�Âõ.Pm−1(x)√ax2 + bx+ c+ αmV0ý� m Âû ý�¥� �� (¢
xm−1√ax2 + bx+ c =

= maVm + (m− 1)bVm−1 + (m− 1)cVm−2
ÛØª �� â���� ¥� ýÂ�Úó�ÂÚµ÷� 8.5ÛØª �� ý�úó�ÂÚµ÷� �±¨�½õ ý�Â� .©ø¤ 1.8.5

∫

P

(

x,

(
ax+ b

cx+ d

)p1/q1
,

(
ax+ b

cx+ d

)p2/q2
, · · ·

)

dxÂ�çµõ Â��ç� ¥� ,À�µÆû ¼�½¬ ¢�Àä� ¥� ý�ûÂÆî pi
qi
ø ad 6= bc �îíÂµÈõ �ÂÌõ ßþ�ÂµØ��î n �î ,Ý��îüõ ù¢�Ôµ¨� ax+ b

cx+ d
= zn.´¨� . . . ø q2 ,q1

.−A+ λ = 0 ø 2A = −1 ßþ�Â���� .−t = A(2t − 1) + λ �þø A = λ = −1/2Å�
∫ −tdx
√2t2 − 2t+ 1 =

= −12√2t2 − 2t+ 1− 12 ∫ dx
√2t2 − 2t+ 1

= −12√2t2 − 2t+ 1−
√24 ∫

dx
√

(t− 12 )2 + 12
= −12√2t2 − 2t+ 1

−
√22 ln

∣
∣
∣2t− 1+

√2t2 − 2t+ 1∣∣∣+ Cá�Þ¹õ ¤¢ Å�
∫

dx

(x+ 1)2√x2 + 1 =

= −
√22 ln

∣
∣
∣
∣
∣

2
x+ 1 − 1+

√ 2
(x+ 1)2 − 2

x+ 1 + 1∣∣∣∣
∣

−12√ 2
(x+ 1)2 − 2

x+ 1 + 1+ C

=

√

x2 + 12(x+ 1)
−

√22 ln

∣
∣
∣
∣
∣

1− x+
√

x2 + 1
x+ 1 ∣

∣
∣
∣
∣
+ CÝþ¤�¢ x = 1/t­Âê �� (2 ñ�·õ

∫
dx

x6√x2 − 1 =

∫ −dt/t2
(1/t)6√(1/t)2 − 1

= −
∫

t5dt
√1− t2�¤�¬ ßþ� ¤¢ ,u = 1− t2 Ý��îüõ­Âê ö��î�

∫
dx

x6√x2 − 1 = −
∫

(t2)2tdt
√1− t2

= −
∫

(1− u)2(−12 du)√
u

=
12 ∫ u−1/2(u − 1)2du

=
12 ∫ u−1/2(u2 − 2u+ 1)du

=
12 ∫ (u3/2 − 2u1/2 + u−1/2) du

=
u5/25 − 2u3/23 + u1/2 + C

=
15 (1− 1

x2)5/2 − 23 (1− 1
x2)3/2

+

(1− 1
x2)1/2 + C

=
8x4 + 4x2 + 315x5 √

x2 − 1+ C94



üÜ�Æ÷�ÂÔþ¢ ý��ÜÞ� ø¢ ¥� ýÂ�Úó�ÂÚµ÷� 9.5 ß�ãõ�÷ ñ�ÂÚµ÷� 5 ÛÊêÝ��îüõ ­Âê ù�Ú÷� ,Àª�� ¼�½¬ ¢Àä m+ 1
n

Âð� (�ñ�ÂÚµ÷� ,Û¬�� .´¨� p ÂÆî �Â¿õ k ö� ¤¢ �î ,a+ bxn = tk.¢�� Àû��¡ ýÂÆî â��� ×þÝ��îüõ ­Âê ù�Ú÷� ,Àª�� ¼�½¬ ¢Àä m+ 1
n

+ p Âð� (¢,Û¬�� .´¨� p ÂÆî �Â¿õ k ö� ¤¢ �î ,a + bxn = xntk.¢�� Àû��¡ ýÂÆî â��� ×þ ñ�ÂÚµ÷�¢Àä ×þ p = 2 Âþ¥ ñ�ÂÚµ÷� ¢¤�õ ¤¢ (1 .ñ�·õ 2.9.5ßþ�Â���� .´¨� ùÀõ� Ç�� (Óó�) ´ó�� ü�ãþ .´¨� ´±·õ ¼�½¬
∫ √

x
(2− 3 3√

x2)2 dx =

∫

x1/2 (2− 3x2/3)2 dx
=

∫

x1/2 (4− 12x2/3 + 9x4/3) dx
=

83x3/2 − 7213x13/6 +
5417x17/6 + CüÔ�õ ¼�½¬ ¢Àä ×þ p = −2 Âþ¥ ñ�ÂÚµ÷� ¢¤�õ ¤¢ (2 ñ�·õíÂµÈõ �Â¿õ ö�� Å� .´¨� ùÀõ� Ç�� (�) ü�ãþ .´¨��î Ý��îüõ ­Âê ,´¨� k = 3 Â��Â� m = −1 ø n = 1/3ßþ�Â���� ø dx = 3t2 dt ø x = t3 − 1 �¹�µ÷ ¤¢ ,1+ x = t3

∫
dx

x(1+ 3√x)2 =

∫

x−1 (1+ x1/3)−2 dx
=

∫ 1
t
(t+ 1)−2.3t2 dt = 3 ∫ dt

t(t+ 1)2
= 3 ∫ {1

t
− 1
t+ 1 − 1

(t+ 1)2}
= 3 ln |t| − 3 ln |t+ 1| + 1

t+ 1 + C

= ln |x| − 3 ln( 3√x+ 1) +
13√x+ 1 + C�õ� ,´Æ�÷ ¼�½¬ �î p =

13 Âþ¥ ñ�ÂÚµ÷� ¢¤�õ ¤¢ (3 ñ�·õ(�) ´ó�� ,ü�ãþ .´¨� ¼�½¬ m+ 1
n

=
−1/2+ 11/4 = 2

k = 3 Â��Â� p �Â¿õ �Ø�þ� �� ���� �� Å� .´¨� ùÀõ� Ç��ø x = (t3 − 1)4 �¹�µ÷ ¤¢ .1+ 4√x = t3 Ý��îüõ­Âê ,´¨�ßþ�Â���� ø dx = 12t2(t3 − 1)3
∫ 3√1+ 4√x√

x
dx =

∫

x−1/2 (1+ x1/4)1/3 dx
=

∫

(t3 − 1)−2(t3)1/312t2(t3 − 1)3 dt
= 12 ∫ (t3 − 1)t3dt =

127 t7 − 3t4 + C

=
127 (1+ 4√x)7/3 − 3(1 + 4√x)4/3 + C

m+ 1
n

= −52 ø p = −12 Âþ¥ ñ�ÂÚµ÷� ¢¤�õ ¤¢ (4 ñ�·õ.´¨� ¼�½¬ m+ 1
n

+ p = −3 �õ� ,À�µÆ�÷ ¼�½¬ ¢�Àä�

Â��Â� ax+ b

cx+ d
,Âþ¥ ñ�ÂÚµ÷� ¢¤�õ ¤¢ (1 .ñ�·õ 2.8.5­Âê ø n = 6 ßþ�Â���� .q2 = 3 ø q1 = 2 ,´¨� 2x − 3�¹�µ÷ ¤¢ .2x− 3 = z6 Ý��îüõ

∫ √2x − 3 dx3√2x− 3 =

∫
z3
z23z5 dz = 3 ∫ z6dz

=
37z7 + C =

37 (2x − 3)7/6 + C.q1 = 2 ø ax+ b

cx+ d
=
1+ x1− x

Âþ¥ ñ�ÂÚµ÷� ¢¤�õ ¤¢ (2 ñ�·õßþ�Â���� .1+ x1− x
= z2 Ý��îüõ ­Âê ø n = 2 ßþ�Â�����¹�µ÷ ¤¢ ø dx =

4zdz
(z2 + 1)2 ø x =

z2 − 1
z2 + 1

∫
√1+ x1− x

dx1− x
=

∫

z

4zdz
(1+z2)21− z2−1

z2+1
= 2 ∫ {1− 1

z2 + 1} dz = 2z − 2 arctan z + C

= 2√1+ x1− x
− 2 arctan





√1+ x1− x



+ C:À��î �±¨�½õ �¤ Âþ¥ ý�úó�ÂÚµ÷� ¥� ×þ Âû .ßþÂÞ� 3.8.51)

∫ √
x+ 3√x4√
x5 − 6√

x7 dx, 2)

∫
√

x+ 1
x− 1 dx,3)

∫
dx

x

(2+ 3√1+ 1
x

) , 4)

∫ 2 dx
(x− 2)2 3√2−x2+x

,5)

∫
dx4√(x− 1)3(x+ 2)5 , 6)

∫
dx

(1− x)
√1− x2 ,7)

∫
dx3√(x+ 1)2(x− 1)4 , 8)

∫
dx√2x− 1− 4√2x− 1 ,9)

∫
x3dx√
x− 1 , 10)

∫ √
x+ 1+ 2

(x+ 1)2 −
√
x+ 1 dx.üÜ�Æ÷�ÂÔþ¢ ý��ÜÞ� ø¢ ¥� ýÂ�Úó�ÂÚµ÷� 9.5ø À�µÆû �þ�ð ¢�Àä� p ø n ,m Ý��î ­Âê .©ø¤ 1.9.5üØþ ¤¢ �ú�� I ñ�ÂÚµ÷� ,�¤�¬ ßþ� ¤¢ .I =

∫

xm(a+bxn)pdx:´¨� �±¨�½õ Û��ì Âþ¥ ´ó�� ¤�ú� ¥�ö��� �� �¤ a+bxn ù�Ú÷� ,Àª�� ´±·õ ¼�½¬ ¢Àä p Âð� (Óó�.Ý�û¢üõ �õ�¢� ñ�Þãõ Õ��Îõ ø ùÀ�÷�¨¤ pÝ��îüõ ­Âê ù�Ú÷� ,Àª�� üÔ�õ ¼�½¬ ¢Àä p Âð� (�,Û¬�� .´¨� n øm ÂÆî ø¢ íÂµÈõ �Â¿õ k ö� ¤¢ �î ,x = tk.¢�� Àû��¡ ýÂÆî â��� ×þ ñ�ÂÚµ÷�95



ß�ãõ�÷ ñ�ÂÚµ÷� 5 ÛÊê Âóø� ý�ûÂ�çµõ Â��ç� 10.5:Ý��îüõ ÛÞä Âþ¥ ©ø¤ �¨ ¥� üØþ ��Ý��îüõ ­Âê ù�Ú÷� ,0 < a Âð� (1
√

ax2 + bx+ c = ±x√a± tÝ��îüõ ­Âê ù�Ú÷� ,0 < c Âð� (2
√

ax2 + bx+ c = ±xt±√
cù�Ú÷� ,Àª�� ax2 + bx + c = 0 �b ó¢�ãõ �bÈþ¤ ×þ ,α Âð� (3

.
√

ax2 + bx+ c = (x− α)t Ý��îüõ ­Âê�Ñ��õ Âþ¥ ñ�ÂÚµ÷� ¢¤�õ ¤¢ (1 .ñ�·õ 2.10.5Ý��îüõ­Âê Å� ,a = 1 > 0 �î ¢¢Âðüõ
√

x2 + 2x+ 2 = t− xø 2x + 2 = t2 − 2xt ,x2 + 2x + 2 = (t − x)2 �¹�µ÷ ¤¢�¹�µ÷ ¤¢ .dx =
t2 + 2t+ 22(t+ 1)2 dt ø x =

t2 − 22(t+ 1)
ßþ�Â����

∫
dx1+

√

x2 + 2x+ 2 =

∫ t2+2t+22(t+1)2 dt1+ t− t2−22(t+1)

=

∫
t2 + 2t+ 2

(t+ 1)(t + 2)2 dt =

∫ { 1
t+ 1 +

−2
(t+ 2)2} dt

= ln |t+ 1| + 2
t+ 2 + C

= ln
∣
∣
∣x+ 1+

√

x2 + 2x+ 2∣∣∣
+

2
x+ 2+

√

x2 + 2x+ 2 + C�Ñ��õ ∫ dx

x
√

x2 + x+ 1 ñ�ÂÚµ÷� ¢¤�õ ¤¢ (2 ñ�·õÝ��îüõ ­Âê Ý�÷���üõ ßþ�Â���� c = 1 > 0 �î ¢¢Âðüõ,x2 + x + 1 = (xt + 1)2 �¹�µ÷ ¤¢ √x2 + x+ 1 = tx + 1¤¢ .x(t2 − 1) = 1 − 2t ßþ�Â���� ø x + 1 = xt2 + 2t �þ�¹�þ� ¤¢ �î .dx = 2 t2 − t+ 1
(t2 − 1)2 dt ø x =

−2t+ 1
t2 − 1 �¹�µ÷ßþ�Â���� .t =

1
x

(
√

x2 + x+ 1− 1)

∫
dx

x
√

x2 + x+ 1 =

∫ 2 t2−t+1
(t2−1)2 dt

(1−2t
t2−1)(t1−2tt2−1 + 1)

= 2 ∫ dt2t− 1 =

∫

ln |2t− 1| + C

= ln
∣
∣
∣2√x2 + x+ 1− 2− x

∣
∣
∣− ln |x| + C�Ñ��õ ∫ dx

√

(7x− 10− x2)3 ñ�ÂÚµ÷� ¢¤�õ ¤¢ (3 ñ�·õ,´¨� 7x − 10 − x2 �b ó¢�ãõ �bÈþ¤ ×þ x = 2 �î ¢¢Âðüõ�¹�µ÷ ¤¢ .√7x− 10− x2 = (x−2)t Ý��îüõ­Âê ßþ�Â����

�Â¿õ �Ø�þ� �� ���� �� Å� .´¨� ùÀõ� Ç�� (¢) ´ó�� ,ü�ãþ�¹�µ÷ ¤¢ .1 + x4 = x4t2 Ý��îüõ ­Âê ,´¨� 2 Â��Â� pßþ�Â���� ø dx = − t2 (t2 − 1)−5/4dt ø x = (t2 − 1)−1/4
∫

dx

x11√1+ x4 =

∫

x−11(1+ x4)−1/2
=

∫

(t2 − 1)11/4( t2
t2 − 1)−1/2

−t2 (t2 − 1)−5/4 dt
= −12 ∫ (t2 − 1)2 dt = − t510 +

t33 − t2 + C.t =

√1+ x4
x4 =

√1+ x4
x2 �¹�þ� ¤¢ �î:À��î �±¨�½õ �¤ Âþ¥ ý�úó�ÂÚµ÷� ¥� ×þ Âû .ßþÂÞ� 3.9.51)

∫ 3√x(2− 3√x)5dx, 2)

∫
dx3√

x2(1+
3√
x2) ,3)

∫ √1+ 3√x3√
x2 dx, 4)

∫ 3√1+ 4√x√
x

dx,5)

∫

x3√1+ x2 dx, 6)

∫
dx

x4√1+ x2 ,7)

∫ 3√x 7√1+
3√
x4 dx, 8)

∫
dx

x3 5√1+ 1
x

,9)

∫
dx4√1+ x4 dx, 10)

∫
x3dx

√

(1+ 2x2)3 ,11)

∫
dx

x3√1+ x5 , 12)

∫
dx

x4√1+ x
,13)

∫
dx√

x3 3√1+ 4√x, 14)

∫
dx

x2(2+ x3)5/3 ,15)

∫
x6dx

√1+ x2 , 16)

∫
dx3√1+ x3 ,17)

∫
x+ 1

√

(1+ x2)3 dx, 18)

∫
√

x6 − x2 dx,19)

∫
dx

x
√1+ x6 , 20)

∫ √3x− x2 dx.21)

∫ √
tanxdx.´Æ�÷ Û� Û��ì ∫ √

sinx dx �î À�û¢ ö�È÷ (22Âóø� ý�ûÂ�çµõ Â��ç� 10.5ÛØª �� ý�úó�ÂÚµ÷� �±¨�½õ ý�Â� .©ø¤ 1.10.5,´¨� �þ�ð üã��� y = P (x) �î ∫ P
(

x,
√

ax2 + bx+ c
)

dx96



§���Æî ø §���¨ ¼�½¬ ý�ú÷��� ¥� ýÂ�Úó�ÂÚµ÷� 11.5 ß�ãõ�÷ ñ�ÂÚµ÷� 5 ÛÊê
=

∫

um(1− u2)k du =

∫

sin2k+1 x cosn xdx

=

∫

(sin2 x)k cosn x sinxdx

=

∫

(1− cos2 x)k cosn xd(cos x)

= −
∫

(1− u2)kun du.ÝþÂ�Ú� ñ�ÂÚµ÷� Û¬�� ýÂÆî â��� ¥� �î ´¨� üê�î ö��î�ø n = 10 Âþ¥ ñ�ÂÚµ÷� ¢¤�õ ¤¢ (1 .ñ�·õ 2.11.5�¹�µ÷ ¤¢ ø u = cosx Ý��îüõ­Âê ßþ�Â���� .´¨� m = 3
∫

sin3 x cos10 xdx =

∫

sin2 x cos10 x sinxdx

=

∫

(1− u2)u10(−du) =

∫

u10(u2 − 1)du

=
u1313 − u1111 + C =

113 cos13 x− 111 cos11 x+ Cßþ�Â���� .´¨� m = 4 ø n = 5 Âþ¥ ñ�ÂÚµ÷� ¢¤�õ ¤¢ (2 ñ�·õ�¹�µ÷ ¤¢ ø u = sinx Ý��îüõ ­Âê
∫

sin4 x cos5 xdx =

∫

sin4 x(cos2 x)2 cosxdx

=

∫

u4(1− u2)2du =

∫

u4(u4 − 2u2 + 1)du

=
u99 − 2u77 +

u55 + C

=
19 sin9 x− 27 sin7 x+

15 sin5 x+ C.´¨� m = 4 ø n = −5 Âþ¥ ñ�ÂÚµ÷� ¢¤�õ ¤¢ (3 ñ�·õ�¹�µ÷ ¤¢ ø u = sinx Ý��îüõ ­Âê ßþ�Â����
∫

sin4 x
cos5 x dx =

∫
sin4 x
cos6 x cosxdx

=

∫
sin4 x

(cos2 x)3 cosxdx =

∫
u4du

(1− u2)3 du
= −

∫
u4du

(u− 1)3(u + 1)3
= −

∫ {18 1
(u − 1)3 +

516 1
(u − 1)2 +

316 1
u− 1

−18 1
(u+ 1)3 +

516 1
(u+ 1)2 − 316 1

u+ 1} du

=
116 1

(u− 1)2 +
516 1
u− 1 − 316 ln |u− 1|

− 116 1
(u+ 1)2 +

516 1
u+ 1 +

316 ln |u+ 1| + C

=
5u3 − 3u16(u2 − 1)2 +

316 ln

∣
∣
∣
∣

u+ 1
u− 1 ∣∣∣∣+ C

ßþ�Â���� .5−x = (x−2)t2 �þ ,(x−2)(5−x) = (x−2)2t2�¹�µ÷ ¤¢ .dx =
−6tdt

(t2 + 1)2 ø x =
2t2 + 5
t2 + 1

∫
dx

√

(7x− 10− x2)3 =

∫
dx

((x− 2)t)3
=

∫ −6t dx
(t2+1)2

{(2t2+5
t2+1 − 2)t}3 = − 627 ∫ 2t2 + 5

t2 dt

= −29 (−5t + 2t)+ C

=
109 √x− 25− x

− 49√5− x

x− 2 + C.t =

√7x− 10− x2
x− 2 =

√5− x

x− 2 ö� ¤¢ �î�±¨�½õ �¤ Âþ¥ ý�úó�ÂÚµ÷� ¥� ×þ Âû .ßþÂÞ� 3.10.5:À��î1)

∫
dx

(x+ 1)
√1+ x− x2 ,2)

∫
dx

x−
√

x2 + 2x+ 2 ,3)

∫
dx

√

(2x− x2)3 , 4)

∫
dx

√1− x2 − 1 ,5)

∫
(x+

√

x2 + 3)5
√

x2 + 3 dx, 6)

∫ (√

x2 + 2x− 1)3 dx,7)

∫
dx

√

x+ x2 , 8)

∫ 1− x+ x2
√1+ x− x2 dx,9)

∫

x
√

x2 − 2x+ 2 dx, 10)

∫
dx

(1+
√

x2 + x)2 ,11)

∫
x−

√

x2 + 3x + 2
x+

√

x2 + 3x + 2 ,12)

∫
x+

√

x2 + x+ 11+ x+
√

x2 + x+ 1 dx.¼�½¬ ý�ú÷��� ¥� ýÂ�Úó�ÂÚµ÷� 11.5§���Æî ø §���¨��¹õ ´ó�� À�� ¤¢ �¤ ∫ sinm x cosn xdx ¥� ýÂ�Úó�ÂÚµ÷� �ó�bÆõ.Ý�û¢üõ ¤�Âì ü¨¤Â� ¢¤�õÂð� .Àª�� ¢Âê üØþ Ûì�� n ø m ß�� ¥� Âð� 1.11.5Ý��î ­Âê ,Àª�� ¢Âê m Âð� ø u = sinx Ý��î ­Âê ,Àª�� ¢Âê n�¹�µ÷ ¤¢ ø u = cosx

∫

sinm x cos2k+1 xdx =

∫

sinm x(cos2 x)k cosxdx

=

∫

sinm x(1− sin2 x)k d(sinx)97



ß�ãõ�÷ ñ�ÂÚµ÷� 5 ÛÊê §���Æî ø §���¨ ¼�½¬ ý�ú÷��� ¥� ýÂ�Úó�ÂÚµ÷� 11.5üÔ�õ ø �ø¥ ¼�½¬ ¢Àä ×þ m + n Âð� 5.11.5.Ý��îüõ ù¢�Ôµ¨� u = tanx Â�çµõ Â��ç� ¥� ´ó�� ßþ� ¤¢ .Àª��ø n = −4 ,m = 2 ´ó�� ßþ� ¤¢ (1 .ñ�·õ 6.11.5ßþ�Â���� ø m+ n = −2
∫

sin2 x
cos4 x dx =

∫
(

sin2 x
cos2 x) dx

cos2 x =

∫

u2du
=

u33 + C =
13 tan3 x+ Cø m+ n = −6 ø n = −2 ,m = −4´ó�� ßþ� ¤¢ (2 ñ�·õßþ�Â����

∫
dx

cos4 x sin2 x =

∫ 1
sin2 x
cos2 x ×

( 1
cos2 x)2 × dx

cos2 x
=

∫ 1
u2 (1+ u2)2du =

∫
u4 + 2u2 + 1

u2 du

=

∫ (

u2 + 2+
1
u2) du =

u33 + 2u− 1
u

+ C

=
13 tan3 x+ 2 tanx− cotx+ C

m+ n = −2 ø n = −32 ,m = −12 ´ó�� ßþ� ¤¢ (3 ñ�·õ�¹�µ÷ ¤¢ ø
∫ √

tanx

cosx sinx
dx =

∫ √
tanx

sin x
cosx × cos2 x dx

=

∫
du√
u

= 2√u+ C = 2√tanx+ C´ó�� ßþ� ¤¢ .À�ª�� ¼�½¬ ø m = −n Âð� 7.11.5¢¤�õ ¤¢ .´¨� ∫ cotm xdx �þ ∫ tann xdx ÂÑ÷ ¢¤�õ ñ�ÂÚµ÷�
tan2 x =

1
cos2 x − 1 ñ�õÂê ø u = tanx Â�çµõ Â��ç� ¥� ñø�ñ�õÂê ø u = cotx Â�çµõ Â��ç� ¥� �ø¢ ¢¤�õ ¤¢ ø Ý��îüõ ù¢�Ôµ¨�.Ý��îüõ ù¢�Ôµ¨� cot2 x =

1
sin2 x − 1Ýþ¤�¢ tan4 x â��� ¢¤�õ ¤¢ (1 .ñ�·õ 8.11.5

∫

tan4 xdx =

∫

tan2 x( 1
cos2 x − 1) dx

=

∫

tan2 x dx

cos2 x −
∫

tan2 xdx
=

∫

u2du−
∫ ( 1

cos2 x − 1) dx
=

∫

u2du−
∫

du+

∫

dx =
u33 − u+ x+ C

=
13 tan3 x− tanx+ x+ C

.´¨� m = −3 ø n = −4 Âþ¥ ñ�ÂÚµ÷� ¢¤�õ ¤¢ (4 ñ�·õ�¹�µ÷ ¤¢ ø u = cosx Ý��îüõ ­Âê ßþ�Â����
∫

dx

sin3 x cos4 x =

∫
sinxdx

sin4 x cos4 x
=

∫ −d(cosx)

(1− cos2 x)2 cos4 x = −
∫

du

u4(u2 − 1)2
= −

∫
{ 1
u4 +

2
u2 +

14(u − 1)2
− 54(u− 1)

+
14(u+ 1)2 − 54(u + 1)

}

=
13u3 +

2
u

+
14(u− 1)

+
14(u+ 1)

+
54 ln |u− 1| − 54 |u+ 1| + C

=
15u4 − 10u2 − 26u3(u2 − 1)

+
54 ln

∣
∣
∣
∣

u− 1
u+ 1 ∣∣∣∣+ C.À�ª�� üÔ�õ �÷ ø �ø¥ ø¢ Âû n ø m Âð� 3.11.5Û±ì Û��Âõ �� ,�ø�ó �¤�¬ ¤¢ ø ù¢�Þ÷ ù¢�Ôµ¨� Âþ¥ ý�úó�õÂê ¥�:Ý��îüõ á��¤

cos2 x =
1+ cos(2x)2 , sin2 x =

1− cos(2x)2 ,

sinx cos x =
sin(2x)2 .ø m = 4 ø n = 2 ´ó�� ßþ� ¤¢ (1 .ñ�·õ 4.11.5ßþ�Â����

∫

cos2 x sin4 xdx =

∫

(cos x sinx)2 sin2 xdx
=

∫ (
sin(2x)2 )2 1− cos(2x)2 dx

=
18 ∫ {sin2(2x) − sin2(2x) cos(2x)} dx

=
18 ∫ 1− cos(4x)2 dx− 18 ∫ sin2(2x)12 d(sin(2x))

=
116x− 116 ∫ cos(4x)dx − 116 sin3(2x)3 + C

=
116x− 164 sin(4x) − 148 sin3(2x) + Cßþ�Â���� ø m = 4 ø n = 0´ó�� ßþ� ¤¢ (2 ñ�·õ

∫

sin4 xdx =

∫

(sin2 x)2dx =

∫ (1− cos(2x)2 )2
dx

=
14 ∫ {cos2(2x) − cos(2x) + 1} dx

=
14 ∫ {1+ cos(4x)2 − 2 cos(2x) + 1} dx

=
38x− 14 sin(2x) +

132 sin(4x) + C98



ü��·Ü·õ ý�þ�ð â���� ¥� ýÂ�Úó�ÂÚµ÷� 12.5 ß�ãõ�÷ ñ�ÂÚµ÷� 5 ÛÊê15)

∫
dx

sin5 x cos3 x, 16)

∫
dx3√tanx

,17)

∫

tan6 xdx 18)

∫

cot6 xdx,19)

∫

tan3 xdx, 20)

∫

cot3 xdx,21)

∫
dx√

sinx cos3 x, 22)

∫

sin5 x 3√cosxdx,23)

∫

x sin4 x2dx, 24)

∫

cot4(3x)dx,25)

∫ (

tan2 x3 + tan4 x3) dx,26)

∫
sin3 x5√
cos3 x dx.ü��·Ü·õ ý�þ�ð â���� ¥� ýÂ�Úó�ÂÚµ÷� 12.5ÛØª �� ý�úó�ÂÚµ÷� �±¨�½õ ¤¢ .©ø¤ 1.12.5,´¨� �þ�ð üã��� P (x, y) ö� ¤¢ �î ,∫ P

(

sinx, cos x
)

dxý�úþ¤�ÁÚþ�� �� �¤�¬ ßþ� ¤¢ .u = tan
( x2) Ý��îüõ ­Âê:Ý�¨¤üõ ýÂÆî â��� ×þ ¥� üó�ÂÚµ÷� �� Âþ¥

sinx =
2u

u2 + 1 , cosx =
1− u2
u2 + 1 , dx =

2 du
u2 + 1 ,Ýþ¤�¢ 1.12.5 ×Þî �� (1 .ñ�·õ 2.12.5

∫
dx1+ sinx+ cosx

=

∫ 2du
u2+11+ 2u

u2+1 + 1−u2
u2+1

=

∫
du

u+ 1 = ln |u+ 1| + C

= ln
∣
∣
∣tan

( x2)+ 1∣∣∣+ CÝþ¤�¢ 1.12.5 ×Þî �� (2 ñ�·õ
∫

sinx1− sinx
dx =

∫ 2u
u2+11− 2u
u2+1 2du

u2 + 1
=

∫ 4udu
(u+ 1)2(u2 + 1)

=

∫ { 2
(u− 1)2 +

−2
u2 + 1} du

=
−2
u− 1 − 2 arctanu+ C

=
−2

tan(x/2) − 1 − x+ C

∫

P (sinx, cosx)dx ñ�ÂÚµ÷� ¤¢ Âð� .©ø¤ 3.12.5
P (− sinx, cosx) = P (sinx, cosx) �Âª �� ü÷¤�Ö� �bÎ��¤

Ýþ¤�¢ tan5 x â��� ¢¤�õ ¤¢ (2 ñ�·õ
∫

tan5 xdx =

∫

tan3 x tan2 xdx
=

∫

tan3 x( 1
cos2 x − 1) dx

=

∫

tan3 x dx

cos2 x −
∫

tan3 xdx
=

∫

u3du−
∫

tanx tan2 xdx
=

∫

u3du−
∫

tanx

( 1
cos2 x − 1) dx

=

∫

u3du−
∫

udu+

∫

tanxdx

=
u44 − u22 − ln | cosx| + C

=
14 tan4 x− 12 tan2 x− ln | cosx| + C¢Âî ÛÞä Âþ¥ �¤�¬ �� ö���üõ cot4 x â��� ¢¤�õ ¤¢ (3 ñ�·õ

∫

cot4 xdx =

∫

cot2 x( 1
sin2 x − 1) dx

=

∫

cot2 x dx

sin2 x −
∫

cot2 xdx
=

∫

u2(−du) − ∫ ( 1
sin2 x − 1) du

= −
∫

u2du−
∫

dx

sin2 x +

∫

dx

= −
∫

u2du−
∫

udu+

∫

dx

= −u
33 +

u22 + x+ C

= −13 cot3 x+
12 cot2 x+ x+ C�±¨�½õ �¤ Âþ¥ ý�û ñ�ÂÚµ÷� ¥� ×þ Âû .ßþÂÞ� 9.11.5:À��î1)

∫
dx

sin3 x, 2)

∫

cos5 xdx,3)

∫

sin4 x cos5 xdx, 4)

∫

sin5 x cos7 xdx,5)

∫
sin3 x
cos4 x dx, 6)

∫

sin8 xdx,7)

∫

cos6 xdx, 8)

∫
dx

sin4 x cos4 x,9)

∫

sin2 x cos4 xdx, 10)

∫
cos4 x
sin2 x dx,11)

∫
sin4 x
cos6 x dx, 12)

∫
dx

√

sin3 x cos5 x,13)

∫
dx√
tanx

, 14)

∫
cos2 x
sin6 x dx,99



ß�ãõ�÷ ñ�ÂÚµ÷� 5 ÛÊê �ø�Ôµõ ý�þ�ø¥ �� ü��·Ü·õ â���� ¥� ýÂ�Úó�ÂÚµ÷� 13.5�� ü��·Ü·õ â���� ¥� ýÂ�Úó�ÂÚµ÷� 13.5�ø�Ôµõ ý�þ�ø¥ù¢�Ôµ¨� Âþ¥ ý�úó�õÂê ¥� ,¢¤��õ �÷�Ú�þ� ¤¢ .©ø¤ 1.13.5¢�ªüõ
sin(mx) cos(nx) =

12( sin
(
(m− n)x

)
+ sin

(
(m+ n)x

))

sin(mx) sin(nx) =
12( cos

(
(m− n)x

)
− cos

(
(m+ n)x

))

cos(mx) cos(nx) =
12( cos

(
(m− n)x

)
+ cos

(
(m+ n)x

))Ýþ¤�¢ ñ�õÂê ß�óø� ×Þî �� (1 .ñ�·õ 2.13.5
∫

sin(7x) cos(3x)dx =

∫ 12( sin(4x) + sin(10x)) dx
=

12 ∫ sin(4x) dx +
12 ∫ sin(10x) dx

= −18 cos(4x) − 120 cos(10x) + CÝþ¤�¢ ñ�õÂê ß�õø¢ ×Þî �� (2 ñ�·õ
∫

sin(10x) sin(15x) dx =

=

∫ 12 (sin(−5x) − cos(25x)) dx
= −12 ∫ sin(5x) dx − 12 ∫ cos(25x) dx
=

110 cos(5x) − 150 sin(25x) + CÝþ¤�¢ ñ�õÂê ß�õ�¨ ×Þî �� (3 ñ�·õ
∫

cosx cos2(3x) dx =

∫

cosx
1+ cos(6x)2 dx

=
12 ∫ cosxdx+

12 ∫ cosx cos(6x) dx
=

12 sinx+
12 ∫ 12 (cos(5x) + cos(7x)) dx

=
12 sinx+

14 ∫ cos(5x) dx +
14 ∫ cos(7x) dx

=
12 sinx+

120 sin(5x) +
128 sin(7x) + C�±¨�½õ �¤ Âþ¥ ý�úó�ÂÚµ÷� ¥� ×þ Âû .ßþÂÞ� 3.13.5:À��î1)

∫

sin(3x) cos(5x)dx, 2)

∫

sin(9x) sin xdx,3)

∫

sinx sin(2x) sin(3x)dx,4)

∫

cos
( x2) sin

( x3) dx.

ù¢�Ôµ¨� �� �¤�¬ ßþ� ¤¢ .u = tanx Ý��îüõ ­Âê ,Àª�� ¤�ÂìÂ�:Ý�¨¤üõ ýÂÆî â��� ×þ ñ�ÂÚµ÷� �� Âþ¥ ý�úþ¤�ÁÚþ�� ¥�
sinx =

u
√

u2 + 1 , cosx =
1

√

u2 + 1 , dx =
du

u2 + 1 ,Ýþ¤�¢ 3.12.5 ×Þî �� (1 .ñ�·õ 4.12.5
∫

dx

sin2 x+ 1 =

∫ du
u2+1
u2

u2+1 + 1
=

∫
du2u2 + 1 =

√22 ∫
d(
√2u)

(
√2u)2 + 1

=

√22 arctan(
√2u) + CÝþ¤�¢ 3.12.5 ×Þî �� (2 ñ�·õ

∫
dx

sinx2 + 3 sinx cos x− cos2 x =

=

∫ du
u2+1

u2
u2+1 + 3 u

u2+1 − 1
u2+1

=

∫
du

u2 + 3u− 1 =

∫
du

(u+ 32 )2 − (
√132 )2

=
1√13 ln

∣
∣
∣
∣
∣

u+ 32 −
√132

u+ 32 +
√132 ∣

∣
∣
∣
∣
+ C

=

√1313 ln

∣
∣
∣
∣
∣

2 tanx+ 3−
√132 tanx+ 3+
√13 ∣∣∣∣∣+ C�±¨�½õ �¤ Âþ¥ ý�úó�ÂÚµ÷� ¥� ×þ Âû .ßþÂÞ� 5.12.5:À��î1)

∫
dx

sinx+ cosx
, 2)

∫
dx3+ 5 cosx

,3)

∫
sinxdx1− sinx

, 4)

∫
cosxdx1+ cosx

,5)

∫
dx

cosx+ 2 sinx+ 3 , 6)

∫ 1+ tanx1− tanx
,7)

∫
dx3 sin2 x+ 5 cos2 x, 8)

∫
dx3 cos2 x+ 1 ,9)

∫
sin2 xdx1+ sin2 x, 10)

∫
dx

sin4 x+ cos4 x,11)

∫
dx

sin6 x+ cos6 x, 12)

∫
sinx cos x

sinx+ cosx
dx,13)

∫
dx

(sin2 x+ 2 cos2 x)2 ,14)

∫
dx

(2 sinx+ 3 cosx)2 ,15)

∫
dx

(2+ cosx) sinx
, 16)

∫
sinxdx

sin3 x+ cos3 x.100



Ý¬� ý�úó�ÂÚµ÷� ý�Â� ý�ó�óÁû ø ü��·Ü·õ ��þÀ±� ¥� ù¢�Ôµ¨� 14.5 ß�ãõ�÷ ñ�ÂÚµ÷� 5 ÛÊê
=

√38 cosh3 t− 316 sinh t cosh t− 316 t+ C

=

√38 (1+ sinh2 t)3/2 − 316 sinh t(1+ sinh2 t)1/2
− 316 t+ C

=

√38 (1+
(2x + 1)23 )3/2

− 316√33 (2x + 1)

(1+
(2x + 1)23 )1/2

− 316arcsinh

(2x+ 1√3 )

+ C�±¨�½õ �¤ Âþ¥ ý�úó�ÂÚµ÷� ¥� ×þ Âû .ßþÂÞ� 3.14.5:À��î1)

∫ √

x2 + 2 dx, 2)

∫
x2dx

√

x2 + 9 ,3)

∫ √

x2 − 2x+ 2 dx, 4)

∫ √

x2 − 4 dx,5)

∫ √

(x2 + x+ 1)3 dx, 6)

∫ √

x2 − 6x− 7dx,7)

∫
dx

√

(x2 − 2x+ 5)3 , 8)
dx

(x− 1)
√

x2 − 3x+ 2 ,9)

∫
dx

(1− x2)√x2 + 1 , 10)

∫
dx

(1+ x2)√1− x2 .ÛØª �� â���� ýÂ�Úó�ÂÚµ÷� 15.5
P (x) sin(ax) �þ P (x) cos(ax)ÛØª �� ý�úó�ÂÚµ÷� Û� ý�Â� .©ø¤ 1.15.5×þ P (x) �î ∫
P (x) sin(ax) dx �þ ∫ P (x) cos(ax) dxÝ��îüõ ­Âê ,´¨� n �b ±�Âõ ¥� ý��ÜÞ�À��

I = Q(x) cos(ax) +R(x) sin(ax) + CÅ� .À�µÆû �� n �b ±�Âõ ý�úþ��ÜÞ�À�� R(x) ø Q(x) ö� ¤¢ �î
sin(ax) °þ�Â® ,ö� ß�êÂÏ ¥� ýÂ�ÚÖµÈõ ø ýø�Æ� ßþ� ­Âê ¥�¤�Âì Â��Â� Ýû �� �¤ éÂÏ ø¢ ¤¢ cos(ax) °þ�Â® ��÷ ø éÂÏ ø¢ ¤¢.Ý�û¢üõ
∫

(x2+3x+5) cos(2x) dx ñ�ÂÚµ÷� .(1 ñ�·õ 2.15.5.À��î �±¨�½õ �¤Ý��î ­Âê .Û�
∫

(x2 + 3x+ 5) cos(2x) dx =

= (A0x2 +A1x+A2) cos(2x)
+(B0x2 +B1x+B2) sin(2x) + C

ø ü��·Ü·õ ��þÀ±� ¥� ù¢�Ôµ¨� 14.5Ý¬� ý�úó�ÂÚµ÷� ý�Â� ý�ó�óÁûÛØª �� ñ�ÂÚµ÷� �b ±¨�½õ ý�Â� .©ø¤ 1.14.5,´¨� ýÂÆî üã��� P (x, y) �î ∫ P (x,
√

ax2 + bx+ c)dxÛõ�î â�Âõ ¥� Å� ax2 + bx+ c �ø¢ �b�¤¢ �¤�±ä �Ø�þ� �� �µÆ��¤�¬ �¨ ¥� üØþ �� ö¢Âî1)

∫

P

(

x,

√

a2 − (cx+ d)2) dx,2)

∫

P

(

x,
√

a2 + (cx+ d)2) dx,3)

∫

P

(

x,

√

(cx+ d)2 − a2) dx,¢�¢ ��¹÷� �¤ Âþ¥ ��®øÂÔõ ö���üõ ,¢¢Âð ÛþÀ±�,cx+ d = a tanh t �þ cx+ d = a sin t (1,cx+ d = a sinh t �þ cx+ d = a tan t (2.cx+ d = a cosh t �þ cx+ d = a sec t (3�þ ø ü��·Ü·õ ýÂÆî â��� ×þ �� ,ö� ý¤�ÁÚþ�� ¥� Å� ø.Ý�¨¤üõ ý�ó�óÁû:Ýþ¤�¢ x+ 1 = tan t­Âê �� (1 .ñ�·õ 2.14.5
∫

dx

(x+ 1)2√x2 + 2x+ 2 =

∫
dx

(x+ 1)2√(x+ 1)2 + 1
=

∫
(1+ tan2 t) dt

(tan t)2√(tan t)2 + 1 =

∫ 1
cos2 tdt

sin2 t
cos2 t 1

cos t

=

∫
cos tdt

sin2 t =

∫
d(sin t)

sin2 t =
−1
sin t

+ C

=
−1
tan t√

tan2 t+1 + C =
−
√

x2 + 2x+ 2
x+ 1 + C:Ýþ¤�¢ x+

12 =

√32 sinh t­Âê �� (2 ñ�·õ
∫

x
√

x2 + x+ 1 dx =

∫

x

√
√
√
√

(

x+
12)+

(√32 )2
=

∫
(√32 sinh t− 12)
×

√
√
√
√

(√32 sinh t

)2
+

(√32 )2√32 cosh tdt

=
38 ∫ (√3 sinh t− 1) cosh2 tdt

=
3√38 ∫

sinh t cosh2 tdt− 38 ∫ cosh2 dt
=

3√38 ∫

cosh2 td(sinh t) − 38 ∫ 1+ cosh(2t)2 dt101



ß�ãõ�÷ ñ�ÂÚµ÷� 5 ÛÊê �µê�þ Ý�Þã� Ǒ�� �� Ǒ�� ñ�õÂê 16.5Û� �¤ ùÀª ù¢�¢ ý�úó�ÂÚµ÷� ¥� ×þ Âû .ßþÂÞ� 3.15.5:À��î1)

∫

(x− 1)2 cos(3x) dx 2)

∫

x4 cosxdx3)

∫

(x3 + 5x+ 6) cos xdx 4)

∫

x2 sinx cos(2x) dx5)

∫

(2x3 + 3x2 − 8x+ 1) sin(2x) dx6)

∫

(x2 + 2x− 1) sin2 xdx7)

∫

(x2 + 1) cos(x− 1) dx8)

∫

(x3 − 1) sin2 x cos(2x) dx�µê�þ Ý�Þã� Ǒ�� �� Ǒ�� ñ�õÂê 16.5¢�ªüõ ǑÂ� �� Ǒ�� �b �Ìì ¥� ü� ¤¢ ü� ùb¢�Ôµ¨� �� �¤ Âþ¥ �b �Ììü÷�ø�Âê ý�û¢Â�¤�î ý�¤�¢ ö� �b¹�µ÷ ��÷ ø ��Ìì ßþ� .¢�Þ÷ ��±��.À�ª��üõÀ�ª�� â��� ø¢ y = v(x) ø y = u(x) Âð� .��Ìì 1.16.5Ý��î ÓþÂã� ø
v1(x) =

∫

v(x)dx, v2(x) =

∫

v1(x)dx,
· · · · · · · · · vn(x) =

∫

vn−1(x)dx�¤�¬ ßþ� ¤¢
∫

u(x)v(x)dx = u(x)v1(x) − u′(x)v2(x)

+u′′(x)v3(x) − · · · + (−1)n−1u(n−1)(x)vn(x)

+(−1)n
∫

u(n)(x)vn(x) dx�b ±�Âõ ý��ÜÞ� À�� ×þ y = P (x) Âð� .�¹�µ÷ 2.16.5:ù�Ú÷� ,Àª�� �� n
∫

P (x)eax dx =

= eax
{
P (x)

a
− P ′(x)

a2 + · · · + (−1)n
P (n)(x)

an+1 }

+ C

∫

P (x) cos(ax)dx =

Ýþ¤�¢ ,ýø�Æ� ßþ� ß�êÂÏ ¥� ýÂ�ÚÖµÈõ ��
(x2 + 3x+ 5) cos(2x) = (2A0x+A1) cos(2x)

−2(A0x2 +A1x+A2) sin(2x)
= (2B0x+B1) sin(2x)

+2(B0x2 +B1x+B2) cos(2x)
= (2B0x2 + 2(A0 +B1)x+A0 + 2B2) cos(2x)

+(−2A0x2 + 2(B0 −A1)x+B1 − 2A2) sin(2x)�¹�µ÷ ¤¢2B0 = 1 2(A1 +B1) = 3 A1 + 2B2 = 5
−2A0 = 0 2(B0 −A1) = 0 B1 − 2A2 = 0,B0 = 1/2 ,A0 = 0 :¢�ªüõ �¹�µ÷ ù�Úµ¨¢ ßþ� Û� ¥� �î,ßþ�Â���� .B2 = 9/4 ø A2 = 3/4 ,B1 = 3/2 ,A1 = 1/2Ýþ¤�¢
∫

(x2 + 3x+ 5) cos(2x) dx =
14 (2x + 3) cos(2x)

+
14(2x2 + 6x+ 9) sin(2x) + C.À��î �±¨�½õ �¤ ∫ x3 sinxdx ñ�ÂÚµ÷� (2 ñ�·õÝ��î ­Âê .Û�

∫

x3 sinxdx = (A0x3 +A1x2 +A2x+ A3) cosx

+(B0x3 +B1x2 +B2x+B3) sinx+ CÝþ¤�¢ ,ýø�Æ� ßþ� ß�êÂÏ ¥� ýÂ�ÚÖµÈõ ��
x3 sinx = (3A0x2 + 2A1x+A2) sinx

+(A0x3 +A1x2 +A2x+A3) cosx

+(3B0x2 + 2B1x+B2) cosx

−(B0x3 +B1x2 + B2x+B3) sinx

= (−B0x3 + (3A0 −B0)x2
+(2A1 −B2)x+ (A2 −B3)) sinx

+(−A0x3 + (A1 + 3B0)x2
+(A2 − 2B1)x+ (A3 −B2)) cosx�¹�µ÷ ¤¢

−B0 = 1 A2 −B3 = 0 A2 + 2B1 = 03A0 −B1 = 0 A0 = 0 A3 + B2 = 0 = 02A1−B2 = 0 A1 + 3B0 = 0,A1 = 3 ,A0 = 0 :¢�ªüõ �¹�µ÷ ù�Úµ¨¢ ßþ� Û� ¥� �îø B2 = 6 ,B1 = 0 ,B0 = −1 ,A3 = −6 ,A2 = 0�¹�µ÷ ¤¢ .B3 = 0
∫

x3 sinxdx = 3(x2 − 2) sinx+ x(6 − x2) cosx+ C102



´Èð¥�� ©ø¤ 17.5 ß�ãõ�÷ ñ�ÂÚµ÷� 5 ÛÊê�±¨�½õ �¤ Âþ¥ ý�úó�ÂÚµ÷� ¥� ×þ Âû .ßþÂÞ� 4.16.5:À��î1)

∫

x2e 3√x dx, 2)

∫

(x3 − 2x+ 2) sinxdx,3)

∫

xex sinxdx, 4)

∫

eax cos2(bx)dx,5)

∫

(1+ x2)2 cos dx, 6)

∫

x2ex cosxdx,7)

∫

x7e−x2 dx, 8)

∫

xex sin2 xdx.´Èð¥�� ©ø¤ 17.5�Ø�þ� �� ���� �� .∫ tann x dx �b ±¨�½õ 1.17.5Ýþ¤�¢ In =

∫

tann xdx­Âê �� ,d(tanx) = (1+tan2 x)dx
In =

∫

tann−2 x tan2 xdx
=

∫

tann−2 x(tan2 x+ 1) dx −
∫

tann−2 xdx
=

1
n− 1 tann−1 x− In−2 ø I0 =

∫

dx = x ùø�ã�
I1 =

∫

tanxdx = − ln | cosx| + CÝþ¤�¢ 1.17.5 ×Þî �� (1 .ñ�·õ 2.17.5
∫

tan5 xdx = I5 =
14 tan4 x− I3

=
14 tan4 x−

(12 tan2 x− I1)
=

14 tan4 x− 12 tan2 x+ I1
=

112 tan2 x(3 tan x+ 4) − ln | cosx| + CÝþ¤�¢ 1.17.5 ×Þî �� (2 ñ�·õ
∫

tan6 xdx = I6 =
15 tan5 x− I4

=
15 tan5 x− 13 tan3 x+ I2

=
15 tan5 x− 13 tan3 x+ tanx− I0

=
115 tanx(3 tan4 x− 5 tan2 x+ 15) + x+ C

=
sin(ax)

a

{

P (x) − P”(x)

a2 +
P (4)(x)

a4 − · · ·
}

+
cos(ax)

a

{

P ′(x) − P (3)(x)

a3 +
P (5)(x)

a5 − · · ·
}

+ C

∫

P (x) sin(ax)dx =

= −cos(ax)

a

{

P (x) − P ′′x)

a2 +
P (4)(x)

a4 − · · ·
}

+
sin(ax)

a

{

P ′(x) − P (3)(x)

a3 +
P (5)(x)

a5 − · · ·
}

+ C2.16.5 ñ�õÂê ß�óø� ×Þî �� (1 .ñ�·õ 3.16.5Ýþ¤�¢
∫

x3e3x dx = e3x{x33 − 3x29 +
6x27 − 681}+ CÝþ¤�¢ 2.16.5 ñ�õÂê ß�õø¢ ×Þî �� (2 ñ�·õ

∫

x5 cos(2x)dx =
sin(2x)2 {

x5 − 20x34 +
120x16 }

+
cos(2x)2 {5x4 − 60x28 +

12032 }+ C

=
14 (2x5 − 10x3 + 15x) sin(2x)

+
58 (4x4 − 6x2 + 3) cos(2x) + C,u = lnx­Âê �� ø 2.16.5 ñ�õÂê ß�óø� ×Þî �� (3 ñ�·õÝþ¤�¢

∫

(lnx)4dx =

∫

u4eudu
= eu

{

u4 − 4u3 + 12u2 − 24u + 24}+ C

= x
{

ln4 x− 4 ln3 x+ 12 ln2 x− 24 ln x+ 24} + C,u =
√
x­Âê �� ø 2.16.5 ñ�õÂê ß�õ�¨ ×Þî �� (4 ñ�·õÝþ¤�¢

∫

x2 sin
√
xdx =

∫

u4 sinu2udx
= 2 ∫ u5 sinudu

= 2{− cosu(u5 − 20u3 + 120u)
+ sinu(5u4 − 60u2 + 120)

}

+ C

= −2√x{(x2 − 20x + 120) cos
(√
x
)

+10(x2 − 12x+ 24) sin
(√
x
)}

+ C103



ß�ãõ�÷ ñ�ÂÚµ÷� 5 ÛÊê ´Èð¥�� ©ø¤ 17.5
= − sinn−1 x cosx+

∫

(n− 1) sinn−2 x cos2 xdx
= − sinn−1 x cosx

+(n− 1)

∫

sinn−2 x(1− sin2 x)dx
= − sinn−1 x cosx+ (n− 1)In−2 − (n− 1)In�¹�µ÷ ¤¢

In =
−1
n

sinn−1 x cosx+
n− 1
n

In−2 ùø�ã�
I0 =

∫

sinxdx =

∫

dx = x+ C

I1 =

∫

sinxdx = − cosx+ C

n ø m �î ,∫ sinm x cosn x dx �b ±¨�½õ 6.17.5ñ�ÂÚµ÷� ÂÚÈþ�Þ÷ Im,n Ý��î ­Âê .À�µ±·õ ¼�½¬ ¢�Àä��Ø�þ� ­Âê �� �¤�¬ ßþ� ¤¢ .Àª�� ∫ sinm x cosn xdxÝþ¤�¢ P = sinm−1 x cosn+1 x
dP

dx
= (m− 1) cosx sinm−2 x cosn+1 x

−(n+ 1) sinx sinm−1 x cosn x

= (m− 1) sinm−2 x cosn+2 x− (n+ 1) sinm x cosn x

= (m− 1) sinm−2 x cosn x(1− sin2 x)
−(n+ 1) sinm x cosn x

= (m− 1) sinm−2 x cosn x− (m+ n) sinm x cosn x�¹�µ÷ ¤¢
sinm−1 x cosn+1 x = (m− 1)Im−2,n − (m+ n)Im,nßþ�Â���� ø

Im,n =
−1
m+ n

sinm−1 x cosn+1 x
+
m− 1
m+ n

Im−2,n (1.5 )Ýþ¤�¢ P = sinm+1 x cosn−1 x­Âê �� ���Èõ �¤�Ê�
dP

dx
= (m+ 1) cosx sinm x cosn−1 x

−(n− 1) sinx sinm+1 x cosn−2 x
= (m+ 1) sinm x cosn x

−(n− 1) sinm+2 x cosn−2 x
= (m+ 1) sinm x cosn x

−(n− 1) sinm x(1− cos2 x) cosn−2 x
= (m+ n) sinm x cosn x

−(n− 1) sinm x cosn−2 x

a > 0 Ý��î ­Âê .∫ dx

(x2 + a2)n

�b ±¨�½õ 3.17.5­Âê �� �¤�¬ ßþ� ¤¢ .In =

∫
dx

(x2 + a2)n ø n ∈ N øǑ�� �� Ǒ�� ©ø¤ ¥� ù¢�Ôµ¨� �� ø dv = dx ø u =
1

(x2 + a2)nÝþ¤�¢
In =

x

(x2 + a2)n −
∫

x
−2nx

(x2 + a2)n+1 dx
=

x

(x2 + a2)n + 2n ∫ (x2 + a2) − a2
(x2 + a2)n+1 dx

=
x

(x2 + a2)n + 2n ∫ dx

(x2 + a2)n
−2na2 ∫ dx

(x2 + a2)n+1
=

x

(x2 + a2)n + 2nIn − 2na2In+1 �¹�µ÷ ¤¢
In+1 =

12na2 x

(x2 + a2)n +
2n− 12n 1

a2 InÝþ¤�¢ n = 1 ý�¥� �� ùø�ã� ø
I1 =

∫
dx

x2 + a2 =
1
a

arctan
(x

a

)

+ Cø a =

√32 ­Âê �� ,��� ¶½� �� ���� �� .ñ�·õ 4.17.5Ýþ¤�¢ u = x+
12

∫
dx

(x2 + x+ 1)3 = I3 =
14a2 u

(u2 + a2)2 +
34 1
a2 I2

=
u4a2(u2 + a2)2 +

34a2 { 12a2 u

u2 + a2 +
12 1
a2 I1}

=
u4a2(u2 + a2)2 +

3u8a4(u2 + a2) +
38a4 I1

=
u4a2(u2 + a2)2 +

3u8a4(u2 + a2)
+

38a4 .1a arctan
u

a
+ C

=
2x+ 16(x2 + x+ 1)2 +

2x+ 13(x2 + x+ 1)

+
4√39 arctan

(√33 (2x+ 1)

)

+ Cñ�ÂÚµ÷� In Ý��î ­Âê .∫ sinn x dx �b ±¨�½õ 5.17.5�¤�¬ ßþ� ¤¢ .Àª�� ∫ sinn xdx

In =

∫

sinn−1 x sinxdx

= −
∫

sinn−1 xd(cos x)104



Û³�õ ¥� ù¢�Ôµ¨� 18.5 ß�ãõ�÷ ñ�ÂÚµ÷� 5 ÛÊêÝþ¤�¢ ��� ý�úó�õÂê ¥� ù¢�Ôµ¨� �� .ñ�·õ 9.17.5
∫

dx

sin4 x cos2 x = I−4,−23.5
=

−13 sin−3 x cos−1 x+
−4
−3I−2,−23.5

=
−13 sin−3 x cos−1 x

+
43 {− sin−1 x cos−1 x+ 2I0,−2}

=
−13 sin−3 x cos−1 x
−43 sin−1 x cos−1 x+

83I0,−24.5
=

−13 sin−3 x cos−1 x− 34 sin−1 x cos−1 x
+
83 {sinx cos−1 x+ (0)I0,0}

=
−13 sin3 x cosx

− 43 sinx cosx
− 8 sinx3 cosx

+ C���¤� üµÈð¥�� ñ�õÂê ×þ ,¢¤�õ Âû ¤¢ .ßþÂÞ� 10.17.5:À�û¢1)

∫

cosn xdx, 2)

∫

secn xdx,3)

∫

cscn xdx, 4)

∫

xneax dx,5)

∫
xn dx

√

x2 + a2 6)

∫
dx

(x2 − a2)n ,7)

∫

xa(lnx)n dx, 8)

∫

xneax cos(bx) dx.Û³�õ ¥� ù¢�Ôµ¨� 18.5´½� Ç¿� �� ,Û³�õ ¤��ê� �Â÷ ¥� ù¢�Ôµ¨� ��õÀÖõ ùbÀû�Èõ ý�Â�.¢�ª �ã��Âõ ×þ ÛÊê ¥� ��÷ ß�Þû�b ±¨�½õ ¤�µ¨¢ üÜî �¤�¬ .ñ�ÂÚµ÷� �b ±¨�½õ 1.18.5ñ�ÂÚµ÷� ¢¤�õ â��� f(x) ö� ¤¢ �î ,´¨� int(f(x),x) ñ�ÂÚµ÷�,¢�ª ù¢�Ôµ¨� Int ¥� int ý�¹� Âð� .´¨� ýÂ�Úó�ÂÚµ÷� Â�çµõ x ø.Àª Àû��¿÷ �±¨�½õ ø ¢�ªüõ ù¢�¢ ö�È÷ ßþ¢�Þ÷ ÛØª �� ñ�ÂÚµ÷�.Ý��îüõ ù¢�Ôµ¨� value ¤�µ¨¢ ¥� ´¨� üê�î ö� �b ±¨�½õ ý�Â��÷�Þ÷ ý�Â�
int(x ∗ sin(a ∗ x), x)

Û³�õ
−−−−→ sin(ax) − ax cos(ax)

a2

int(x/(x2 − 3 ∗ x + 1), x)
Û³�õ

−−−−→

�¹�µ÷ ¤¢
sinm+1 x cosn−1 x = (m+ n)Im,n − (n− 1)Im,n−2ßþ�Â���� ø

Im,n =
1

m+n
sinm+1 x cosn−1 x
+
n− 1
m+n

Im,n−2 (2.5 )1.5) ý�úó�õÂê ¥� ¤ ÂØõ ùb¢�Ôµ¨� �� ,Im,n �ó�bÆõ Û� ý�Â� ßþ�Â����´ó�� ¤�ú� ¥� üØþ �� ,n ø m ¥� ø¢ �¤�Ìõ ßµ¨�î ø (2.5 ) ø (:Ý�¨¤üõ Âþ¥
I0,0 =

∫

dx = x+ C

I1,0 =

∫

sinxdx = − cosx+ C

I0,1 =

∫

cosxdx = sinx+ C

I1,1 =

∫

sinx cosxdx =
12 sin2 x+ C��� ¤¢ �øÂÈõ ý�úó�õÂê ¥� ù¢�Ôµ¨� �� .ñ�·õ 7.17.5:Ýþ¤�¢

∫

sin4 x cos2 xdx = I4,2 (1)
=

−16 sin3 x cos3 x+
12I2,2

(2)
=

−16 sin3 x cos3 x+
12 {14 sin3 x cos x+

14I2,0}
=

−16 sin3 x cos3 x+
18 sin3 x cos x+

18 I2,0
(1)
=

−16 sin3 x cos3 x+
18 sin3 x cos x

+
18 {−12 sinx cosx+

12I0,0}
=

−16 sin3 x cos3 x+
18 sin3 x cos x

− 116 sinx cosx+
116x+ C

n ø m �î ,∫ sinm x cosn x dx �b ±¨�½õ 8.17.5¥� .´¨� üÔ�õ �ú÷� ¥� üØþ Ûì�� ø À÷�¼�½¬ ¢�Àä�´êÂð �¹�µ÷ ö���üõ ,6.17.5 ´ÞÆì ¤¢ (2) ø (1) ý�úó�õÂê�î
Im,n =

sinm+1 x cosn+1 x
m+ 1 +

m+ n+ 2
m+ 1 Im+2,n (3.5 )

Im,n = − sinm+1 x cosn+1 x
m+ 1 +

m+ n+ 2
m+ 1 Im,n+2 (4.5 )�î ¢Âî ÛþÀ±� Im′,n′ �� �¤ Im,n ö���üõ �úó�õÂê ßþ� ¥� ù¢�Ôµ¨� ��.À÷�üÔ�õ�÷ n′ ø m′ ö� ¤¢105



ß�ãõ�÷ ñ�ÂÚµ÷� 5 ÛÊê Û³�õ ¥� ù¢�Ôµ¨� 18.5.Ý�¨¤üõ ∫ u3 du �� ø ù¢�Þ÷�� Ǒ�� ¤�µ¨¢ üÜî �¤�¬ .Ǒ�� �� Ǒ�� ©ø¤ 3.18.5ÛØª �� ñ�ÂÚµ÷� ¤¢ Ǒ��¤¢ ö� ×Þî �� �î ,´¨� student[intpart](I(x),u(x))Ǒ�� �� Ǒ�� ùbÀä�ì ¥� Å³¨ ø u=u(x) ¢�ªüõ­Âê I(x) ñ�ÂÚµ÷�×Þî �� �÷�Þ÷ ý�Â� .¢�ªüõ ù¢�Ôµ¨� ∫ u dv = uv −
∫

v du¤�µ¨¢
student[intpart](Int(xk ∗ In(x), x), ln(x))

Û³�õ
−−−−→

ln(x)x(k+1)

k + 1
− x(k+1)

x(k + 1)
dx

u = ­Âê �� Ǒ�� �� Ǒ�� ©ø¤ ¥� ∫ xk ln(x) dx ñ�ÂÚµ÷� ¤¢.¢�ªüõ ù¢�Ôµ¨� dv = xk dx ø ln(x)üµ÷Âµ�þ� §¤¢� ¤¢ . 4.18.5
http://webpages.iust.ac.ir/m_nadjafikhah/r1.html.´¨� ùÀª ù¢¤ø� ���õ¥ ßþ� ¤¢ ÂµÈ�� â���õ ø �úó�·õ

1

2
ln
(
x2 − 3x + 1

)
− 3

√
5

5
arctanh

(√
5

5
(2x − 3)

)

Int(u ∗ tan(u2), u)
Û³�õ

−−−−→
∫

u tan
(
u2
)
du

value(Int(u ∗ tan(u2), u))
Û³�õ

−−−−→ −1

2
cos
(
u2
)¤�µ¨¢ üÜî �¤�¬ .ñ�ÂÚµ÷� ¤¢ Â�çµõ Â��ç� 2.18.5ÛØª �� ñ�ÂÚµ÷� ¤¢ Â�çµõ Â��ç�ö� ¤¢ �î ,´¨� student[changevar](R(x,u),I(x),u)¤¢ Â�çµõ Â��ç� Ý�û��¡üõ �î x Â�çµõ °Æ� Â� ´¨� üó�ÂÚµ÷� I(x)

x °Æ� Â� �¤ u ö� ¤¢ �î ´¨� ý��Î��¤ R(x,u) ,Ý�û¢ ��¹÷� ö�°Æ� Â� �¤ ñ�ÂÚµ÷� Àþ�� �î ´¨� ýÀþÀ� Â�çµõ u ø Ýþ�ù¢�Þ÷ ö���¤�µ¨¢ ×Þî �� ,�÷�Þ÷ ý�Â� .Ý�Æþ��� ö�
student[changevar](u=sin(x),Int((sin(x)) ∧

3cos(x), x), u)
Û³�õ

−−−−→
∫

u3 du¢�¹þ� u = sinx Â�çµõ Â��ç� ¥� ∫ sin3(x) cos(x) dx ñ�ÂÚµ÷� ¤¢

106



6 ÛÊê
ß�ãõ ñ�ÂÚµ÷�

1.6 ÛØª ��) Ý�û¢üõ ö�È÷ ∫ b

a

f(x) dx ¢�Þ÷ �� ø ùÀ�õ�÷ b �� aÝ�Æþ��� Ý�÷���üõ ßþ�Â���� ;(¢�ª ����
∫ b

a

f(x) dx = lim
|P |→0 I(P, ξ)�� ¢�¡ #P ù�Ú÷� ,À�îüõ Û�õ ÂÔ¬ �� |P | üµìø �î ¢�ª ����.¢�Þ÷ Àû��¡ Û�õ ´þ�ú��� �� ¢�¡


 ß�ãõ ñ�ÂÚµ÷� ÓþÂã� :1.6 ÛØªß���� ø ��� ¥� ö���üõ ¢��ø �¤�¬ ¤¢ �¤ ñ�ÂÚµ÷� ×þ ¤�ÀÖõ�¤�¬ ξ ü÷��õ ¯�Ö÷ °¨��õ ��¿µ÷� �� ¤�î ßþ� .¢¥ °þÂÖ��î ÝþÂ�Ú� ý¤�Ï �¤ ξi ∈ Ii Âð� �î ´¨� ßªø¤ .¢ÂþÁ�üõÀû��¡ ñ�ÂÚµ÷� ý��� °þÂÖ� I(P, ξ) ù�Ú÷� ,¢�ª Â·î� À� f(ξi),¢�ª Ûì� À� f(ξi) �î ÝþÂ�Ú� ý¤�Ï �¤ ξi ∈ Ii Âð� ø ,¢��öÀª ÂµÖ�ì¢ ý�Â� .¢�� Àû��¡ ñ�ÂÚµ÷� ß���� °þÂÖ� I(P, ξ) ù�Ú÷�:Ýþ¤ø�üõ �¤ Âþ¥ ÓþÂã� ,¶½�ùb¥�� ¥� ý¥�Âê� P = {xi}ni=1 Ý��î ­Âê .ÓþÂã� 3.1.6ø ´¨� [a; b]
Mi = sup

{

f(x)
∣
∣
∣ xi−1 ≤ x ≤ xi

}

mi = inf
{

f(x)
∣
∣
∣ xi−1 ≤ x ≤ xi

}

ýÂþÁ³ó�ÂÚµ÷� 1.6ÓþÂ ã � [a; b] ùb¥� � Â � � î ´¨� ü ã �� � y = f(x) À � � î ­Â ê¤�½õ ,y = f(x) â��� ¤�¢�Þ÷ �� ¢øÀ½õ �b ���÷ ´��Æõ .¢¢Âðüõ.Ý � � î � ±¨�½õ Ý �û��¡üõ �¤ x = b Í¡ ø x = a Í¡ ,�û xý�Â � ü Ö � ì¢ Ó þÂ ã � �f ã ê � î ¢� ªüõ üª� ÷ �¹ � þ� ¥� ÛØÈ õ�f õ�î �¤ ´��Æõ ¥� ö�õ¤�Ñ�õ �Àµ�� Àþ�� Å� .Ýþ¤�À÷ "´��Æõ'.Ý��î É¿Èõ,[a; b] ùb¥�� ý�Â� ¥�Â ê� ×þ ¥� ¤� Ñ � õ .Ó þÂ ã � 1.1.6À�÷�õ ¯�Ö÷ ¥� ý¢�ã¬ ý��ó�±÷¢
P : a = x0 < x1 < · · · < xn−1 < xn = bù¥�� Âþ¥ ���� ´ÞÆì n �� �¤ [a; b] ùb¥�� ,ý¥�Âê� ß��� Âû .´¨�ùb¥�� ñ�Ï .i = 1,2, · · · , n �î Ii = [xi−1;xi] :À�îüõ Ý�ÆÖ�,�¤�¬ ßþ� ¤¢ .Ý�û¢üõ ö�È÷ ∆xi = xi − xi−1 ¢�Þ÷ �� �¤ �� i´ê�ÂÒ ø Ý�û¢üõ ö�È÷ #P ¢�Þ÷ �� ø ùÀ�õ�÷ P ¥�Âê� ñ�Ï �¤ n�¤�¬ �� ø ù¢�¢ ö�È÷ |P | ¢�Þ÷ �� �¤ P ¥�Âê�

|P | := max
{

∆x1,∆x2, · · · ,∆xn}ù��¿ó¢ ý¢�Àä� ξ =
{

ξ1, ξ2, · · · , ξn} Âð� .Ý��îüõ ÓþÂã�Ý��îüõ ÓþÂã� �¤�¬ ßþ� ¤¢ ,ξi ∈ Ii ý� i Âû Ǒ�¥� �� �î À�ª���� Â�Ñ÷ üó�ÂÚµ÷� á�Þ¹õ �¤ ¢Àä ßþ� .I(P, ξ) :=

n∑

i=1 f(ξi)∆xi.Ý�õ�÷üõ ξ ü÷��õ ¯�Ö÷ ø P ¥�Âê�Â� y = f(x) â��� Ý���ðüõ ü�¤�¬ ¤¢ .ÓþÂã� 2.1.6Âû Ǒ�¥�� �î ´¨� I Â��Â� ö� ñ�ÂÚµ÷� ø ´¨� ÂþÁ³ó�ÂÚµ÷� [a; b] ùb¥��¥� P = {xi}ni=1 ¥�Âê� Âû Ǒ�¥�� �î ¢�ª ´ê�þ ý� δ > 0 ,ε > 0
ξ = {ξi}ni=1 ü÷��õ ¯�Ö÷ ¥� ��¿µ÷� Âû Ǒ�¥�� ø |P | < δ �î [a; b]¥� f ñ�ÂÚµ÷� �¤ I ´ó�� ßþ� ¤¢ .∣∣∣I(P, ξ) − I

∣
∣
∣ < ε Ý�ª�� �µª�¢107



ß�ãõ ñ�ÂÚµ÷� 6 ÛÊê ýÂþÁ³ó�ÂÚµ÷� 1.6�� ö��î� .´¨� ℓ Â��Â� ø ¢���õ ∫ b

a

f(x) dx Ý��î ­Âê (�¥�Âê� Âû ý�¥� �� �î ¢¤�¢ ¢��ø ý� δ > 0 ,ù��¿ó¢ ε > 0 Âû ý�¥�ü÷��õ ¯�Ö÷ ¥� ��¿µ÷� Âû ø |P | < δ �� [a, b] ¥� P = {xi}ni=1ÂÚþ¢ �¤�±ä �� .|I(P, ξ) − ℓ| < ε Ýþ¤�¢ P ý�Â� ξ = {ξi}ni=1
− ε2 < I(P, ξ) − ℓ <

ε2 (1.6 )ö��� ξ ∈ [xi−1;xi] ×þ ,ε > 0 ý�¥�� ,Mi ÓþÂã� �� ���� ���î ¢¤�¢ ¢��ø
Mi −

ε2(b − a)
< f(ξi) < Mi +

ε2(b− a) �¹�µ÷ ¤¢
n∑

i=1Mi∆xi −
ε2(b − a)

n∑

i=1 ∆xi <

n∑

i=1 f(ξi)∆xi

<

n∑

i=1Mi∆xi +
ε2(b− a)

n∑

i=1 ∆xiÝþ¤�¢ ,��õÂ��¨ ´�¬�¡ �� ���� �� ,ßþ�Â���� ø
I(P ) − ε2 < I(P, ξ) < I(P ) +

ε2 �¹�µ÷ ¤¢ ø
− ε2 < I(P, ξ) − I(P ) <

ε2 (2.6 ).−ε < I(P ) − ℓ < ε Ýþ¤�¢ (2.6 ) ø (1.6 ) �� ���� �� ,ö��î�,���Èõ �¤�¬ �� . ∫ b

a

f(x) dx = lim
|P |→0 I(P ) = ℓ ßþ�Â����

2 . ∫ b

a

f(x) dx = lim
|P |→0 I(P ) = ℓ �î ¢¢Âðüõ ��±��

f �î À�û¢ ö�È÷ .f(x) = x À��î­Âê .(1 ñ�·õ 5.1.6.Àª��üõ 1/2 Â��Â� ö� ñ�ÂÚµ÷� ¤�ÀÖõ ø ´¨� ÂþÁ³ó�ÂÚµ÷� [0;1] Â�ý¥�Âê� P : 0 = x0 < x1 < · · · < xn = 1 Ý��î ­Âê .Û��¤�¬ ßþ� ¤¢ .´¨� [0;1] ý�Â�
mi = inf

{
x
∣
∣ xi−1 < x < xi

}
= xi−1

Mi = sup
{
x
∣
∣ xi−1 < x < xi

}
= xi �¹�µ÷ ¤¢

I(P ) =

n∑

i=1Mi∆xi =

n∑

i=1 xi(xi − xi−1)

=

n∑

i=1 x2i − n∑

i=1 xi−1xi =
12 n∑

i=1(xi − xi−1)2 − x20
=

12 n∑

i=1(∆xi)2 ≤ 12( n∑

i=1 ∆xi

)2

ùb¥�� Â� y = f(x) â��� ¤�ÀÖõ ��Þ�Ô�þ� ø ��õÂ��¨ °��Â� ��ù�Ú÷� ,Àª�� �µ¨��� f Âð� �î ¢�ª ����) .À�ª�� Ii = [xi−1;xi]ö��î� (.Àª��üõ ��Þ���õ ö�Þû ��Þ�Ô�þ� ø ��Þþ�î�õ ö�Þû ��õÂ��¨�� �¤ [a; b] ¥�Âê� �� ´±Æ÷ f â��� ü����� á�Þ¹õ ø üþ��� á�Þ¹õ�¤�¬ �� ,°��Â�
I(P ) :=

n∑

i=1Mi∆xi ø I(P ) :=

n∑

i=1mi∆xi¥� ù��¿ó¢ ��¿µ÷� Âû ý�¥� �� �î ´¨� ßªø¤ .Ý��îüõ ÓþÂã�Ýþ¤�¢ ,ξ = {ξi}ni=1 ü÷��õ ¢�Àä�
I(P ) ≤ I

(
P, ξ

)
≤ I(P ).°��Âµ� �¤ b �� a ¥� y = f(x) üþ��� ñ�ÂÚµ÷� ø ü����� ñ�ÂÚµ÷�

∫ b

a

f(x) dx := lim
|P |→0 I(P ) ø ∫ b

a

f(x) dx := lim
|P |→0 I(P ),Àª�� ÂþÁ³ó�ÂÚµ÷� [a; b] Â� f Âð� �î ´¨� ßªø¤ .Ý��îüõ ÓþÂã�ù�Ú÷�

∫ b

a

f(x) dx ≤
∫ b

a

f(x) dx ≤
∫ b

a

f(x) dx.:¢¤�¢ ¢��ø ñ�ÂÚµ÷� �
 �úÔõ �¨ ßþ� ß�� üÚ���Ú�� ¯�±�¤�
∫ b

a

f(x) dx �Ø�þ� ý�Â� üê�î ø �¥� ¯Âª .��Ìì 4.1.6ø ¢���õ ∫ b

a

f(x) dx ø ∫ b

a

f(x) dx �î ´¨� ßþ� Àª�� ¢���õ.¢�ªüõ üØþ ñ�ÂÚµ÷� �¨ Âû ¤�ÀÖõ �¤�¬ ßþ� ¤¢ .À�ª�� Â��Â�Ý��î ­Âê .∫ b
a
f(x) dx =

∫ b

a
f(x) dx Ý��ð ­Âê (Óó� :��±��,ßþ�Â���� .´¨� ℓ �ú÷� íÂµÈõ ¤�ÀÖõ

ℓ = lim
|P |→0 Ī(P ) = lim

|P |→0 I(P )ý�¥� �� �î ¢¤�¢ ¢��ø ý� δ > 0 ,ù��¿ó¢ ε > 0 Âû ý�¥� �� ,Å�Ýþ¤�¢ |P | < δ �î [a; b] ¥� P ¥�Âê� Âû0 < I(P ) − ℓ < ε , 0 < ℓ− I(P ) < ε¥�Âê� ý�Â� ξ = {ξi}ni=1 ü÷��õ ¯�Ö÷ ¥� ��¿µ÷� Âû ý�¥� �� ö��î�Ýþ¤�¢ ,|P | < ε �î P = {xi}ni=1 ­øÂÔõ
I(P ) <

n∑

i=1mi∆xi ≤ I(P, ξ) =

n∑

i=1Mi∆xi = I(P )�¹�µ÷ ¤¢ ø
−ε = I(P ) − ℓ < I(P, ξ) ≤ I(P ) − ℓ < ε

lim
|P |→0 n∑

i=1 f(ξi)∆xi �¹�µ÷ ¤¢ .|I(P, ξ) − ℓ| < ε ßþ�Â���� ø.´¨� ℓ Â��Â� ø ¢���õ108



ýÂþÁ³ó�ÂÚµ÷� 1.6 ß�ãõ ñ�ÂÚµ÷� 6 ÛÊêÝþ¤�¢ ,´¨� ý¢�ã¬
I(P ) − I(P ) =

n∑

i=1(Mi −mi)∆xi

=
n∑

i=1(f(xi) − f(xi−1))∆xi
< δ

n∑

i=1(f(xi) − f(xi−1))
= δ(f(b) − f(a))ö�ûÂ� ø δ = ε/(f(b) − f(a) + 1) ¢�ª ­Âê ´¨� üê�î Å�

2 .´¨� ��Þ�,Àª�� �µ¨��� [a; b] Â� y = f(x) â��� Âð� .��Ìì 7.1.6.´¨� ÂþÁ³ó�ÂÚµ÷� ù�Ú÷�ÛØÈØþ �b µ¨��� ù¥�� ßþ� Â� ,´¨� �µ¨��� [a; b] Â� f ö�� :��±���î ¢¤�¢ ¢��ø δ > 0 ×þ ,ε > 0 Âû ý�¥� �� ,�¹�µ÷ ¤¢ .´¨�.|f(x) − f(y)| < ε ù�Ú÷� ,|x − y| < δ ø x, y ∈ [a; b] Âð�
|P | < δ �� [a; b] ý�Â� ý¥�Âê� P = {xi}ni=1 Ý��î ­Âê ñ��¢�Àä� ,[xi−1;x1] Â� f üÚµ¨��� Û�ó¢ �� ,�¤�¬ ßþ� ¤¢ .´¨�ø mi = f(zi) �î ý��÷�ð �� ,À÷¤�¢ ¢��ø ý� yi, zi ∈ [xi−1, xi]�¹�µ÷ ¤¢ .Mi = f(yi)

I(P ) − I(P ) =

n∑

i=1(Mi −mi)∆xi

=

n∑

i=1(f(yi) − f(zi−1))∆xi
≤

n∑

i=1 ε

b− a
∆xi

=
ε

b− a

n∑

i=1 ∆xi = ε

2 .´¨� ��Þ� ö�ûÂ� øø Àª�� ¤�À÷�Âî [a; b] Â� y = f(x) â��� Âð� .��Ìì 8.1.6.´¨� ÂþÁ³ó�ÂÚµ÷� ù�Ú÷� ,Àª�� �µ¨��� �bÎÖ÷ üû��µõ ý¢�Àã� ¤¢ �¹�Â� 5.7.3 ü��õÀÖõ â��� ×þ y = f(x) Âð� .�¹�µ÷ 9.1.6ù�Ú÷� ,Àª�� ¤�À÷�Âî [a; b] Â� y = f(x) Âð� ��÷ ø ,Àª�� [a; b] ùb¥��.´¨� ÂþÁ³ó�ÂÚµ÷��ú÷� �bÞû Å� .´¨� ��µî ßþ� ý�úó�·õ Â·î� Ûõ�ª �¹�µ÷ ßþ�:¢¢Âðüõ ��±�� ü®�þ¤ ��ó�÷� ¤¢ Âþ¥ üÜî ÝØ� ?!À÷ÂþÁ³ó�ÂÚµ÷�
[a; b] ùb¥�� Â� y = f(x) â��� À��î ­Âê .��Ìì 10.1.6ÂþÁ³ó�ÂÚµ÷� [a; b] Â� f �Ø�þ� ý�Â� üê�î ø �¥� ¯Âª .´¨� ¤�À÷�Âî�b µÆ� ý�ûù¥�� ¥� ù¢��÷�¡×þ ý� ε > 0 Âû Ǒ�¥�� �î ´¨� ßþ� Àª��

=
12 (1−0) =

12
I(P ) =

n∑

i=1mi∆xi =

n∑

i=1 xi−1(xi − xi−1)
=

n∑

i=1 xi−1xi − n−1∑
i=0 x2i

= 1−
{

n∑

i=1 x2i − n∑

i=1 xi−1xi}
≤ 1− 12 =

12�î Àþ¢Âð ��±�� ,ßþ�Â���� .I(P ) ≤ I(P ) ù¤��Þû ,üêÂÏ ¥�ÂþÁ³ó�ÂÚµ÷� [0;1] Â� f(x) = x ßþ�Â���� ø I(P ) = I(P ) = 1/2.Àª��üõ 1/2 Â��Â� ö� ñ�ÂÚµ÷� ø ´¨��ÜØþ¤¢ â��� �î À��î ´��� (2 ñ�·õ
Dri(x) =

{ 1 x ∈ Q0 x 6∈ Q.´Æ�÷ ÂþÁ³ó�ÂÚµ÷� [0,1] ùb¥�� Â�ý�Â� ù��¿ó¢ ¥�Âê� ×þ P Ý��î ­Âê ,¤�Ñ�õ ßþ� ý�Â� .Û�Ûì�� ø �þ�ð ¢Àä ×þ Ûì�� Ii = [xi−1;xi] ùb¥�� ¤¢ .´¨� [0,1]¤¢ .mi = 0 ø Mi = 1 ßþ�Â���� ,¢¤�¢ ¢��ø Ù�ð ¢Àä ×þ�¹�µ÷
∫ 10Dri(x) dx = lim

|P |→0 n∑

i=1 1∆xi = (1− 0) = 1
∫ 10Dri(x) dx = lim

|P |→0 n∑

i=1 0∆xi = 0.´Æ�÷ ÂþÁ³ó�ÂÚµ÷� [0;1] ùb¥�� Â� y = Dri(x) ,ßþ�Â����ßþ� ¤¢ �î ´¨� ö� ¥� Â�ùÀ�»�� ��� ÓþÂã� �î ´¨� ßªø¤,ü�ãþ) ýÂþÁ³ó�ÂÚµ÷� �b ó�bÆõ âì�ø ¤¢ .À¹�Ú� �ãó�Îõ ¥� ¼Î¨À�� Âî£ �� Û�ó¢ ß�Þû �� ø ´¨� üØ��Ø� ¤��Æ� (ñ�ÂÚµ÷� ¢��ø�î) ÝµÔû ÛÊê ¤¢ ø ù¢�Þ÷ âê¤ �Â÷� �fµì�õ ,¢�¢¤�Âì ×þ ø ��Ìì.´Èð Ý�û��¡ ¥�� ö� �� �f¢À¹õ (¢¥�¢Â�üõ ùÂ¨�÷ ý�úó�ÂÚµ÷� ���b ó�bÆõ Û� ý�Â� �¤ ö�ÞþøÂ�÷ ��Þ� Ý�÷��µ� �î ¢�ªüõ ¶ä�� ¤�î ßþ�.Ý��î é�Îãõ (ñ�ÂÚµ÷� ßµê�þ ,ü�ãþ) ýÂ�Úó�ÂÚµ÷�ø ���Øþ [a; b] ùb¥�� Â� y = f(x) â��� Âð� .��Ìì 6.1.6.´¨� ÂþÁ³ó�ÂÚµ÷� ù�Ú÷� ,Àª�� ¤�À÷�Âî.´¨� ¤�À÷�Âî ø ý¢�ã¬ [a; b] ùb¥�� Â� f À��î ­Âê :��±��
P = {xi}ni=1 À��î ­Âê (.´¨� ���Èõ ,üóø�÷ ´ó�� ��±��)
f ö�� ,|P | < δ Âð� ,�¤�¬ ßþ� ¤¢ .´¨� [a; b] ý�Â� ý¥�Âê�109



ß�ãõ ñ�ÂÚµ÷� 6 ÛÊê ýÂþÁ³ó�ÂÚµ÷� 1.6Âþ¥ �Âª �� üþ�ûù¥�� .0 ≤ f(x) ≤ 1 ùø�ã� .´¨� �µ¨����÷:Ý��îüõ ��¿µ÷�
I1 =

[1− 12m ;1] ,
I2 =

[12 − 16m ;
12 +

12m] · · ·
In =

[1
n
− 1/n− 1/(n+ 1)

m
;
1
n

+
1/(n− 1) − 1/n

m

]

,

In+1 =

[0;
1
n
− 21/n− 1/(n+ 1)

m

].i = 1, · · · , n Âû ý�¥� �� ,1/i ∈ Ii ��®ø �� ,�¤�¬ ßþ� ¤¢ß��»Þû .i > n Âû ý�¥� �� 1/i ∈ In+1 ùø�ã�
n+1∑
i=1(Ii ñ�Ï) =

12m +
23m + · · ·

+
2

m(n2 − 1)
+

(1
n
− 2
mn(n+ 1)

)

≤ 12m +
1
n

+
2
m

n∑

k=2 1
k2 − 1ø n ≥ 4/ε ,m ≥ ε/(4 n∑

k=21/(k2 − 1)) ­Âê �� ö��î��b �Ìì Íþ�Âª ,ü�ãþ . n+1∑
i=1 (Ii ñ�Ï) <

34ε < ε Ýþ¤�¢ ,m ≥ 2nùø�ã� .´¨� ÂþÁ³ó�ÂÚµ÷� [0;1] Â� f ,Å� .´¨� ¤�ÂìÂ� 10.1.6
∫ 10 f(x) dx = lim

n→∞

∫ 11/(n+1)

f(x) dx

= lim
n→∞

n∑

i=1 ∫ 1/n1/(n+1)

n

n+ 2 dx
= lim

n→∞

n∑

i=1 1
(n+ 1)(n + 2)

= lim
n→∞

(12 − 1
n+ 2) =

12.ßþÂÞ� 12.1.6Â� f(x) = 3x − 1 â��� À��î ´��� 7.1.6 ¥� ù¢�Ôµ¨� �� (1�� �¤ ö� ñ�ÂÚµ÷� ¤�ÀÖõ Å³¨ ,´¨� ÂþÁ³ó�ÂÚµ÷� [0;3] ùb¥��.À��î �±¨�½õ 14.1.6 ¥� ù¢�Ôµ¨�:â��� À��î ´��� (2
f(x) =

{
[sin (1/x)] x 6= 0Âð�0 x = 0Âð�.´Æ�÷ ÂþÁ³ó�ÂÚµ÷� [0;1] ùb¥�� Â�,´¨� ÂþÁ³ó�ÂÚµ÷� [0;1] ùb¥�� Â� f(x) = x2 â��� À��î ´��� (3.À��î �±¨�½õ �¤ ö� ñ�ÂÚµ÷� ¤�ÀÖõ Å³¨

ε ¥� ÂµÞî �û Ii ñ�Ï á�Þ¹õ ,Ii ⊆ [a; b] �î À÷�ª ´ê�þ ö��� Ii.Àª�� [a; b] Â� f üÚµ¨����÷ ¯�Ö÷ ��Þ� Ûõ�ª ⋃ Ii ø ¢�ªÀ��î ­Âê .(1 ñ�·õ 11.1.6
f(x) =

{

x2 x ∈ QÂð�0 x 6∈ QÂð�ÂþÁ³ó�ÂÚµ÷� [0;1] Â� y = f(x) �î À�û¢ ö�È÷ �¤�¬ ßþ� ¤¢.´Æ�÷
x0 ¤¢ y = f(x) �¤�¬ ßþ� ¤¢ ,x0 6= 0 Ý��î ­Âê .Û�¢��ø {xn}∞n=1 À�÷�õ Ù�ð ¢�Àä� ¥� ý��ó�±÷¢ �Âþ¥ ,´¨� �µ¨����÷�î üó�� ¤¢ (?�Â�) ´¨� �ÂÚÞû x0 �� �î ¢¤�¢

lim
n→∞

f(xn) = lim
n→∞

0 = 0 6= x20 = f(x0)�î ý� x Âû ø ý� ε > 0 Âû ý�¥�� ù�Ú÷� ,x0 = 0 Âð� �õ�Ýþ¤�¢ ,|x− 0| < δ =
√
ε

|f(x) − f(0)| = f(x) =

{
x2 x ∈ QÂð�0 x 6∈ QÂð�

≤ x2 < δ2 = ε�¹� �� �Þû ¤¢ y = f(x) ö�� ,10.1.6 �b �Ìì ����� ,�¹�µ÷ ¤¢.´Æ�÷ ÂþÁ³ó�ÂÚµ÷� [0;1] Â� �¹�µ÷ ¤¢ ø ´¨� �µ¨����÷ x0 = 0ùb¥�� Âû Â� f(x) = [x] ¼�½¬ Ǒ�� â��� �î À�û¢ ö�È÷ (2 ñ�·õ.´¨� ÂþÁ³ó�ÂÚµ÷� ,üû��µõ ø �µÆ�ý�ú�Úµ¨����÷ �¤�¬ ßþ� ¤¢ ,I = [a; b] Ý��î ­Âê .Û�ü�ãþ ,I ùb¥�� ¤¢ ¼�½¬ ¯�Ö÷ ¥� À��¤�±ä I Â� y = f(x)

I ∩ Z = {n0, n0 + 1, · · · , n1}ø Àª�� ù��¿ó¢ ε > 0 Âð� �î ¢¢Âðüõ ùÀû�Èõ �¤�¬ ßþ� ¤¢ý� i Âû ý�¥��
Ii :=

[

i− 12(n1 − n0)ε ; i+
12(n1 − n0)ε]Â��Â� �ûù¥�� ßþ� ñ�Ï á�Þ¹õ ø I ∩ Z ⊆ In0 ∪ · · · ∪ In1 ù�Ú÷��b �Ìì ����� ,�¹�µ÷ ¤¢ .(n1 − n0) × 1

(n1 − n0)ε = ε �� ´¨�.´¨� ÂþÁ³ó�ÂÚµ÷� I Â� y = f(x) â��� 10.1.6
f(x) = [x] :�î ¢�Þ÷ Û� ö���üõ ��÷ ¤�Î�þ� �¤ �ó�bÆõ ßþ�.´¨� ÂþÁ³ó�ÂÚµ÷� [a; b] Â� 6.1.6 �b¹�µ÷ ����� �Áó ø ´¨� ���Øþâ��� À�û¢ ö�È÷ (3 ñ�·õ

f(x) =

{
n

n+2 1
n+1 < x ≤ 1

n Âð�0 x = 0 Âð�.∫ 10 f(x) dx = 1/2 ùø�ã� ø ´¨� ÂþÁ³ó�ÂÚµ÷� [0;1] ùb¥�� Â�,n ∈ N �î 1/n ÛØª �� ¯�Ö÷ ¤¢ �ú�� f â��� �î ´¨� ßªø¤ .Û�110



ß�ãõ ñ�ÂÚµ÷� «��¡ 2.6 ß�ãõ ñ�ÂÚµ÷� 6 ÛÊê.À��î �±¨�½õ �¤ 2Ýþ¤�¢ 14.1.6 ñ�õÂê ß�óø� ×Þî �� .Û�
∫ 2
−1 f(x) dx =

∫ 2
−1(2x+ 3) dx

= lim
n→∞

2− (−1)

n

n∑

i=1 f (−1+ i
2− (−1)

n

)

= 3 lim
n→∞

1
n

n∑

i=1{2(−1+
3i
n

)

+ 3}
= 3 lim

n→∞
1
n

n∑

i=1 1+ 18 lim
n→∞

1
n2 n∑

i=1 i
= 3 lim

n→∞
1
n
n+ 18 lim

n→∞
1
n2 n(n+ 1)2

= 3+ 9 = 12ùb¥�� Â� f(x) = x2 â��� ö¢�� ÂþÁ³ó�ÂÚµ÷� ­Âê �� (2 ñ�·õ.À��î �±¨�½õ �¤ 1 �� 0 ¥� y = f(x) ñ�ÂÚµ÷� ,[0;1]Ýþ¤�¢ 14.1.6 ñ�õÂê ß�õø¢ ×Þî �� .Û�
∫ 10 f(x) dx =

∫ 10 x2 dx
= lim

n→∞
1− 0
n

n−1∑
i=0 f (0+ i

1− 0
n

)

= lim
n→∞

1
n

n−1∑
i=0 ( in)2 = lim

n→∞
1
n3 n−1∑

i=0 i2
= lim

n→∞
1
n3 n(n− 1)(2n− 1)6 =

13,´¨� �úä�Þ¹õ À� �b ±¨�½õ ¤¢ ��Ìì ßþ� ¢Â�¤�î ßþÂ�ùÀÞä«�Ê¡ ¤¢ ��ä�Ï� Û�ÞØ� �� ¥��÷ ö� üêÂãõ ý�Â� �µ±ó� �î.(¢�ª ���� 5.3.6 ��) ¢¤�¢ ñ�ÂÚµ÷�,ùÀª ù¢�¢ ý�úó�ÂÚµ÷� ¢��ø ­Âê �� .ßþÂÞ� 16.1.6:À��î �±¨�½õ 14.1.6 ×ÞØ� �¤ �ú÷� ¥� ×þ Âû ¤�ÀÖõ1)

∫ 10 xdx, 2)

∫ 31 (2x− 1) dx,3)

∫ 21 x2 dx, 4)

∫ 10 (x2 − 3x+ 1) dx.ß�ãõ ñ�ÂÚµ÷� «��¡ 2.6Ý��îüõ ÓþÂã� ,b < a �î ü�¤�¬ ¤¢ .ÓþÂã� 1.2.6ÓþÂã� ù�Ú÷� ,a = b Âð� ,ùø�ã� ∫ b

a

f(x) dx := −
∫ a

b

f(x) dx.∫ b

a

f(x) dx = 0 Ý��îüõ

ø ´¨� ÂþÁ³ó�ÂÚµ÷� [0;2π] Â� f(x) = sinx À��î ´��� (4.´¨� ÂÔ¬ Â��Â� ö� ñ�ÂÚµ÷�ÂþÁ³ó�ÂÚµ÷� ù��¿ó¢ �b µÆ� ùb¥�� Âû Â� Âþ¥ â��� �î À�û¢ ö�È÷ (5:´¨�
f(x) =

{ 0 x /∈ Q Âð�1/n x = m/n ∈ Q, (m,n) = 1 Âð�:´¨� ÂþÁ³ó�ÂÚµ÷� [0;1] ùb¥�� Â� Âþ¥ â��� �î À�û¢ ö�È÷ (6
f(x) =

{ 1/x− [1/x] x 6= 0 Âð�0 x = 0 Âð�â��� À�û¢ ö�È÷ ,∑∞
i=1 1/n2 = π2/6 �Ø�þ� ­Âê �� (7

f(x) =

{ 1/n 1/(n+ 1) < x ≤ 1/n Âð�0 x = 0 Âð�Â��Â� ∫ 10 f(x) dx ùø�ã� ø ´¨� ÂþÁ³ó�ÂÚµµ÷� [0;1] ùb¥�� Â�.´¨� π2/6− 1â��� �î À�û¢ ö�È÷ ,ln2 =
∑∞

n=1 (−1)n+1/n­Âê �� (8
f(x) =

{

(−1)n−1 1/(n+ 1) < x ≤ 1/n Âð�0 x = 0 Âð�Â��Â� ∫ 10 f(x) dx ùø�ã� ø ´¨� ÂþÁ³ó�ÂÚµ÷� [0;1] ùb¥�� Â�.´¨� 2 ln2− 1ö�È÷ .´¨� ×þ ¥� Âµð¤�� üã�±Ï ¢Àä ×þ a À��î ­Âê (9â��� �î À�û¢
f(x) =

{

a1−n a−n < x ≤ a1−n Âð�0 x = 0 Âð�Â��Â� ∫ 10 f(x) dx ùø�ã� ø ´¨� ÂþÁ³ó�ÂÚµ÷� [0;1] ùb¥�� Â�.´¨� a/(a+ 1)­Âê ,Â®�� ÛÊê ö�þ�� �� ,Å� ßþ� ¥� .¢�¢¤�Âì 13.1.6.À÷¢���õ ùÀª �ÂÎõ ý�úó�ÂÚµ÷� ��Þ� �î ´¨� ßþ� Â�Âþ¥ �b �Ìì ,Àª�� ùÀª ß�ÞÌ� ñ�ÂÚµ÷� ¢��ø �î ü�¤�¬ ¤¢ßþ� ��±�� .Àû¢üõ ���¤� ñ�ÂÚµ÷� �b ±¨�½õ ý�Â� �¤ ýÂ�ù¢�¨ ©ø¤.ùÀ�÷��¡ ùbÀúä Â� ßþÂÞ� ö���ä �� ��Ìì
[a; b] ùb¥�� Â� y = f(x) â��� Âð� .��Ìì 14.1.6ù�Ú÷� ,Àª�� ÂþÁ³ó�ÂÚµ÷�

∫ b

a

f(x) dx = lim
n→∞

b− a

n

n∑

i=1 f (a+ i
b− a

n

)

= lim
n→∞

b− a

n

n−1∑
i=0 f (a+ i

b− a

n

)

â��� ö¢�� ÂþÁ³ó�ÂÚµ÷� ­Âê �� (1 .ñ�·õ 15.1.6�� −1 ¥� y = f(x) ñ�ÂÚµ÷� ,[−1;2] ùb¥�� Â� f(x) = 2x + 3111



ß�ãõ ñ�ÂÚµ÷� 6 ÛÊê ß�ãõ ñ�ÂÚµ÷� «��¡ 2.6
= M

n∑

i=1 ∆xi = M(b− a)

2 .m(b−a) ≤
∫ b

a

f(x) dx �î ¢¢Âðüõ ��±�� ���Èõ �¤�¬ ��ø y = f(x) Âð� (1 .ß�Ú÷��õ ¤�ÀÖõ �b �Ìì 3.2.6ø ��Þþ�î�õ °��Â� �� m ø M ,ÂþÁ³ó�ÂÚµ÷� [a; b] Â� y = g(x)ù�Ú÷� ,ÀûÀ÷ ´õ�ä Â��ç� [a; b] Â� f ø À�ª�� [a; b] Â� g ��Þ���õ�î ¢¤�¢ ¢��ø ℓ À�÷�õ ý¢Àä
∫ b

a

f(x)g(x) dx = ℓ

∫ b

a

f(x) dx, m ≤ ℓ ≤M�î ¢¤�¢ ¢��ø c À�÷�õ ý¢Àä ,Àª�� �µ¨��� g Âð� (2
∫ b

a

f(x)g(x) dx = g(c)

∫ b

a

f(x) dx, a ≤ c ≤ b�fÀ�î� ø ´±·õ ù¥�� ö� Â� g ø ÂþÁ³ó�ÂÚµ÷� [a; b] Â� g ø f Âð� (3ø a ≤ c ≤ b �î ¢¤�¢ ¢��ø ý� c ¢Àä ù�Ú÷� ,Àª�� üóø�÷
∫ b

a

f(x)g(x) dx = g(a)

∫ c

a

f(x) dxÝþ¤�¢ ,üóø�÷ f ´ó�� ¤¢
∫ b

a

f(x)g(x) dx = f(b)

∫ b

c

g(x) dxù¥�� ö� Â� y = g(x) ø ÂþÁ³ó�ÂÚµ÷� [a; b] Â� y = f(x) Âð� (4ø a ≤ c ≤ b �î ¢¤�¢ ¢��ø ý� c ¢Àä ù�Ú÷� ,Àª�� ���Øþ
∫ b

a

f(x)g(x) dx = g(a)

∫ c

a

f(x) dx+ g(b)

∫ b

c

f(x) dxÂ� f Ý��îüõ­Âê ,¶½� ´�Üî ¥� öÀª �µ¨�î öøÀ� (1) :��±��Ûì� À� °��Âµ� m ø M Âð� ,�¤�¬ ßþ� ¤¢ .´¨� üÔ�õ�÷ [a; b]ý� x Âû ý�¥� �� ù�Ú÷� ,À�ª�� [a; b] Â� g â��� ¤�ÀÖõ Â·î� À� ø����� Å� .mf(x) ≤ f(x)g(x) ≤ Mf(x) �þ n ≤ g(x) ≤ MÝþ¤�¢ 3.2.6 �b �Ìì ¥� (6) ´ÞÆì
m

∫ b

a

f(x) dx ≤
∫ b

a

f(x)g(x) dx ≤M

∫ b

a

f(x) dx

m ß�� µ :=
( ∫ b

a f(x)g(x) dx
)

÷
( ∫ b

a f(x) dx
) ¢Àä ßþ�Â����.¢¤�¢ ¤�ÂìM øüÚµ¨��� ¥� ,�µ¨��� â���� ý�Â� ü÷��õ ¤�ÀÖõ �b �Ìì ����� (2)�î ¢¤�¢ ¢��ø ö��� ý� c ∈ [a; b] �î ÝþÂ�ðüõ �¹�µ÷ [a; b] Â� g.µ = g(c)¤¢ ø ´¨� �¤�¡ ��µî ßþ� �b Ü¬�� ¥� ÝØ� ßþ� ��±�� (3).¢Â�ðüõ ¤�Âì ¶½� ¢¤�õ ü®�þ¤ ��ó�÷�

¢�Àä ø y = g(x) ø y = f(x) â���� ý�¥� �� .�b �Ìì 2.2.6Ýþ¤�¢ ,α ø (a < b < c �î) c ,b ,a ù��¿ó¢1)

∫ b

a

αf(x) dx = α

∫ b

a

f(x) dx,2)

∫ b

a

(f(x) ± g(x)) dx =

∫ b

a

f(x) dx ±
∫ b

a

g(x) dx,3)

∫ c

a

f(x) dx =

∫ b

a

f(x) dx+

∫ c

b

f(x) dx,4)

∣
∣
∣
∣
∣

∫ b

a

f(x) dx

∣
∣
∣
∣
∣
≤
∫ b

a

|f(x)| dx.,À�ª�� [a; b] Â� f ��Þ���õ ��Þþ�î�õ °��Âµ� m ø M Âð� (5ù�Ú÷�
m(b− a) ≤

∫ b

a

f(x) dx ≤M(b− a)ù�Ú÷� ,f(x) ≤ g(x) ý� x ∈ [a; b] Âû ý�¥� �� Âð� (6
∫ b

a

f(x) dx ≤
∫ b

a

g(x) dx

[a; b] Â� ��÷ fg ù�Ú÷� ,À�ª�� ÂþÁ³ó�ÂÚµ÷� [a; b] Â� g ø f Âð� (7.´¨� ÂþÁ³ó�ÂÚµ÷��¤ ¢¤��õ Âþ�¨ ø Ý��îüõ ��±�� �¤ (5) ø (2) ��Ø�� �ú�� :��±��ÝØ� Âð� �î ´¨� ßªø¤ .Ýþ¤�³¨üõ ùÀ�÷��¡ �� ßþÂÞ� ö���ä ��ù¢�Ôµ¨� (1) ÝØ� ¥� Å³¨ ø Ý��î ��±�� + ´ó�� ý�Â� �¤ (2)
[a; b] Â� g ø f Ý��î ­Âê .¢¢Âðüõ ��±�� ��÷ − ´ó�� ,Ý��îý� δ1 > 0 ¢Àä ,ßþ�Â���� .´¨� ù��¿ó¢ ε > 0 ø À÷ÂþÁ³ó�ÂÚµ÷�
|P | < δ1 �� [a; b] ¥� P ¥�Âê� Âû ý�¥� �� �î ¢�ªüõ ´ê�þ ö���ý� δ2 > 0 ,���Èõ �¤�¬ �� .If (P ) − If (P ) < ε/2 Ýþ¤�¢
|P | < δ2 �� [a; b] ¥� P ¥�Âê� Âû ý�¥� �� �î ¢�ªüõ ´ê�þ ö���¥�Âê� Âû ý�¥� �� ,�¤�¬ ßþ� ¤¢ .Ig(P ) − Ig(P ) < ε/2 Ýþ¤�¢Ýþ¤�¢ |P | < δ := min{δ1, δ2} �� [a; b] ¥� P
If+g(P ) − If+g(P ) = sup

{

f(x) + g(x)
∣
∣
∣ a ≤ x ≤ b

}

− inf
{

f(x) + g(x)
∣
∣
∣ a ≤ x ≤ b

}

≤ sup
{

f(x)
∣
∣
∣ a ≤ x ≤ b

}

+ sup
{

g(x)
∣
∣
∣ a ≤ x ≤ b

}

− inf
{

f(x)
∣
∣
∣ a ≤ x ≤ b

}

− inf
{

g(x)
∣
∣
∣ a ≤ x ≤ b

}

=
(

If (P ) − If (P )
)

+
(

Ig(P ) − Ig(P )
)

≤ ε2 +
ε2 = ε .Àª ��±�� (2) °��Â� ßþ� �� øý�Â� ý¥�Âê� P Âð� �î ¢�ª ���� ´¨� üê�î (5) ��±�� ý�Â�ù�Ú÷� ,Àª�� [a; b]

∫ b

a

f(x) dx ≤ I(P ) =
n∑

i=1Mi∆xi ≤
n∑

i=1M∆xi112



ß�ãõ ñ�ÂÚµ÷� «��¡ 2.6 ß�ãõ ñ�ÂÚµ÷� 6 ÛÊêý� x > 0 Âû ý�¥� �� �î À�û¢ ö�È÷ (4 ñ�·õ
x

x+ 1 < ln(x+ 1) < x,f(x) = 1/(x+ 1) Ý��î ­Âê 3.2.6 ¥� (2) ´ÞÆì ¤¢ .Û�Ýþ¤�¢ ,�¤�¬ ßþ� ¤¢ .b = x ø a = 0 ,g(x) = 1
m = inf

{ 1
t+ 1 ∣∣∣0 < t ≤ x

}

=
1

x+ 1
M = sup

{ 1
t+ 1 ∣∣∣0 < t ≤ x

}

= 1.∫ x0 dt

t+ 1 = λ

∫ x0 dt ø m ≤ λ ≤ M �î ´Æû ý� λ �Áó øÝØ� ßþ�Â���� .1/x+ 1 ≤ λ ≤ 1 ø ln(x + 1) = λx ü�ãþ.¢�ªüõ �¹�µ÷ ÂÑ÷ ¢¤�õ�� �¤ Âþ¥ ý�úó�ÂÚµ÷� ¥� ×þ Âû ¤�ÀÖõ .ßþÂÞ� 5.2.6:À��î �±¨�½õ ñ�ÂÚµ÷� ùbÀª �µÔð «��¡ ø ÓþÂã� ¥� ù¢�Ôµ¨�1)

∫ 2π0 cosxdx 2)

∫ 12 √4− x2 dx3)

∫ 10 [3x2 + 1] dx 4)

∫ π0 [2 sinx] dx:À��î �±¨�½õ �¤ Âþ¥ ý�úó�ÂÚµ÷� ¥� ×þ Âû ü±þÂÖ� ¤�ÀÖõ5)

∫ π/3
π/4 sinx

x
dx 6)

∫ 20 x2 + 5
x2 + 2 dx7)

∫ 10 x7 dx3√1+ x8 8)

∫ 10 ex
2
dxÂ� g ø f Âð� �î À��î ´��� (��¤��ª - üØÆÔî���� ýø�Æõ�÷) (9ù�Ú÷� ,À�ª�� ÂþÁ³ó�ÂÚµ÷� [a; b]

∣
∣
∣
∣
∣

∫ b

a

f(x)g(x) dx

∣
∣
∣
∣
∣
≤

√
√
√
√

(
∫ b

a

f2(x) dx)(∫ b

a

g2(x) dx)ø ý¢�ã¬ [a; b] ùb¥�� Â� y = f(x) â��� Âð� �î À��î ´��� (10ù�Ú÷� ,Àª�� ÂãÖõ
(b − a)f(a) ≤

∫ b

a

f(x) dx ≤ (b− a)
f(a) + f(b)2ù�Ú÷� ,Àª�� �À½õ ø ý¢�ã¬ f Âð� ��÷ ø

(b − a)
f(a) + f(b)2 ≤

∫ b

a

f(x) dx ≤ (b− a)f(b):À��îÉ¿Èõ �¤ Âþ¥ ý�úó�ÂÚµ÷� ¥� ×þ Âû ´õ�ä11)

∫ π/20 sin10 xdx 12)

∫ π0 e−x
2
cos2 xdx13)

∫ 10 e−x dx 14)

∫ π0 e−x
2
cosxdx

∫ b

a

f(x)(g(x)− g(b)) dx ñ�ÂÚµ÷� ¢¤�õ ¤¢ (3) ÝØ� ¥� (4)ø a ≤ c ≤ b �î ¢¤�¢ ¢��ø c ý¢Àä ,ßþ�Â���� .Ý��îüõ ù¢�Ôµ¨�
∫ b

a

f(x)(g(x) − g(b)) dx = (g(a) − g(b))

∫ c

a

f(x) dx

∫ b

a

f(x)g(x) dx − g(b)

∫ b

a

f(x) dx =

= (g(a) − g(b))

∫ c

a

f(x) dx

∫ b

a

f(x)g(x) dx = g(a)

∫ c

a

f(x) dx−
∫ b

c

f(x) dx

2 .´¨� ��Þ� ö�ûÂ� ø,f(x) =
√3+ x2 Ý��î ­Âê (1 .ñ�·õ 4.2.6�¤�¬ ßþ� ¤¢ .b = 0 ø a = −1

M = max
{√3+ x2 | − 1 ≤ x ≤ 0}

=
√3+ 1 = 2

m = min
{√3+ x2 | − 1 ≤ x ≤ 0}

=
√3+ 02 =

√3Ýþ¤�¢ 2.2.6 �b �Ìì ¥� (6) ´ÞÆê ¥� ù¢�Ôµ¨� �� ,�¹�µ÷ ¤¢
√3 ≤

∫ 0
−1√3+ x2 dx ≤ 2,g(x) = 1/(1+ x2) ,f(x) = sinx À��î ­Âê (2 ñ�·õ3.2.6 �b �Ìì ¥� ñø� ´ÞÆì Õ��Îõ ,ßþ�Â���� .b = 2π ø a = 0ø 0 ≤ c ≤ π �î ´Æû ý� c×þ

∫ 2π0 sinx1+ x2 dx =
11+ c2 ∫ 2π0 sinxdx.∫ 2π0 sinx1+ x2 = 0 �¹�µ÷ ¤¢ ,∫ 2π0 sinxdx = 0 �õ�´ÞÆì �� ���� �� .À��î �±¨�½õ �¤ ∫ 20 [2x] dx ¤�ÀÖõ (3 ñ�·õÝþ¤�¢ 1.2.6 �b �Ìì ¥� (3)

∫ 20 [2x] dx =

∫ 1/20 [2x] dx +

∫ 11/2[2x] dx
+

∫ 3/21 [2x] dx+

∫ 23/2[2x] dx
=

∫ 1/20 0 dx+

∫ 11/2 dx
+

∫ 3/21 2 dx +

∫ 23/2 3 dx
= 0(12 − 0)+ 1(1− 12)

+2(32 − 1)+ 3(2− 32) = 3113



ß�ãõ ñ�ÂÚµ÷� 6 ÛÊê �µ��±þ� - ß���÷ �b �Ìì 3.6ù�Ú÷�
|F (y) − F (c)| =

∣
∣
∣
∣

∫ y

a

f(x) dx −
∫ c

a

f(x) dx

∣
∣
∣
∣

=

∣
∣
∣
∣

∫ y

a

f(x) dx +

∫ a

c

f(x) dx

∣
∣
∣
∣

=

∣
∣
∣
∣

∫ y

c

f(x) dx

∣
∣
∣
∣

≤ M |y − c| ≤Mδ

=
Mε

M + 1 < ε.´¨� �µ¨��� c ¤¢ F �¹�µ÷ ¤¢ ø�� ,ßþ�Â���� .Àª�� �µ¨��� c ∈ (a; b) ¤¢ f Ý��î ­Âê ñ��
y ∈ [a; b] Âð� �î ¢¤�¢ ¢��ø ý� δ > 0×þ ,ù��¿ó¢ ε > 0 ý�¥�Âð� ,�¤�¬ ßþ� ¤¢ .|f(y) − f(x)| < ε ù�Ú÷� ,|y − c| < δ øù�Ú÷� ,c < y < c+ δ

∣
∣
∣
∣

F (y) − F (c)

y − c
− f(c)

∣
∣
∣
∣
=

=
1

y − c

∣
∣F (y) − F (c) − (y − c)f(c)

∣
∣

=
1

y − c

∣
∣
∣
∣
∣

∫ y

c

f(x) dx − (y − c)f(c)

∣
∣
∣
∣
∣

=
1

y − c

∣
∣
∣
∣
∣

∫ y

c

f(x) dx −
∫ y

c

f(c) dx

∣
∣
∣
∣
∣

=
1

y − c

∣
∣
∣
∣
∣

∫ y

c

(

f(x) − f(c)
)

dx

∣
∣
∣
∣
∣

≤ 1
y − c

∫ y

c

∣
∣
∣f(x) − f(c)

∣
∣
∣ dx

<
1

y − c

∫ y

c

ε dx

=
1

y − c
(y − c)ε = εö�ûÂ� ø ¢¢Âðüõ ��±�� c − δ < y < c ´ó�� ���Èõ �¤�¬ ��

2 .´¨� ��Þ��b �óø� â��� ×þ F (x) Âð� .�µ��±þ� - ß���÷ �b �Ìì 2.3.6ù�Ú÷� ,[a; b] ⊆ (α;β) ø Àª�� (α;β) ùb¥�� Â� f(x) â���
∫ b

a

f(x) dx = F (b) − F (a)

F (x)
∣
∣
∣

b

a
�þ ø [F (x)

]b

a
¢�Þ÷ �� �¤ ��� ýø�Æ� ´¨�¤ ´Þ¨ �¤�±ä.À�û¢üõ Çþ�Þ÷.´¨� [a; b] ùb¥�� ý�Â� ý¥�Âê� P = {xi}ni=1 À��î ­Âê :��±��,Ä÷�Âð� �b �Ìì ����� ý� i = 1, · · ·n Âû ý�¥� �� ,�¤�¬ ßþ� ¤¢ø xi−1 < ti < xi �î ¢¤�¢ ¢��ø ti À�÷�õ ý¢Àä

F (xi) − F (xi−1) = F ′(ti)(xi − xi−1)

�î À��î ´��� �¤ Âþ¥ ý�úþø�Æ� ×þ Âû15) lim
n→∞

∫ π/20 sinn xdx = 016) lim
n→∞

∫ 10 xn1+ x
dx = 017) lim4→0+

∫ 10 dx3x3 + 1 = 118) lim
ε→0+

∫ bε

aε

f(x)

x
dx = f(0) ln

(
b

a

).À��î ��±�� �¤ 3.2.6 �b �Ìì ¥� (1) ´ÞÆì (19.À��î ��±�� �¤ 3.2.6 �b �Ìì ¥� (3) ´ÞÆì (20:üþ�Þ�û�¤) .À��î ��±�� �¤ 3.2.6 �b �Ìì ¥� (4) ´ÞÆì (21¢�ª ­Âê Âð� �î À��î ù¢�Ôµ¨� �µØ÷ ßþ� ¥�ù�Ú÷� ,f− := (|f | − f)/2 ø f+ := (|f | + f)/2(.|f | = f+ + f− ø f = f+ − f−.À��î ��±�� �¤ 3.2.6 �b �Ìì ¥� (6) ´ÞÆì (22:üþ�Þ�û�¤) .À��î ��±�� �¤ 3.2.6 �b �Ìì ¥� (7) ´ÞÆì (23��÷ f2 ù�Ú÷� ,Àª�� ÂþÁ³ó�ÂÚµ÷� f Âð� �î À�û¢ ö�È÷ �Àµ��(fg =
(
(f + g)2 − f2 − g2)/2Å³¨ ø ´Æû�µ��±þ� - ß���÷ �b �Ìì 3.6ø ß�ãõ ñ�ÂÚµ÷� ��úÔõ ß�� ¯�±�¤� ¢�¹þ� ,Ç¿� ßþ� ¥� éÀû.´¨� ß�ãõ�÷ ñ�ÂÚµ÷�.�µ¨��� â��� ×þ ÕµÈõ ¢�� ¢��ø �b �Ìì 1.3.6Âû ý�¥�� ø ´¨� �µ¨��� [a; b] ùb¥�� Â� y = f(x) â��� À��î ­Âê.F (x) =

∫ x

a

f(t) dt ý� x ∈ [a; b],´¨� (a; b) Â� f(x) �b �óø� â��� ×þ F (x) �¤�¬ ßþ� ¤¢.F ′(x) = f(x) ý� x ∈ (a; b) Âû ý�¥�� ü�ãþ,´¨� ÂþÁ³ó�ÂÚµ÷� f ö�� .ε > 0 ø c ∈ [a; b] ÝþÂ�ð :��±��¢��ø ý��÷�ð �� M À�÷�õ ý¢Àä ßþ�Â���� ø Àª��üõ ¤�À÷�Âî Å�Ý��î ­Âê .|f(x)| ≤ M ý� x ∈ [a; b] Âû ý�¥� �� �î ¢¤�¢,y ∈ [a; b] ø |y − c| < δ Âð� ,�¤�¬ ßþ� ¤¢ .δ = ε/(M + 1)114



�µ��±þ� - ß���÷ �b �Ìì 3.6 ß�ãõ ñ�ÂÚµ÷� 6 ÛÊê
x �� ´±Æ÷ b(x) ø a(x) ,f(x, t) â���� Âð� .��Ìì 4.3.6�¤�¬ ßþ� ¤¢ ,À�ª�� ÂþÁ³ÖµÈõ

d

dx

(
∫ b(x)

a(x)

f(x, t) dt

)

= b′(x) f(x, b(x))

−a′(x) f(x, a(x)) +

∫ b(x)

a(x)

∂

∂x
f(x, t) dt´��� ­Âê �� ø x �� ´±Æ÷ f(x, t) ÕµÈõ ∂

∂x
f(x, t) �¹�þ� ¤¢ �î.´¨� t ö¢��Ýþ¤�¢ 4.3.6 ×Þî �� (1 .ñ�·õ 5.3.6

d

dx

∫ x2
x

sin(xt) dt =

= 2x sin(xx2) − sin(xx) +

∫ x2
x

t cos(xt) dt

= 2x sin(x3) − sin(x2) +

∫ x2
x

t cos(tx) dxÝþ¤�¢ ñ�µ���û ùbÀä�ì ø 4.3.6 ×Þî �� (2 ñ�·õ
d

dx

∫ √
x1/x ln(x+ t) dt =

12√x ln
(
x+

√
x
)

−−1
x2 ln

(

x+
1
x

)

+

∫ √
x1/x dt

x+ t

=
ln (x+

√
x)2√x +

ln
(

x+ 1
x

)

x2 +

[

ln(x+ t)

]√x1/x
=

(1+
12√x) ln

(
x+

√
x
)

+

( 1
x2 − 1) ln

(

x+
1
x

)Ýþ¤�¢ ñ�µ���û ùbÀä�ì ø 4.3.6 ×Þî �� (3 ñ�·õ
lim
x→0 ∫ x20 sin(

√
t) dt

x3 û
= lim

x→0 2x sinx3x2
=

23 lim
x→0 sinx

x
=
23Ýþ¤�¢ ñ�µ���û ùbÀä�ì ø 4.3.6 ×Þî �� (4 ñ�·õ

lim
x→0 ∫ x0 (arctan t)2 dt

x3√x2 + 1 û
= lim

x→0 (arctanx)2
x4√
x2+1 + 3x2√x2 + 1

= lim
x→0 (arctanx)23x2 =

13

Ýþ¤�¢ á�Þ¹õ ¤¢ ,Å�
F (b) − F (a) =

n∑

i=1 (F (xi) − F (xi−1)
)

=

n∑

i=1 F ′(ti)(xi − xi−1)
=

n∑

i=1 f(ti)∆xiù�Ú÷� ,ξ = {ti}ni=1 ¢�ª ­Âê Âð� ,ßþ�Â����
F (b) − F (a) = L(P, ξ)ýÂ�ð À� �� ,ö��î� .I(P ) ≤ F (b) − F (a) ≤ I(P ) �¹�µ÷ ¤¢ÝþÂ�ðüõ �¹�µ÷ ,|P | → 0 ý�Â� ß�êÂÏ ¥�

F (b) − F (a) = lim
|P |→0 I(P )

=

∫ b

a

f(x) dx

2 .´¨� ��Þ� ö�ûÂ� ø,∫ cosxdx = sinx+ C �� ���� �� (1 .ñ�·õ 3.3.6Ýþ¤�¢
∫ π/20 cosxdx =

[

sinx

]π/20
= sin

(π2)− sin0 = 1Ýþ¤�¢ ,∫ e−x dx = −e−x + C �� ���� �� (2 ñ�·õ
∫ 10 e−x dx =

[

−e−x
]10

= −e−1 + e0 = 1− 1
eÝþ¤�¢ ,∫ dx

√1− x2 = arcsin(x) + C �� ���� �� (3 ñ�·õ
∫ 11/2 dx

√1− x2 =

[

arcsinx

]11/2
= arcsin(1) − arcsin

(12)
=

π2 − π6 =
π3,∫ x cos xdx = x sinx + cosx + C �� ���� �� (4 ñ�·õÝþ¤�¢

∫ π0 x cosxdx =

[

x sinx+ cosx

]π0
= (−1) − (1) = −2115
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· · · + ln

(
n+ n

n

)}

= lim
n→∞

1− 0
n

∞∑

k=1 ln

(1+

{0+ k
1− 0
n

})

=

∫ 10 ln(1+ x) dx

=

[

x ln(1+ x)

]10 −
∫ 10 x

1
x+ 1 dx

= ln2−
∫ 10 {1− 1

x+ 1} dx

= ln2−
[

x− ln(1+ x)

]10 = 2 ln2− 1.ℓ = exp(2 ln2− 1) = 4/e ßþ�Â�����±¨�½õ �¤ Âþ¥ ý�úó�ÂÚµ÷� ¥� ×þ Âû ¤�ÀÖõ .ßþÂÞ� 6.3.6:À��î1)

∫ 1/2
−1/2 dx

√1− x2 2)

∫ 8
−1 3√xdx3)

∫ sinh3
sinh1 dx

√1+ x2 4)

∫ 3π/2
π/2 sinxdx5)

∫ 20 |1− x| dx 6)

∫
√3

√3/3 dx

x2 + 17)

∫ 1
−1 dx

x2 + x+ 1 8)

∫ 2π0 dx

cosx+ 19)

∫ 10 arctanxdx 10)

∫ 21 dx

x3 + x211)
d

dx

∫ b

a

sinx2t dt 12)
d

dx

∫ x

a

sin t dt13)
d

dx

∫ x3
x2 ln(x2 + t2) dt 14)

d

dx

∫ 2
x

xdt
√

x2 + t415)
d

dx

∫ 20 arctan(xt)

t
dt:À��î �±¨�½õ �¤ Âþ¥ ¢øÀ� ¥� ×þ Âû ¤�ÀÖõ16) lim

x→0 ∫ x0 (arctan t)3 dt
x
√

x2 + 1 17) lim
x→0 ∫ x0 cos t2 dt

x18) lim
x→0 (∫ x0 et2 dt)2∫ x0 e2t2 dt 19) lim

x→0 1x ∫ x0 sin t

t
dt20) lim

x→0 ∫ sin x0 √
tan t dt

∫ tan x0 √
sin t dt

21) lim
n→∞

n
√
n!

n22) lim
n→∞

{ 1
n2 +

2
n2 + · · · + n− 1

n2 }23) lim
n→∞

{
n

n2 + 1 +
n

n2 + 4 + · · · + n

n2 + n2}

�� ø [0;1] ùb¥�� Â� f(x) = 1/(x+ 1) ­Âê �� (5 ñ�·õÝþ¤�¢ 14.1.6 ¥� ù¢�Ôµ¨�
lim
n→∞

{ 1
n+ 1 +

1
n+ 2 + · · · + 1

n+ n

}

=

= lim
n→∞

1
n

{ 11+ 1
n

+
11+ 2
n

+ · · · + 11+ n
n

}

= lim
n→∞

1
n

n∑

k=1 11+ k
n

= lim
n→∞

1− 0
n

n∑

k=1 11+ (0+ k 1−0n )

=

∫ 10 dx1+ x
=

[

ln |1+ x|
]10 = ln2¤¢ a = 0 ø b = 1 ,f(x) = xp ,p > 0 ­Âê �� (6 ñ�·õÝþ¤�¢ 14.1.6

lim
n→∞

1p + 2p + · · · + np

np+1 =

= lim
n→∞

1
n

{(1
n

)p

+

(2
n

)p

+ · · · +
(n

n

)p
}

= lim
n→∞

1
n

n∑

k=1(kn)p
= lim

n→∞
1− 0
n

n∑

k=1(0+ k
1− 0
n

)p

=

∫ 10 xp dx

=

[

xp+1
p+ 1]10 =

1
p+ 1�¤ lim

n→∞
1
n

n

√

(n+ 1)(n+ 2) · · · (n+ n) ¤�ÀÖõ (7 ñ�·õ.À��î �±¨�½õÝ��îüõ ­Âê ¤�Ñ�õ ßþ� ý�Â� .Û�
an :=

1
n

n

√

(n+ 1)(n+ 2) · · · (n+ n),y = lnx üÚµ¨��� Û�ó¢ �� �¤�¬ ßþ� ¤¢ .ℓ := lim
n→∞

an øÝþ¤�¢
ln ℓ = ln

(

lim
n→∞

an

)

= lim
n→∞

ln(an)

= lim
n→∞

{1
n

(ln(n+ 1) + ln(n+ 2) + · · ·

+ ln(n+ n)) − lnn
}

= lim
n→∞

1
n

{

ln(n+ 1) + ln(n+ 2) + · · ·

· · · + ln(n+ n) − n lnn
}

= lim
n→∞

1
n

{

ln

(
n+ 1
n

)

+ ln

(
n+ 2
n

)

+ · · ·116
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G(g(t)) ø F (t) ßþ�Â���� .{G(g(t))

}′
= f(g(t)) g′(t) �¹�µ÷ ¤¢¢¤�¢ ¢��ø C À�÷�õ ý¢Àä ,ßþ�Â���� .À÷Â��Â� ÕµÈõ ý�¤�¢ (a; b) Â�¥� .F (t) = G(g(t)) + C ù��¿ó¢ ý t ∈ [a; b] Âû ý�¥� �� �îÝþ¤�¢ t = a ý�¥� �� üêÂÏ

F (a) =
∫ b

a f(g(t)) g′(t) dt = 0
G(g(a)) = G(α) =

∫ α

α
f(u) du

2 .´¨� ��Þ� ö�ûÂ� ø C = 0 ßþ�Â����Ý��îüõ �Ñ��õ ,t = lnx­Âê �� (1 .ñ�·õ 2.4.6ßþ�Â���� . x 1 2
t 0 ln2 ø dt =

dx

x
�î

∫ 21 lnx
dx

x
=

∫ ln20 t dt

=

[

t22 ]ln20 =
12 ln2 2�î Ý��îüõ �Ñ��õ ,x = 2 sin t ­Âê �� (2 ñ�·õßþ�Â���� . x −

√3 √3
t −π/3 π/3 ø dx = 2 cos t dt

∫
√3

−
√3√4− x2 dx =

∫ π/3
−π/3 (2 cos t) (2 cos t) dt

= 2 ∫ π/3
−π/3 (1+ cos(2t)) dt

= 2 [t+
12 sin(2t)]π/3

−π/3 =
4π3 +

√3�î Ý��îüõ �Ñ��õ ,t = tan (x/2) ­Âê �� (3 ñ�·õßþ�Â���� x 0 π/2
t 0 1

∫ π/20 dx

cosx+ 2 =

∫ 10 2 dt1+t21−t21+t2 + 2 =

∫ 10 2 dt
t2 + 3

=

[2√33 arctan

(√33 t

)]10
= 2√33 arctan

(√33 )

=
π
√39�î ¢�ªüõ �Ñ��õ ,t = arcsin(

√
x) ­Âê �� (4 ñ�·õ¤¢ . x 0 1

t 0 π/2 ø dx = 2 sin t cos t dt ,x = sin2 t�¹�µ÷
∫ 10 arcsin

√
x

√

x(1− x)
dx =

∫ π/20 t× 2 cos t sin t dt
√

sin2 t(1− sin2 t)
=

∫ π/20 2t dt =

[

t2]π/20 =
π24

24) lim
n→∞

1
n

{

sin
(π

n

)

+ sin

(2π
n

)

+ · · ·

· · · + sin

(
(n− 1)π

n

)}25) lim
n→∞

1
n

{√1+
1
n

+

√1+
2
n

+ · · · +
√1+

n

n

}ÂþÁ³ó�ÂÚµ÷� ø ´±·õ [a; a+ h] ùb¥�� Â� y = f(x) À��î ­Âê (26�î À�û¢ ö�È÷ �¤�¬ ßþ� ¤¢ ,´¨�
lim
n→∞

n

√

f

(

a+
1
n

)

.f

(

a+
h

n

)

· · · f
(

a+ n
h

n

)

= exp

(1
h

∫ a+h

a

ln
[

f(x)
]

dx

)Â��Â� Âþ¥ À� ¤�ÀÖõ �î À�û¢ ö�È÷ ñ�·õ ö���ä �� Å³¨:´¨� 2 exp ((π − 4)/2)

lim
n→∞

n

√
(1+

1
n2) .(1+

4
n2) · · ·

(1+
n2
n2):À��î ��±�� �¤ Âþ¥ ý�úþø�Æ� ¥� ×þ Âû27) lim

n→∞

√1+
√2+ · · · + √

n

n
√
n

=
2328) lim

n→∞

(1
n

+
1

√

n2 − 1 +
1

√

n2 − 4 + · · ·

+
1

√

n2 − (n− 1)2) =
π2

ß�ãõ ñ�ÂÚµ÷� ¤¢ Â�çµõ Â��ç� 4.6´¨� �µ¨��� [a; b] Â� y = f(x) À��î ­Âê .��Ìì 1.4.6ÕµÈõ ý�¤�¢ ø g([α;β]) = [a; b] �� ´¨� üã��� y = g(x) ø�¤�¬ ßþ� ¤¢ .(α;β) Â� �µ¨���
∫ b

a

f(x) dx =

∫ β

α

f
(

g(x)
)

g′(t) dtÕµÈõ ý�ùÂ�¹÷¥ ùbÀä�ì ����� :��±��
{
f(g(x))

}
= f ′(g(x))g′(x).F (t) =

∫ t

a

f(g(x))g′(x) dx Ý��î ÓþÂã� ø t ∈ [a; b] ÝþÂ�ð.F ′(t) = f(g(t)) g′(t) ý� t ∈ (a; b) Âû ý�¥� �� ,�¤�¬ ßþ� ¤¢.G(x) :=

∫ x

α

f(t) dtý� x ∈ [α;β] Âû ý�¥� �� Ý��î­Âê ñ��­Âê ñ�� .G′(x) = f(x) ý� [α;β] Âû ý�¥� �� ,�¤�¬ ßþ� ¤¢�¤�¬ ßþ� ¤¢ ,x = g(t) Ý��î
G(g(t)) =

∫ g(t)

α

f(u) du117
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=

∫ π/20 a2 cos θdθ

(a sin θ + a cos θ)2
=

∫ π/20 cos θ dθ

(sin θ + cos θ)2
=

∫ 0
π/2 cos(π/2− θ) d (π/2− θ)

(sin(π/2− θ) + cos(π/2− θ))2
=

∫ π/20 sin θ dθ

(sin θ + cos θ)2 ßþ�Â����2I =

∫ π/20 sin θ + cos θ

(sin θ + cos θ)2 dθ
=

∫ π/20 dθ

sin θ + cos θÝþ¤�¢ ,t = tan (θ/2) ­Âê �� Å�
I =

12 ∫ 10 2 dt1+t22t1+t2 + 1−t21+t2
=

12 ∫ 10 2 dt
−t2 + 2t+ 1

=

∫ 10 dt

(
√2)2 − (t− 1)2

=

[√22 ln

∣
∣
∣
∣
∣

√2− (t− 1)√2+ (t− 1)

∣
∣
∣
∣
∣

]10
=

√22 ln
∣
∣
∣

√2+ 1∣∣∣ÍÜµ¿õ ¢�Àä� ¥� ,Âþ¥ ñ�ÂÚµ÷� ¤�ÀÖõ �b ±¨�½õ ý�Â� (9 ñ�·õ:Ý��îüõ ù¢�Ôµ¨�
∫ 2π0 eax cos bx dx =

∫ 2π0 eaxRe(ebix) dx

= Re

{
∫ 2π0 e(a+bi)x dx

}

= Re

{[ 1
a+ bi

e(a+bi)x
]2π0 }

= Re

{
a− bi

a2 + b2 (e(a+bi)2π − 1)

}

=
1

a2 + b2Re
{

(a− bi)(e2πa cos(2πb)
−1+ e2πa sin(2πb)i)}

=
e2aπ
a2 + b2 {a(cos(2πb) − 1) + b sin(2πb)}

�î ¢�ªüõ �Ñ��õ ,t = π/2 − x ­Âê �� (5 ñ�·õßþ�Â���� ø x 0 π/2
t π/2 0 ,dt = − dx

I =

∫ π/20 cos3 x
cos3 x+ sin3 x dx

=

∫ 0
π/2 sin3 t

sin3 t+ cos3 t (− dt)

=

∫ π/20 sin3 t
cos3 t+ sin3 t dt

=

∫ π/20 sin3 x
cos3 x+ sin3 x dx �¹�µ÷ ¤¢2I =

∫ π/20 cos3 x
cos3 x+ sin3 x dx +

∫ π/20 sin3 x
cos3 x+ sin3 x dx

=

∫ π/20 cos3 x+ sin3 x
cos3 x+ sin3 x dx

=

∫ π/20 dx =

[

x

]π/20 =
π2 .I = π/4 ßþ�Â���� ø, dx = − dt �î ¢�ªüõ �Ñ��õ ,t = π − x ­Âê �� (6 ñ�·õßþ�Â���� ø x 0 π

t π 0
I =

∫ π0 x sinx1+ cos2 x dx
=

∫ 0
π

(π − t) sin t1+ (− cos t)2 (− dt)

=

∫ π0 (π − t) sin t1+ cos2 t dt
= π

∫ π0 sin t dt1+ cos2 t − ∫ π0 t sin t1+ cos2 t dt
= −π

∫ π0 d(cos t)1+ cos2 t − ∫ π0 x sin x1+ cos2 x dx
=

[

−π arctan(cos t)

]π0 − I

= −π × −π4 + π × π4 − I =
π22 − I.I = π2/4 �þ 2I = π2/2 ßþ�Â����.´¨� ÂÔ¬ ∫ π0 sin2m x cos2n+1 xdx À��î ´��� (7 ñ�·õ�Ø�þ� ö¢�¢ ö�È÷ ý�Â� ,Àª�� I ùÀª ù¢�¢ ñ�ÂÚµ÷� Ý��î ­Âê .Û�:I = −I �î ¢¢Âð ��±�� ´¨� üê�î I = 0

I =

∫ 0
π

sin2m(π − x) cos2n+1(π − x)d(π − x)

=

∫ π0 (sin2m x)(− cos2n+1 x) dx = −IÝþ¤�¢ x = a sin θ ­Âê �� (8 ñ�·õ
I =

∫ a0 a dx

(x +
√

a2 − x2)2118



ß�ãõ ñ�ÂÚµ÷� ¤¢ Ǒ�� �� Ǒ�� 5.6 ß�ãõ ñ�ÂÚµ÷� 6 ÛÊêÀ�û¢ ö�È÷ ,À�ª�� ÂÔ¬ Óó�¿õ ý¢�Àä� b ø a À��î ­Âê (27
∫ π/20 dx

(a2 sin2 x+ b2 cos2 x)2 =
π(a2 + b2)4a2b2ß�ãõ ñ�ÂÚµ÷� ¤¢ Ǒ�� �� Ǒ�� 5.6ùb¥�� Ûõ�ª ¥�� ùb¥�� ×þ Â� v(x) ø u(x) Âð� .��Ìì 1.5.6�¤�¬ ßþ� ¤¢ ,À�ª�� �µ¨��� ÕµÈõ ý�¤�¢ [a; b]

∫ b

a

u(x)dv(x) =

[

u(x)v(x)

]b

a

−
∫ b

a

v(x)du(x)üúþÀ� ÝØ� ∫ u dv = uv −
∫

v du �Ø�þ� �� ���� �� :��±��
2 .´¨�,dv = dx ø u = lnx Ý��î ­Âê .(1 ñ�·õ 2.5.6�¹�µ÷ ¤¢ ø v = x ø du = dx/x ßþ�Â����

∫ 21 lnxdx =

[

x lnx

]21 −
∫ 21 x

dx

x

= 2 ln2−
[

x

]21 = 2 ln2− 1ßþ�Â���� ,dv = cosxdx ø u = x Ý��î ­Âê (2 ñ�·õ�¹�µ÷ ¤¢ ø v = sinx ø du = dx

∫ π/20 x cosxdx =

[

x sinx

]π/20 −
∫ π/20 sinxdx

=
π2 +

[

cosx

]π/20 =
π2 − 1ßþ�Â���� ,dv = cosxdx ø u = ex À��î ­Âê (3 ñ�·õ�¹�µ÷ ¤¢ ø v = sinx ø du = ex dx

I =

∫ 10 ex cosxdx

=

[

ex sinx

]10 −
∫ 10 ex sinxdx, du = ex dx Ýþ¤�¢ ,dv = sinxdx ø u = ex ­Âê �� �f¢À¹õßþ�Â���� ø v = − cosx

I = e sin(1) −
{[

−ex cosx

]10 −
∫ 10 −ex cosxdx

}

= e sin(1) + e cos(1) − 1− I�þ ,2I = e(sin(1) + cos(1)) − 1 �¹�µ÷ ¤¢
I =

e2 (sin(1) + cos(1)) − 12

�±¨�½õ �¤ Âþ¥ ý�úó�ÂÚµ÷� ¥� ×þ Âû ¤�ÀÖõ .ßþÂÞ� 3.4.6:À��î1)

∫ 10 dx

(x + 1)
√

x2 + 1 2)

∫ ln20 √

ex − 1 dx3)

∫ a0 x2√a2 − x2 dx 4)

∫ 90 x
3√1− x dx5)

∫ ln20 sinh4 xdx 6)

∫ π0 (x sinx)2 dx7)

∫ a0 x2√a− x

a+ x
dx 8)

∫ π/2
π/4 dx1− sinx9)

∫ a0 dx

x+
√

a2 − x2 10)

∫ 21 dx

x(1 + x4)11)

∫ 2π0 dx

cos4 x+ sin4 x 12)

∫ 7
−7 x4 sinx

x6 + 2 dx13)

∫ 2π0 dx

(2+ cosx)(3 + cosx)14)

∫ 5π/4
π

sin(2x) dx
cos4 x+ sin4 x 15)

∫ π

−π
cos(mx) sin(nx) dx:À��î ��±�� �¤ Âþ¥ ý�úþø�Æ� ¥� ×þ Âû17)

∫ π/20 f(sinx, cosx) dx =

∫ π/20 f(cosx, sinx) dx18)

∫ π0 xf(sinx) dx =
π22 ∫ π0 f(sinx) dx19)

∫ b

a

f(x) dx = (b − a)

∫ 10 f(a+ (b − a)x) dx20)

∫ π0 f(sinx) dx =

∫ π/2
−π/2 f(cosx) dx21)

∫ t0 f(x)g(t− x) dx =

∫ t0 f(t− x)g(x) dxÀ�û¢ ö�È÷ �¤�¬ ßþ� ¤¢ ,À�µ��� ¢�Àä� q ø p À��î ­Âê (22.∫ 10 (1− xp)1/q dx =

∫ 10 (1− xq)1/p dx?´¨� ÍÜè ∫ 1
−1 dx

x2 =

[−1
x

]1
−1 = −2 �b ±¨�½õ ý�¹î (23À�û¢ ö�È÷ ,0 < b < a À��î ­Âê (24.∫ π0 dx

a+ b cosx
=

π
√

a2 − b2À�û¢ ö�È÷ ,0 < b < a À��î ­Âê (25.∫ π0 dx

(a+ b cosx)2 =
aπ

(a2 − b2)3/2À�û¢ ö�È÷ ,À�ª�� ÂÔ¬ Óó�¿õ ý¢�Àä� b ø a À��î ­Âê (26
∫ π/20 dx

a2 sin2 x+ b2 cos2 x =
π2ab119
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= a22(n− 1)2n− 1 a2 2n2n+ 1In−2...
= a22(n− 1)2n− 1 a2 2n2n+ 1 · · ·a245I1��µ�µ¨� ÂÑ÷ ¢¤�õ ñ�õÂê ,ö¢Âî ù¢�¨ ø I1 ý¤�Áð�� ¥� Å� ø.¢¢Âðüõ�¤ ∫ b0 √a2 − x2 dx ¤�ÀÖõ .0 ≤ b ≤ a À��î ­Âê (6 ñ�·õ.À��î �±¨�½õø u =

√

a2 − x2 Ý��îüõ ­Âê ¤�Ñ�õ ßþ� ý�Â� .Û��¹�µ÷ ¤¢ ø v = x ,du =
− dx

√

a2 − x2 ßþ�Â���� ,dv = dx

I =

∫ b0 √a2 − x2 dx
=

[

x
√

a2 − x2]b0 −
∫ b0 −x2

√

a2 − x2 dx
= b

√

a2 − b2 −
∫ b0 a2 + a2 − x2

√

a2 − x2 dx

= b
√

a2 − b2 −
∫ b0 √a2 − x2 dx+ a2 ∫ b0 dx

√

a2 − x2
= b

√

a2 − b2 − I + a2 [arcsin
(x

a

)]b0ßþ� Û� ¥� Å� I = b
√

a2 − b2−I+a2 arcsin (b/a) �¹�µ÷ ¤¢Ýþ¤�¢ ,I °Æ� Â� �ó¢�ãõ
I =

b2√a2 − b2 +
a22 arcsin

(
b

a

)ý� n üã�±Ï ¢Àä Âû Ǒ�¥�� �î À��î ´��� (7 ñ�·õ
∫ π/20 cos2n xdx =

(2n− 1)(2n − 3) · · ·3× 1
(2n)(2n − 2) · · ·4× 2 π2´¨� In ²� ´Þ¨ ñ�ÂÚµ÷� Ý��îüõ ­Âê ¤�Ñ�õ ßþ� ý�Â� .Û��Áó , dv = cosxdx ø u = cosn−1 x ø

In =

∫ π/20 cosn−1 x cosxdx

=

[

cosn−1 x sinx

]π/20
−
∫ π/20 −(n− 1) sin2 x cosn−2 xdx

= (n− 1)

∫ π/20 cosn−2 x sin2 xdx
= (n− 1)

∫ π/20 cosn−2 x(1− cos2 x) dx

, dx = et dt ßþ�Â���� .x = et Ýþ¤�¢ t = lnx­Âê �� (4 ñ�·õ�¹�µ÷ ¤¢ ø x 1 e
t 0 1

∫ e1 ln3 xdx =

∫ 10 t3et dtÝþ¤�¢ ßµêÂð Ǒ�� �� Ǒ�� ¤�� �¨ �� ö��î�
∫ e1 ln3 xdx =

∫ 10 t3det
=

[

t3et]10 −
∫ 10 3t2et dt

= e− 3 ∫ 10 t2det
= e− 3([t2et]10 −

∫ 10 2tet dt)
= −2e+ 6 ∫ 10 tdet

= −2e+ 6([tet]10 −
∫ 10 et dt

)

= 4e− 6 [et]10 = 6− 2eý� n üã�±Ï ¢Àä Âû Ǒ�¥�� �î Ý��î ´��� Ý�û��¡üõ (5 ñ�·õ
∫ a0 (a2 − x2)n dx =

2× 4× 6× · · · × (2n)1× 3× 5× · · · × (2n+ 1)
a2n+1.Àª�� In Â��Â� ²� ´Þ¨ ñ�ÂÚµ÷� Ý��îüõ­Âê ,¤�Ñ�õ ßþ� ý�Â�

In ,dv = (a2 − x2)n−1xdx ø u = x­Âê �� �¤�¬ ßþ� ¤¢�� ´¨� Â��Â�
∫ a0 (a2 − x2)n dx =

=

∫ a0 a2(a2 − x2)n−1 dx−
∫ a0 x2(a2 − x2)n−1 dx

= a2In−1 −
∫ a0 udv

= a2In−1 −
[

(x)
(a2 − x2)n

−2n ]a0 +

∫ a0 (a2 − x2)n
−2n dx

= a2In−1 − 12nInüêÂÏ ¥� .In = a2 2n2n+ 1In−1 ý� n ≥ 2 Âû ý�¥�� ßþ�Â����
I1 =

∫ a0 (a2 − x2) dx
=

[

a2x− x33 ]a0 =
23a3 �¹�µ÷ ¤¢

In = a2 2n2n+ 1In−1120



ýÂ�Ú÷�Þó� ©ø¤ 6.6 ß�ãõ ñ�ÂÚµ÷� 6 ÛÊê
c) ln

(
ab
)

= b ln a d) ln (a/b) = ln a− ln b.ø 2 < e < 3 �î ¢¤�¢ ¢��ø e ý¢Àä À�û¢ ö�È÷ (eùb¥�� Â� y = lnx â��� üÚµ¨��� ¥� :üþ�Þ�û�¤) .ln e = 1(.À��î ù¢�Ôµ¨� [2;3](a) ���Èõ «��¡ logb a := (ln a)/(ln b) ÓþÂã� �� (f.À��î ´��� logb x ý�Â� �¤ (e) ��.logb a = (logc a)/(logc b) �î À�û¢ ö�È÷ (g
f1(x) =

∫ x0 f(x) dx ,ÂþÁ³ó�ÂÚµ÷� üã��� f(x) À��î ­Âê (22Ý��îüõ ÓþÂã� ý� n ≥ 2 Âû ý�¥� �� ø
fn(x) =

∫ x0 fn−1(x) dxý� n Âû ý�¥� �� �î À�û¢ ö�È÷ ,�¤�¬ ßþ� ¤¢
fn(x) =

1
(n− 1)!

∫ x0 (x− t)n−1f(t) dtý� n,m ∈ N Âû ý�¥� �� �î À��î ´��� (23
∫ 10 (1− x)nxm dx =

m!n!

(m+ n+ 1)!(.À��î ù¢�Ôµ¨� f(x) = xm �� 22 ßþÂÞ� ¥� :üþ�Þ�û�¤)ýÂ�Ú÷�Þó� ©ø¤ 6.6ùb¥�� Â� �î ´¨� üµ�Þî y = f(x) À��î ­Âê . 1.6.6ý�¤�¢ [x;x+dx] ×��î �bãÎì �¹�µ÷ ¤¢ .´¨� ùÀª âþ¥�� [a; b]Í¨�� �¤ [a; b] ùb¥�� Âð� Å� .´¨� df = f(x) dx ü±þÂÖ� ´�êÂÒÝ��î Ý�ÆÖ� ´ÞÆì n �� xn−1 ø . . . ,x2 ,x1
P : a = x0 < x1 < · · · < xn−1 < xn = b�� ´¨� Â��Â� �f±þÂÖ� [a; b] ùb¥�� Ûî ´�êÂÒ ,�¤�¬ ßþ� ¤¢ùb¥�� Ûî ´�êÂÒ ,á�Þ¹õ ßþ� ¥� ýÂ�ðÀ� ¥� Å� . n∑

i=1 f(xi)∆xi�� ¢�� Àû��¡ Â��Â� �fÖ�ì¢ [a; b]

lim
|P |→0 n∑

i=1 f(xi)∆xi =

∫ b

a

f(x) dxùbÂþ�¢ ö�¤ø¢ ¥� Û¬�� ���� Ý¹� (1 .ñ�·õ 2.6.6�±¨�½õ �¤ ,0 < a < b �î �û y ¤�½õ ñ�� (x− b)2 + y2 = a2.À��îùb¥�� �û x ¤�½õ Â� ¤�îÁõ ùbÂþ�¢ Âþ�Ê� �î ´¨� ßªø¤ .Û�ùÂþ�¢ ¥� ý��ãÎì ö�¤ø¢ ¥� Û¬�� ÝÆ� Ý¹� .´¨� [b−a; b+a].´¨� [x;x+∆x] ùb¥�� Â��Â� �û x ¤�½õ Â� ö� Âþ�Ê� �î Ý���þüõ �¤

.In = n−1
n In−2 �þ In = (n − 1)In−2 − (n − 1)In ßþ�Â�����¹�µ÷ ¤¢

I2n =
2n− 12n I2(n−1)

=
2n− 12n 2n− 32(n− 1)

I2(n−2) = · · ·

=
2n− 12n 2n− 32(n− 1)

· · · 3× 14× 2I0
=

(2n− 1)(2n− 3) · · · × 3× 1
(2n)(2n− 2) · · · × 4× 2 ∫ π/20 dx

=
(2n− 1)(2n− 3) · · ·3× 1

(2n)(2n− 2) · · ·4× 2 π2.´¨� ��Þ� ö�ûÂ� ø.ßþÂÞ� 3.5.61)

∫ π/20 x cos xdx 2)

∫ e0 lnxdx3)

∫ 10 x2e2x dx 4)

∫ π0 ex sinxdx5)

∫ π/20 cos2n+1 xdx 6)

∫ π0 x sinn xdx7)

∫ 10 arctan
(√
x
)
dx 8)

∫ π/3
π/4 xdx

sin2 x9)

∫ 10 x ln(1+ x2) dx 10)

∫ π0 cosn x cosnxdx11)

∫ 10 (arccosx)n dx 12)

∫ π0 cosn xdx13)

∫ π0 sinn x sin(nx) dx 14)

∫ 2π0 e−ax cos2n xdx15)

∫ 10 xm(1− x)n dx 16)

∫ π/20 cosn x sinm xdx17)

∫ 161 arctan

(√√
x− 1) dx18)

∫ b

a

(x− a)m(b− x)n dx19)

∫ 2a0 xm
√2ax− x2 dx20)

∫ a0 (a2 + x2)(2n+1)/2 dx�¤�¬ �� �¤ ln : (0; +∞) → R üã�±Ï Ýµþ¤�Úó â��� (21�� �fêÂ¬ ,�¤�¬ ßþ� ¤¢ .Ý��îüõ ÓþÂã� lnx :=
∫ x1 dx/x´±·õ ¢�Àä� b ø a Âð� �î À�û¢ ö�È÷ ÓþÂã� ßþ� ¥� ù¢�Ôµ¨�ù�Ú÷� ,À�ª��

a) ln1 = 0 b) ln(ab) = ln a+ ln b121



ß�ãõ ñ�ÂÚµ÷� 6 ÛÊê ýÂ�Ú÷�Þó� ©ø¤ 6.6-2.6 ÛØª ��) .´¨� v = xw Â��Â� ö� ¯�Ö÷ ´äÂ¨ Å� ,´¨�
dK =

12V 2 dm Â��Â� �ãÎì ßþ� ý�Â÷� ,�¹�µ÷ ¤¢ (.¢�ª ���� �Â��Â� ö� Ûî ý�Â÷� ,ßþ�Â���� .dK = πx3w2δ dx ü�ãþ ,´¨��� ´¨�
K =

∫ r0 dK = πw2hδ ∫ r0 x3 dx =
π4w2hδr4 


ùÂî ×þ ¼Î¨ ¥� üµÞÆì �b ±¨�½õ (Óó� :3.6 ÛØªâ��� ø¢ ¤�¢�Þ÷ ß�� ¢øÀ½õ �b ���÷ ´��Æõ (��î x2 + y2 = ay �b ÷��µ¨� ¼Î¨ ¥� üµÞÆì ´��Æõ (3 ñ�·õ.À��î �±¨�½õ �¤ ´¨� ùÀª ùÀþÂ� x2 + y2 + z2 = a2 ùbÂî Í¨��Ý�¨Â� øÂ�ø ¤ ÛØª ¤¢ �¤ ÂÑ÷ ¢¤�õ ¼Î¨ ¥� �¤�ú� ×þ .Û�ù¤¢�¬ á�ãª ø �û y ¤�½õ ß�� �þø�¥ O Ý��î ­Âê .Ýþ�ù¢Âî�¤�¬ ßþ� ¤¢ .Àª�� ÂÑ÷ ¢¤�õ ùbÂþ�¢ ¤¢ (0, a/2) �bÎÖ÷ ¥�Â� ©Âþ�Ê� �î ¼Î¨ ¥� ùÀª �À� �bãÎì ö��î� .0 ≤ θ ≤ π��) .ÝþÂ�ðüõ ÂÑ÷ ¤¢ �¤ ´¨� θ + dθ �� θ §�ì xOy �b½Ô¬�bÎÖ÷ ��Êµ¿õ ,�¤�¬ ßþ� ¤¢ (.¢�ª ���� Óó�-3.6 ÛØª¤��÷ á�Ô�¤� ,�Áó ;´¨� ( a2 sin θ,
a2 +

a2 cos θ
) Â��Â� θ �� Â�Ñ÷�� Â��Â� �ÎÖ÷ ö� ¤¢ ¤��µ¨�

z =

√

a2 − x2 − y2 =
a√2√1− cos θ = a sin

(
θ2)

dl = a dθ/2 Â��Â� θ + dθ �� θ �bãÎì ñ�Ï üêÂÏ ¥� .´¨�,´¨� dA = zdl Â��Â� ÂÑ÷ ¢¤�õ ¤��÷ ´��Æõ ,ßþ�Â���� .´¨��¹�µ÷ ¤¢ .dA = (a2/2) sin(θ/2) dθ ü�ãþ
A = 4 ∫ π0 dθ = 4a2 ∫ π0 sin

(
θ2) dθ2

=

[

−4a2 cos
θ2]π0 = 4a2.ßþÂÞ� 3.6.6á�Ô�¤� �� �¤ m �Â� �� ÝÆ� �� ´¨� �¥� ý�Â÷� ¤�ÀÖõ �� (1´þ�ú��� �� ÝÆ� Âð� ?ÝþÂ±� r á�ãª �� ß�õ¥ ùbÂî ¼Î¨ ¥� h?´¨� ¤ÀÖ� ¤�ÀÖõ ,¢�ª ¤ø¢

x2/3 + y2/3 = a2/3 À��øÂµ¨� �� ¢øÀ½õ �b ���÷ ´��Æõ (2.À����� �¤

��) ,Ý�÷�À� 2y á�Ô�¤� ø ∆x ùbÀä�ì �� üÜ�ÎµÆõ �¤ �ãÎì ßþ� Âð�Û¬�� �b ÷��µ¨� Ý¹� �¤�¬ ßþ� ¤¢ (.¢�ª ���� Óó�-2.6 ÛØª�� ¢�� Àû��¡ Â��Â� Û�ÎµÆõ ßþ� ö�¤ø¢ ¥�
dV = (π(x+ ∆x)2 − πx2) × 2y

= 2π(2x∆x + ∆x2)2√a2 − (x− b)2
≈ 4πx√a2 − (x − b)2 dx�� ´¨� Â��Â� Û¬�� ÝÆ� Ûî Ý¹� ,ßþ�Â����

V =

∫ b+a

b−a
dV =

∫ b+a

b−a
4πx√a2 − (x− b)2 dxÝþ¤�¢ x− b = a sin t­Âê �� ö��î�

V =

∫ π/2
−π/2 4π(b + a sin t)

√

a2 − a2 sin2 t (a cos t) dt

= 4πa2 ∫ π/2
−π/2(b+ a sin t) cos2 t dt

= 4πa2 [ b2 t+
b4 sin(2t) − a3 cos3 t]π/2

−π/2 = 2π2a2bá�ãª �� ý�ùÂþ�¢ Âð� ,´±¨�½õ ßþ� §�¨� Â� �î ´¨� ���� °ó��ßþ� ¤¢ ,Ý�÷�¡Â»� ö� ¢�Àµõ� ¤¢ ø b á�ãª �� ý�ùÂþ�¢ Â� ¢�Þä �¤ aùÂþ�¢ ø¢ ö� ´��Æõ �ÂÌÜ¬�� Â��Â� Û¬�� ÝÆ� Ý¹� �¤�¬.¢¢Âðüõ

�b ±¨�½õ (� ���� Ý¹� �b ±¨�½õ (Óó� :2.6 ÛØªüÈ±�� ý�Â÷�

r ùbÀä�ì á�ãª ,δ üó�Ú� �� ßÚÞû �b ÷��µ¨� À��î ­Âê (2 ñ�·õö�¤ø¢ ©¤�½õ ñ�� w ´��� ý��þø�¥ ´äÂ¨ �� �¤ h á�Ô�¤� ø.Ý��îüõ �±¨�½õ �¤ �÷��µ¨� üÈ±�� ý�Â÷� .Ý�û¢üõ�¤ �÷��µ¨� ¤�½õ ,Ýþ�ù¢Âî Ý�¨Â� �¤ �÷��µ¨� âÎÖõ Ý��î ­Âê�î ´¨� ßªø¤ .Ýþ�ù¢�¢ ¤�Âì �û x ¤�½õ Â� �¤ ùÀä�ì ø �û y ¤�½õ�µ¡�¨ ÂÑ÷ ¢¤�õ Û�ÎµÆõ OrBh �b ÷��µ¨� ö�¤ø¢ ¥� ,´ó�� ßþ� ¤¢.¢�ªüõùb¥�� Â� ¤��µ¨� ¤��÷ ö�¤ø¢ ¥� �î �¤ ý��÷��µ¨� ö��î��ãÎì ßþ� �Â� .Ý��îüõ �±¨�½õ �¤ ´¨� ùÀª Û¬�� [x;x+ dx]

x Â��Â� ö�¤ø¢ ¤�½õ �� ö� �b Ü¬�ê ø ´¨� dm = 2πxhδdx Â��Â�122



´��Æõ �b ±¨�½õ 7.6 ß�ãõ ñ�ÂÚµ÷� 6 ÛÊêÓó�-4.6 ÛØª ��) ´¨� x = a ¤¢ �ú÷� ¢¤�¡Â� Û½õ Å�ß�� ¢øÀ½õ ´��Æõ Ý�û��¡üõ �ÜÿÆõ ßþ� ¤¢ Å� .(¢�ª ����Ý��î �±¨�½õ x = a �� x = 0 ¥� �¤ y =
x2
a
ø y =

√
ax

S =

∫ a0 (√ax− x2
a

)

dx

=

[

√
a
x3/23/2 − 1

a

x33 ]a0 =
a23

y = üÞú¨ ø x + y = 0 Í¡ ß�� ¢øÀ½õ ´��Æõ (2 ñ�·õ.À��î �±¨�½õ �¤ 2x− x2:Ý�û¢üõ ¢¤�¡Â� �¤ üÞú¨ ø Í¡ �Àµ�� ,¤�Ñ�õ ßþ� ý�Â� .Û�
{
x+ y = 0
y = 2x− x2 ⇒ x2 = 3x ⇒ x = 0 �þ x = 3¢¤�õ �b ���÷ ÛØª ,x = 1 ¤¢ üÞú¨ §�b¤ �Ø�þ� �� ���� �� Å³¨�ÜÿÆõ Å� .(¢�ª ���� �-4.6 ÛØª ��) Ý��îüõ Ý�¨Â� �¤ ÂÑ÷¥� y = −x ø y = 2x − x2 ß�� ´��Æõ �b ±¨�½õ ¥� ´Æ�¤�±ä �õ:x = 3 �� x = 0

S =

∫ 30 {

(2x − x2) − (−x)
}

dx

=

[32x2 − 13x3]30 =
92 


2 ñ�·õ (� 1 ñ�·õ (Óó� :4.6 ÛØªß�� ¢øÀ½õ ´��Æõ ,¢¤�õ Âû ¤¢ .ßþÂÞ� 3.7.6:Àþ¤ø� ´¨À� �¤ ùÀª ù¢�¢ ý�ú��½�õ1) y = 4− 2x2/3, y = x2/3,2) y = x2, x+ y = 2,3) y = 8/(x2 + 4), x2 = 4y,4) x2 + y2 = 16, x2 = 12(y − 1),5) (x/5)2 + (y/4)1/3 = 1, y = 0,6) y = x, y = x+ sin2 x, 0 ≤ x ≤ π.

ö� ´�Þî �� ö�õ¥ �bÑ½ó Âû ¤¢ ��þ¢�¤ ��Àú÷� ´äÂ¨ (3¤¢ ��þ¢�¤ ��Àú÷� �bÎ��® ß��ã� ´Æ��ÜÎõ .´¨� °¨��µõø �Âð m ´�Þî ¤�ÀÖõ (t = 0) ö�õ¥ Ǒ�À±õ ¤¢ �î ü�¤�¬.¢�ª ÓÊ÷ ö� ¤�ÀÖõ ñ�¨ T = 100 ´ªÁð ¥� Å��î À����� �¤ x2 + y2 = a2 �b ÷��µ¨� ¥� üµÞÆì ö� ´��Æõ (4
xOy �b½Ô¬ �� ø ´¨� ù¢¤�¡ ©Â� y = z �b½Ô¬ Í¨��.´¨� ¢øÀ½õá�ãª �� ý�ùÂþ�¢Ý�÷ ¼Î¨ Â� ¢¤�ø ¤�Èê ýøÂ�÷ ´Æ��ÜÎõ (5¤¢ Ý��ì �¤�Ê� ø ´¨� Õ±Î�õ �� ¼Î¨ Â� ö� ÂÎì �î r.´¨� ¤ø�Ï�è ���b�¤¢ t ¤¢ �� ùÄþø �¤�Â� �î ´¨� ùÀª ��Üãõ ��Â¹� �� (6Â��Â� ¢�Âðüµ÷�¨0*9983− 5*184× 10−5t+ 6*912× 10−7t2�� �� �Âð ×þ ö¢Âî �Âð ý�Â� �î À��î É¿Èõ .´¨��� ��¤¢ À¬ �� ö� ý�õ¢ öÀ÷�¨¤ ø ��¤¢ ÂÔ¬ ý�õ¢.´¨� �¥� �¤�Â� ö���õ
h á�Ô�¤� �� ÂÔ¬ á�Ô�¤� ¥� �î üµî�¤ Í¨�� ùÀª ��¹÷� ¤�î (7.À��î �±¨�½õ �¤ ¢�ªüõ ���Â��� Â�ê ×þ ýÂµõüµ÷�¨ ×þ ö¢ÂÈê ý�Â� �î ü�¤�¬ ¤¢ (8Âµõüµ÷�¨ Çª Â�ê ßþ� ø Ý�ª�� �µª�¢ ¥��÷ ø Â�÷ �Âð�Ü�î ×þö� Ûõ�î ö¢ÂÈê ý�Â� ý�Â÷� ö���õ �� ,Àª�� �µª�¢ ñ�Ï?´¨� ¥��÷´��Æõ �b ±¨�½õ 7.6À��î ­Âê .x ¥� â��� ø¢ ¤�¢�Þ÷ ß�� ´��Æõ 1.7.6Â� ø ùø�ã� À÷� [a; b] ùb¥�� Â� �µ¨��� â��� ø¢ y = g(x) ø y = f(x).g(x) ≤ f(x) ù¥�� ßþ�â���� ¤�¢�Þ÷ �� ¢øÀ½õ �b ���÷ ´��Æõ ,�¤�¬ ßþ� ¤¢Â��Â� x = b ø x = a ¯�Î¡ ø y = g(x) ø y = f(x)

S =

∫ b

a

{

f(x) − g(x)

}

dx´¨� Â��Â� [x;x+ dx] ùb¥�� Â� ¤��µ¨� Û�ÎµÆõ ´��Æõ �Âþ¥ .´¨�(.¢�ª ���� �-3.6 ÛØª ��) .dS =
(

f(x) − g(x)
)

dx ��ø ax = y2 üÞú¨ ø¢ ß�� ´��Æõ (1 .ñ�·õ 2.7.6.Àþ¤ø� ´¨À� �¤ 0 < a �î ay = x2:À÷�ªüõ Û¬�� Âþ¥ ��¢�ãõ ,ü�½�õ ø¢ ßþ� ¢¤�¡Â� ¥� .Û�
{
ay = x2
ax = y2 ⇒ ax =

(

x2
a

)2
⇒ x3 = a3 ⇒ x = a123



ß�ãõ ñ�ÂÚµ÷� 6 ÛÊê ´��Æõ �b ±¨�½õ 7.6:Ý��î �±¨�½õ y = 2√2 �� y = −2√2 ¥�
S =

∫ 2√2
−2√2{√12− y2 − y24 } dx

=

∫ 2√2
−2√2√12− y2dy − [14 y33 ]2√2

−2√2
=

[
y2√12− y2 + 6 arcsin

(
y√12)]2√2−2√2 − 8√23

= 2√2√4+ 12 arcsin

(√23)− 83√2
=

43√2+ 12 arcsin

(√23)ü�½�õ ø¢ �� ¢øÀ½õ ´��Æõ ,¢¤�õ Âû ¤¢ .ßþÂÞ� 6.7.6:À��î �±¨�½õ �¤ ùÀª ù¢�¢1) x+ y = 1, √
x+

√
y = 1,2) x = y2, x =

34y2 + 1,3) x = 4− 2y2/3, x = y2/3,4) x2 + y2 = 8, y2 = 2x,5) x2 − 3y2 = 1, x2 + 4y2 = 8,6) x = a ln

(

a+
√

a2 − y2
y

)

−
√

a2 − y2, y = 0,�±¨�½õ �¤ ùÀª ù¢�¢ ý�ú��½�õ ¥� ×þ Âû �� ¢øÀ½õ ´��Æõ:À��î7) a2x2 = y2(a2 − y2), 8) 4(x2 − y2) + y3 = 0,9) x2 = (1− y2)3, 10) x3 = y2(a2 − y2).�b½Ô¬ ¤¢ ¤�¢�Þ÷ ø¢ �� ¢øÀ½õ ´��Æõ 7.7.6�µ¨��� â��� ø¢ r = r2(θ) ø r = r1(θ) À��î ­Âê .ü±Îì���� 6.6 ÛØª ��) .r1(θ) ≤ r2(θ) �î ,À�µÆû [α;β] ùb¥�� Â�,r = r2(θ) â��� ¤�¢�Þ÷ �� ¢øÀ½õ ´��Æõ �¤�¬ ßþ� ¤¢ (.¢�ª�� ´¨� Â��Â� θ = β Í¡ ø θ = α Í¡ ,r = r1(θ) â��� ¤�¢�Þ÷
S =

12 ∫ β

α

{

(r1(θ))2 − (r2(θ))2} dθ­øÂÔõ â��� ø¢ ¤�¢�Þ÷ ß�� ¥� ùÀª �À� ´ÞÆì ´��Æõ �Âþ¥Â��Â� ,�ûùÂþ�¢ ¤¢ ö¤�Ö� ����� ,θ + dθ ø θ Â�Ñ÷ ý�ûá�ãª Í¨���þ dS =
12 {(r2(θ))2 − (r1(θ))2} dθ �� ´¨�
dS

π(r1(θ))2 − π(r2(θ))2 =
dθ2π

�±¨�½õ �¤ ùÀª ù¢�¢ �b µÆ� ý�ú��½�õ ¥� ×þ Âû �� ¢øÀ½õ ´��Æõ:À��î7) x2 + y2 = a2, 8) y2 = x(x− 1)2,9) x2/3 + y2/3 = a2/3, 10) y2 = (x− 1)(x − 2)2,11)
( x5)2/3+( y4)2/3=1, 12) x4 + y4 = x2 + y2.À��î ­Âê .y ¥� â��� ¤�¢�Þ÷ ø¢ ß�� ´��Æõ 4.7.6.g(y) ≤ f(y) ø À÷��µ¨��� [a; b] ùb¥�� Â� x = g(y) ø x = f(y)Í¡ ,g â��� ,f â��� ¤�¢�Þ÷ ß�� ¢øÀ½õ ´��Æõ �¤�¬ ßþ� ¤¢�� ´¨� Â��Â� y = b ø y = a

S =

∫ b

a

{

f(y) − g(y)

}

dy.¢�ª ���� Óó�-5.6 ÛØª ��ø �û y ¤�½õ ß�� ¢øÀ½õ ´��Æõ (1 .ñ�·õ 5.7.6.À��î �±¨�½õ �¤ x = y2(1− y) ü�½�õ¥� �î ´¨� ��¨ �b�¤¢ ¥� (y °Æ�Â�) x â��� �î ¢�ª ���� .Û�üê�î ßþ�Â���� .(?�Â�) ´¨� §�Þõ y = 0 ¤¢ ø ¢¤Áðüõ y = 1
y = 1 �� y = 0 ¥� �¤ x = 0 ø x = y2(1−y) ß�� ´��Æõ ´¨�:Ýþ¤ø��� ´¨À�

S =

∫ 10 {y2(1− y) − 0}dy
=

[

y33 − y44 ]10 =
112 


â��� ø¢ ¤�¢�Þ÷ ß�� ´��Æõ (Óó� :5.6 ÛØª1 ñ�·õ (�Í¨�� �î x2 + y2 = 12 ùbÂþ�¢ ¥� üµÞÆì ´��Æõ (2 ñ�·õ.À��î �±¨�½õ �¤ ¢�ªüõ ùÀþÂ� y2 = 4x:Ý�û¢üõ ¢¤�¡Â� �¤ üÞú¨ ø ùÂþ�¢ �Àµ�� ¤�Ñ�õ ßþ� ý�Â� .Û�
{
x2 + y2 = 12
y2 = 4x ⇒ y216 + y2 = 12 ⇒ y2 = −8± 16.¢�ª ���� �-5.6 ÛØª �� .y = ±2√2 �þ y2 = 8 Å��¤ x = y2/4 ø x =

√12− y2 ß�� ´��Æõ ´¨� üê�î ,ü�ãþ124



´��Æõ �b ±¨�½õ 7.6 ß�ãõ ñ�ÂÚµ÷� 6 ÛÊê
[−π;π] ùb¥�� ¤¢ �î ´¨� ü�ãõ ßþ� �� r(θ) ö¢�� ´±·õ ¯ÂªÝþ¤�¢







{
sin(2θ) ≥ 0
sin θ + cos θ ≥ 0

{
sin(2θ) ≤ 0
sin θ + cos θ ≤ 0 ⇔

















2kπ ≤ 2θ ≤ (2k + 1)π2lπ − π4 ≤ θ ≤ 2lπ +
3π4





(2k − 1)π ≤ 2θ ≤ 2kπ2lπ +
3π4 ≤ θ ≤ 2lπ +

7π4
⇒






−π4 ≤ θ ≤ π4
π4 ≤ θ ≤ 3π4 ⇒−π4 ≤ θ ≤ 3π40 ≥ θ ≥ �»÷��� ø 0 ≥ r(θ) ù�Ú÷� ,π/2 ≤ θ ≤ 3π/4 Âð�,À÷ÂÔ¬ Â��Â� r(0) ø r(π/2) ùø�ã� .r(θ) ≤ 0 ù�Ú÷� ,−π/4âÎì �¤ ¢�¡ θ = π/2 ø θ = 0 �� Â�Ñ÷ ¯�Ö÷ ¤¢ ü�½�õ Å�´��Æõ Àþ�� ßþ�Â���� .(¢�ª ���� Óó�-7.6 ÛØª ��) À�îüõ��÷ ø r1(θ) = 0 ü�½�õ ø¢ ß��
r2(θ) =

3a sin(2θ)
(sin θ + cos θ)(2 − sin(2θ))Ý��î �±¨�½õ θ = π/2 �� θ = 0 ¥� �¤

S =
12 ∫ π/20 { 3a sin(2θ)

(sin θ + cos θ)(2 − sin(2θ))}2 dθ
= 9a22 ∫ π/40 cos2 θ sin2 θ

(cos3 θ + sin3 θ)2 dθ:Ýþ¤�¢ u = tan θ ­Âê ��
S = 9a2 ∫ 10 z2dz

(1+ z3)2
=

[

−3a21+ z3]10 =
32a2 


ü�¤�î¢ ïÂ� �� ¢øÀ½õ ´��Æõ (Óó� :7.6 ÛØª�µÆ� ü�½�õ ×þ ¤¢ ¢øÀ½õ ´��Æõ (�.ßþÂÞ� 9.7.6



ü±Îì â��� ø¢ ¤�¢�Þ÷ ß�� ´��Æõ (Óó� :6.6 ÛØª8.7.6 ¥� 1 ´ÞÆì (�ü�½�õ ø¢ ß�� ¢øÀ½õ �b ���÷ ´��Æõ (1 .ñ�·õ 8.7.6.Ýþ¤ø�üõ ´¨À� �¤ r2 = 2a cos(3θ) ø r1 = aùø�ã� .´¨� a á�ãª ø Ǒ�À±õ �îÂõ �� ý�ùÂþ�¢ r1 = a¤¢ �¤ ö� ´¨� üê�î �Áó ,´¨� 2π/3 �ø��� �� r2 = 2a cos(3θ)§���Æî [π/6;π/2] ùb¥�� ¤¢ ,�õ� .Ý��î Ý�¨Â� [−π/6;π/2] ùb¥��

[−π/6;π/2] ùb¥�� ¤¢ �¤ ö� ´¨� üê�î Å� ,´¨� üÔ�õ 3θÛØª θ −π/6 0 π/6
r2(θ) 0 2a 0 �Ø�þ� �� ���� �� .Ý��î Ý¨¤¥� ´Æ�¤�±ä ü�½�õ ø¢ ¢¤�¡Â� Û½õ .¢¢Âðüõ Û¬�� �-6.6
{
r = a
r = 2a cos(3θ) ⇒ cos(3θ) =

12ø θ = π/9 �î ;θ = π/9+ 2kπ/3 �þ 3θ = π/3+ 2kπ ü�ãþßþ�Â���� .À÷¤�¢ ¤�Âì [−π/6;π/6] ùb¥�� ¤¢ θ = −π/9
S = 3S1 =

32 ∫ π/9
−π/9{(2a cos(3θ))2 − (a)2} dθ

=
3a22 ∫ π/9

−π/9{4 cos2(3θ) − 1} dθ

=
3a22 ∫ π/9

−π/9{2+ 2 cos(6θ) − 1} dθ
=

3a22 [

θ − 13 sin(6θ)]π/9
−π/9

=
a24 (2π − 3√3)�¤ x3 + y3 = 3axy �¤�î¢ ïÂ� �� ¢øÀ½õ ´��Æõ (2 ñ�·õ.À��î �±¨�½õ:ÝþÂ�üõ ü±Îì �b½Ô¬ �� �¤ ü�½�õ �Àµ�� .Û�

r3 cos3 θ + r3 sin3 θ = 3a(r cos θ)(r sin θ)�¹�µ÷ ¤¢
r3(cos θ + sin θ)

(

cos2 θ − sin θ cos θ + sin2 θ) =

=
32ar2 sin(2θ) ßþ�Â���� ø

r(θ) =
3a sin(2θ)

(sin θ + cos θ)(2 − sin(2θ))125



ß�ãõ ñ�ÂÚµ÷� 6 ÛÊê ´��Æõ �b ±¨�½õ 7.6
(y/b)

1/3
= sin t ø (x/a)

1/3
= cos t �î ¢Âî­Âê ö���üõÅ�ü�ãþ .0 ≤ t ≤ 2π ø

C : x = a cos3 t , y = a sin3 t , 0 ≤ t ≤ 2πß�õ�¨ ¥� ù¢�Ôµ¨� �� �¹�µ÷ ¤¢ .¢�ª ���� Óó�-8.6 ÛØª ��Ýþ¤�¢ 10.7.6 ñ�õÂê
S =

12 ∫ 2π0 {

(a cos3 t)(3a cos t sin2 t)
−(a sin3 t)(−3a sin t cos2 t)} dt

=
12 ∫ 2π0 {3a2 cos2 t sin2 t} dt

=
3a28 ∫ 2π0 sin2(2t) dt =

38πa2ü�½�õ ¥� ÛØ�¨ ×þ �� ¢øÀ½õ ´��Æõ (2 ñ�·õ�±¨�½õ �¤ �û x ¤�½õ ø y = a(1 − cos t) ,x = a(t − sin t).À��îǑ�¥�� ü�½�õ ü�ãþ ,¢�ªüõ ÂÔ¬ y ¤�ÀÖõ t = 2kπ Ǒ�¥�� .Û�ü�½�õ ¥� ÛØ�¨ ×þ Å� .À�îüõ âÎì �¤ �û x ¤�½õ t = 2kπñ�õÂê ß�óø� ¥� ù¢�Ôµ¨� �� ßþ�Â���� .´¨� 0 ≤ t ≤ 2π ü�ãõ ��Ýþ¤�¢ 10.7.6
S = −

∫ 2π0 (

a(1− cos t)

)(

a(1− cos t)

)

dt

= −a2 ∫ 2π0 (1− cos t)2dt
= −a2 ∫ 2π0 (1− 2 cos t+

1+ cos(2t)2 )

dt

= −a2 [3t2 − 2 sin t− sin(2t)4 ]2π0 = −3πa2Â� Û�ó¢ �� üÔ�õ ´õ�ä .¢�ªüõ 3πa2 Â��Â� ���� ,�µ±ó� �î.´¨� ü�½�õ Â� �ÎÖ÷ ´îÂ� ´ú� ö¢�� ÅØäø x = t(6 − t)/3 ü�½�õ �� ¢øÀ½õ ´��Æõ (3 ñ�·õ.À��î �±¨�½õ 0 ≤ t ≤ 6 �î y = t2(6− t)/8Ýþ¤�¢ 10.7.6 ñ�õÂê ß�õø¢ ¥� ù¢�Ôµ¨� �� .Û�
S =

∫ 60 (
t3 (6− t)

)(

t4 (6− t) +
t28) dt

=
124 ∫ 60 t(6− t)(6t− t2) dt

=
124 ∫ 60 t2(36 − 12t+ t2) dt

=
124 [12t3 − 3t4 +

t55 ]60 =
275

��÷ ø r = a(1 − cos θ) ü�½�õ ø¢ �� ¢øÀ½õ ´��Æõ (1.À��î �±¨�½õ �¤ r = a cos θ.À��î �±¨�½õ �¤ r = a cos2 θ ü�½�õ �� ¢øÀ½õ ´��Æõ (2ü�½�õ ø¢ �� ¢øÀ½õ �bÖÜ� ö� ´��Æõ (3
r = a cos θ ø r = a(cos θ + sin θ).À��î �±¨�½õ ,¢¤�¢ Â� ¤¢ �¤ (a/2,0) �bÎÖ÷ �î �¤�¤ ùÀª ù¢�¢ �b µÆ� ý�ú��½�õ ¥� ×þ Âû �� ¢øÀ½õ �b ���÷ ´��Æõ:À��î �±¨�½õ4) x2/3 + y2/3 = a2/3, 5) x4 + y4 = ax2y,6) (x2 + y2)2 = 2a2xy, 7) x4 + y4 = a2(x2 + y2).�±¨�½õ �¤ r = a cos(2θ) ü�½�õ ¥� ïÂ� ×þ ´��Æõ (8.À��î.À��î �±¨�½õ �¤ r2 + θ2 = 1 ü�½�õ �� ¢øÀ½õ ´��Æõ (9�¤ θ = 4r − r3 ø θ = 0 ¯�Î¡ �� ¢øÀ½õ ´��Æõ (10.À��î �±¨�½õ.ýÂµõ�¤�� ü�½�õ ×þ �� ¢øÀ½õ ´��Æõ 10.7.6ÛØª �� �µÆ� ýÂµõ�¤�� ü�½�õ ×þ C À��î ­Âê

C : x = x(t) , y = y(t) ; α ≤ t ≤ β�� ´¨� Â��Â� C �� ¢øÀ½õ ´��Æõ ,�¤�¬ ßþ� ¤¢ .´¨�
S =

∫ β

α

x(t)y′(t) dt

= −
∫ β

α

y(t)x′(t) dt

=
12 ∫ β

α

{

x(t)y′(t) − y(t)x′(t)

}

dt�b �Ìì ¥� ù¢�Ôµ¨� �� ø �ø¢ ÀÜ� ¥� 8 ÛÊê ¤¢ ñ�õÂê ßþ� ��±������ C ü�½�õ Â� �ÎÖ÷ ´îÂ� ´ú� �� .¢¢Âðüõ �ÂÎõ ßþÂð�-7.6) Àª Àû��¡ −S ���� ,Àª�� ÅØäÂ� ´ú� Âð� .¢�ª.(¢�ª ����À��øÂµ¨� �� ¢øÀ½õ ´��Æõ (1 .ñ�·õ 11.7.6
C : x2/3 + y2/3 = a2/3 .À��î �±¨�½õ �¤¤�Ñ�õ ßþ� ý�Â� Ý��î ùÂµõ�¤�� �¤ C ü�½�õ �Àµ�� Àþ�� .Û�Ý�Æþ�÷üõ

{

(x/a)1/3}2 +
{

(y/a)1/3}2 = 1126



§�ì ñ�Ï �b ±¨�½õ 8.6 ß�ãõ ñ�ÂÚµ÷� 6 ÛÊêÂ� y = x3/2 â��� ¤�¢�Þ÷ §�ì ñ�Ï (1 .ñ�·õ 2.8.6.À��î �±¨�½õ �¤ [0;4] ùb¥��Ýþ¤�¢ 1.8.6 ×Þî �� .Û�
ℓ =

∫ 40 √1+

(32x1/2)2 dx
=

∫ 40 √1+
94xdx

=

[49 × 23 (1+
94x)3/2]40

=
827 (10√10− 1)¤�½õ Í¨�� �î y = x2/2 − 1 ¤�¢�Þ÷ ¥� ü¨�ì ñ�Ï (2 ñ�·õ.À��î �±¨�½õ �¤ ¢¤�¡üõ ©Â� �û xßþ�Â���� .´¨� x = ±
√2 �þ x2 = 2 ü�ãõ �� y = 0 ¯Âª .Û��� ´¨� Â��Â� ÂÑ÷ ¢¤�õ ñ�Ï

ℓ =

∫
√2

−
√2√1+ x2 dx

=

[
x2√1+ x2 +

12 ln
∣
∣
∣x+

√1+ x2∣∣∣]√2
−
√2

=
√6+ ln

(√2+
√3)�¤ ùÀª ù¢�¢ ý�ú¨�ì ¥� ×þ Âû ñ�Ï .ßþÂÞ� 3.8.6:À��î �±¨�½õ1) y = lnx, a =

√3, b = 2√22) y = arcsin(e−x), a = 0, b = 13) y = ln |coth (x/2)| , a = 1, b = 104) y = c ln

(

c2
c2 − x2) , a = 0, 0 < b < c.5) y =

12 (x√x2 − 1− ln
∣
∣
∣x+

√

x2 − 1∣∣∣) ,
a = 1, b = a+ 1Âð� .y ¥� â��� ×þ ¤�¢�Þ÷ §�ì ñ�Ï �b ±¨�½õ 4.8.6¤�¢�Þ÷ §�ì ñ�Ï ,Àª�� [a; b] ùb¥�� Â� ÂþÁ�ÕµÈõ üã��� x = x(y):�� ´¨� Â��Â� â��� ßþ�

ℓ =

∫ b

a

√1+

(

x′(y)

)2
dy

Âû ¤¢ .À�µ±·õ ¢�Àä� c ø b ,a À��î ­Âê .ßþÂÞ� 12.7.6:À��î �±¨�½õ �¤ ùÀª ù¢�¢ ý�ú��½�õ �� ¢øÀ½õ ´��Æõ ,¢¤�õ1) x = t2 − 1, y = t3 − t2) x = a− b sin t, y = a− b cos t3) x = 2t− t2, y = 2t2 − t34) x = a cos3 t, y = b sin3 t5) x = t2, y = t(3− t2)/36) x = a cos t, y =
a sin2 t2+ sin t7) x = a(2 cos t− cos(2t)) , y = a(2 sin t− sin(2t))8) x =

c2
a

cos3 t , y = −c
2
b

sin3 t , c2 = a2 − b2�±¨�½õ �¤ ùÀª ù¢�¢ �b µÆ� ý�ú��½�õ ¥� ×þ Âû �� ¢øÀ½õ ´��Æõ:À��î9) x4 + y4 = ax2y 10) x2/5 + y2/5 = a2/5§�ì ñ�Ï �b ±¨�½õ 8.6Âð� .x ¥� â��� ×þ ¤�¢�Þ÷ §�ì ñ�Ï �b ±¨�½õ 1.8.6¤�¢�Þ÷ §�ì ñ�Ï ,Àª�� [a; b] ùb¥�� Â� ÂþÁ�ÕµÈõ üã��� y = y(x)�� ´¨� Â��Â� â��� ßþ�
ℓ =

∫ b

a

√1+
(
y′(x)

)2
dx

(x+dx, y(x+dx)) ø (x, y(x)) ¯�Ö÷ �� ¢øÀ½õ §�ì ñ�Ï �Âþ¥Â��Â�
d ℓ =

√

(dx)2 + (dy)2
=

√1+

(
dy

dx

)2
dx.¢�ª ���� 8.6 ÛØª �� .´¨�


.11.7.6 ñ�·õ ¥� 1 ´ÞÆì (Óó� :8.6 ÛØª§�ì ñ�Ï �±¨�½õ (�127



ß�ãõ ñ�ÂÚµ÷� 6 ÛÊê §�ì ñ�Ï �b ±¨�½õ 8.6
=

{

(r′(θ) cos θ − r(θ) sin θ)2
+(r′(θ) sin θ + r(θ) cos θ)2}1/2

dθ�bÎ��® �� r(θ) â��� ¤�¢�Þ÷ §�ì ñ�Ï (1 .ñ�·õ 8.8.6.À��î �±¨�½õ �¤ θ = 2π �� θ = 0 ¥� a tanh

(
θ2)Ýþ¤�¢ 7.8.6 ×Þî �� .Û�

ℓ =

∫ 2π0 √
(

a tanh

(
θ2))2 +

(
a2 ÷ cosh2 ( θ2))2dθ

=

∫ 2π0 √

a2 (1+ tanh2( θ2))2dθ
=

a2 ∫ 2π0 (1+ tanh2( θ2)) dθ
=

a2 ∫ 2π0 (2− 1
cosh2 (θ/2)

)

dθ

=
a2 [2θ − 2 tanh

(
θ2)]2π0

= a (2π + tanh(π))�� θ = 1/2 ¥� r(θ) = 1/θ â��� ¤�¢�Þ÷ §�ì ñ�Ï (2 ñ�·õ.À��î �±¨�½õ �¤ θ = 2Ýþ¤�¢ z =
√1+ (1/θ)2 ­Âê �� .Û�

ℓ =

∫ 21/2√(1θ )2 +
(−1
θ2 )2 dθ

=

∫
√5/2

√5 √

(z2 − 1) + (z2 − 1)2 −zdz
(z2 − 1)3/2

=

∫
√5

√5/2 z2
z2 − 1dz

=

[

z +
12 ln

∣
∣
∣
∣

z − 1
z + 1 ∣∣∣∣]√5√5/2

=

√52 + ln2− ln(3−
√5)

a ¥� r â��� ¤�¢�Þ÷ §�ì ñ�Ï ,¢¤�õ Âû ¤¢ .ßþÂÞ� 9.8.6:À��î �±¨�½õ �¤ b ��1) r(θ) = aθ, a = 0, b = 2π2) r(θ) = a(1+ cos θ), a = 0, b = 2π3) θ(r) =
12 (r +

1
r

)

, a = 1, b = 3

x = (y+1)3/2 â��� ¤�¢�Þ÷ §�ì ñ�Ï (1 .ñ�·õ 5.8.6.À��î �±¨�½õ �¤ y = 4 �� y = −1 ¥�Ýþ¤�¢ 4.8.6 ×Þî �� .Û�
ℓ =

∫ 4
−1√1+

{32 (y + 1)1/2}2 dy
=

∫ 4
−1√1+

94 (y + 1) dy

=
12 ∫ 4

−1√13+ 9y dy
=

12 [19 × 23 × (13 + 9y)3/2]4
−1 =

33527â��� ¤�¢�Þ÷ §�ì ñ�Ï ,0 ≤ a < π/2 À��î ­Âê (2 ñ�·õ.À��î �±¨�½õ �¤ y = a �� y = 0 ¥� x = ln(cos y)Ýþ¤�¢ 4.8.6 ×Þî �� .Û�
ℓ =

∫ a0 √1+

(− sin y

cos y

)2
dy

=

∫ a0 dy

cos y

=

[

ln

∣
∣
∣
∣

1
cos y

+ tan y

∣
∣
∣
∣

]a0
= ln

∣
∣
∣tan

( a4 +
π2)∣∣∣â��� ¤�¢�Þ÷ §�ì ñ�Ï ,¢¤�õ Âû ¤¢ .ßþÂÞ� 6.8.6:À��î �±¨�½õ b �� a ¥� �¤ x = x(y)1) x = y3/2, a = 0, b = 42) x =

y
√2c− y

, a = 0, b =
5c33) x =

12 (y√y2 − 1− ln

∣
∣
∣
∣
y +

√

y2 − 1∣∣∣
∣

)

,

a = 1, b = c+ 14) x =
y24 − 12 ln y, a = 1, b = e5) x = b ln

∣
∣
∣
∣
∣

b+
√

b2 − y2
y

∣
∣
∣
∣
∣
−
√

b2 − y2, (0 < a).ü±Îì â��� ×þ ¤�¢�Þ÷ §�ì ñ�Ï �b ±¨�½õ 7.8.6ù�Ú÷� ,Àª�� [α;β] ùb¥�� ¤¢ θ ¥� ÂþÁ�ÕµÈõ üã��� r = r(θ) Âð��� ´¨� Â��Â� r = r(θ) ü±Îì â��� ¤�¢�Þ÷ §�ì ñ�Ï
ℓ =

∫ β

α

√
(

r(θ)

)2
+

(

r′(θ)

)2
dθßþ�Â���� ø y = r sin θ ø x = r cos θ �¹�þ� ¤¢ �Âþ¥

dℓ =

√1+

(
dy

dx

)2
dx =

√

dx2 + dy2128



¤�ø¢ ��Æ�� ´��Æõ ø Ý¹� �b ±¨�½õ 9.6 ß�ãõ ñ�ÂÚµ÷� 6 ÛÊê
y = a(2 sin t− sin(2t)) ; 0 ≤ t ≤ 2π,2) C : x = t2 , y =

t3 (t2 − 3) ; −
√3 ≤ t ≤

√33) C : x = (t2 − 2) sin t+ 2t cos t ,

y = (2− t2) cos t+ 2t sin t ; 0 ≤ t ≤ π4) C : x = a(sinh t− t) ,

y = a(cosh t− 1) ; 0 ≤ t ≤ a5) C : x = sinh3 t , y = cosh3 t ; 0 ≤ t ≤ a6) C : x =
c2
a

cos3 t , y =
c2
b

sin3 t ;0 ≤ t ≤ 2π , c2 = a2 − b2
¤�ø¢ ��Æ�� ´��Æõ ø Ý¹� �b ±¨�½õ 9.6¥� üã��� ö�¤ø¢ ¥� Û¬�� ¤�ø¢ Ý¹� �b ±¨�½õ 1.9.6�µ¨��� üã��� y = y(x) À��î ­Âê .�û y ¤�½õ ñ�� xßþ� ¤¢ .y(x) ≥ 0 ý� x ∈ (a; b) Âû Ǒ�¥�� ø ´¨� [a; b] ùb¥�� Â�¤�¢�Þ÷ �� ¢øÀ½õ �b ���÷ ö�¤ø¢ ¥� Û¬�� ¤�ø¢ ÝÆ� Ý¹� �¤�¬¤�½õ ñ�� x = b Í¡ ø x = a Í¡ ,�û x ¤�½õ ,y = y(x) â����� ´¨� Â��Â� �û x

V = π

∫ b

a

y2(x) dx´��Æõ �� ´¨� Â��Â� [x;x+ dx] ùb¥�� �� ÂÒ��µõ �b ÷��µ¨� Ý¹� �Âþ¥�� ´¨� Â��Â� dx á�Ô�¤� ¤¢ �Â® y(x) á�ãª �� ùbÂþ�¢
dv = πy2(x) × dx.¢�ª ���� 9.6 ÛØª ��


¤�ø¢ Ý¹� ü±÷�� ´��Æõ �b ±¨�½õ :9.6 ÛØª

4) r(θ) = a sec
(

θ − π3) , a = 0, b =
π2á�Ô�¤� �� �� ý¤�ÀÖõ R á�ãª �� �b ó�ó ×þ ¤¢ À��î­Âê (5´¨À� �¤ ùÀªÂ� �b ���÷ ´��Æõ �� �ó�ó Ý¹� ´±Æ÷ .¢¤�¢ ¤�Âì h.Àþ¤ø�.ýÂµõ�¤�� ü�½�õ ×þ §�ì ñ�Ï �b ±¨�½õ 10.8.6ø x = x(t) ÂþÁ�Û�Æ÷�ÂÔþ¢ â���� ×Þî �� C ü�½�õ �»÷���ñ�Ï �¤�¬ ßþ� ¤¢ ,¢�ª ö��� ,´¨� a ≤ t ≤ b �î y = y(t):�� ´¨� Â��Â� C §�ì

ℓ =

∫ b

a

√
(

x′(t)

)2
+

(

y′(t)

)2
dtÀ��øÂµ¨� §�ì ñ�Ï (1 .ñ�·õ 11.8.6

C : x2/3 + y2/3 = a2/3.Ý��îüõ �±¨�½õ �¤¤¢ �î ü�½�õ ¥� ´ÞÆì ö� ñ�Ï ´¨� üê�î ¤�Ñ�õ ßþ� ý�Â�Ýþ¤�¢ 11.7.6 À�÷�Þû ßþ�Â���� .Ý��î �±¨�½õ �¤ ´¨� ñø� â�¤:(´¨� C �¤�ú� ×þ C′)
C′ : x = a cos3 t , y = a sin3 t ; 0 ≤ t ≤ π/2 ßþ�Â����

ℓ = 4ℓ′
= 4 ∫ π/20 √

(−3a sin t cos2 t)2 + (3a cos t sin2 t)2 dt
= 12a ∫ π/20 sin t cos tdt = 6a [sin2 t]π/20 = 6a

y = t− t3 ,x =
√3t2 �¤�¬ �� �î C ü�½�õ §�ì ñ�Ï (2.À��î �±¨�½õ �¤ ´¨� ùÀª ýÂµõ�¤�� −1 ≤ t ≤ 1 ��Ýþ¤�¢ 10.8.6 �� ���� �� .Û�

ℓ =

∫ 1
−1√(2√3t)2 + (1− 3t2)2 dt

=

∫ 1
−1(1+ 3t2) dt

=

[

t+ t3]1
−1 = 4�¤ Âþ¥ ý�ú��½�õ ¥� ×þ Âû §�ì ñ�Ï .ßþÂÞ� 12.8.6:À��î �±¨�½õ1) C : x = a(2 cos t− cos(2t)) ,129



ß�ãõ ñ�ÂÚµ÷� 6 ÛÊê ¤�ø¢ ��Æ�� ´��Æõ ø Ý¹� �b ±¨�½õ 9.6ü�½�õ ö�¤ø¢ ¥� Û¬�� ¼Î¨ ´��Æõ (1 .ñ�·õ 5.9.6.À��î �±¨�½õ �¤ �û x ¤�½õ ñ�� y2 = 49x(3 − x)2âì�ø ¤¢ ,´¨� ö¤�Öµõ �û x ¤�½õ �� ´±Æ÷ ü�½�õ .Û�Àþ�üõ ´¨À� y ö¢�¢ ¤�Âì ÂÔ¬ Â��Â� ¥� .y = ±23√x(3 − x)2ùb¥�� Â� �¤ y =
23√x(3− x)2 â��� Å� .x = 3 �þ x = 0Ý�Æþ��� Ý�÷���üõ Å� 0 ≤ x ≤ 3 ö�� .ÝþÂ�ðüõ ÂÑ÷ ¤¢ [0;3]�¹�µ÷ ¤¢ ,y =

23√
x(3− x)

S = 2π ∫ 30 (23√
x(3− x)

)
√1+

( 1√
x
−√

x

)2
dx

= 2π ∫ 30 23√
x(3− x)

√

x2 − x+ 1
x

dx

=
4π3 ∫ 30 (3− x)

√

x2 − x+ 1 dx
=

π12[(16x2 − 76x+ 46)
√

x2 − x+ 1
+15arcsinh

(√33 (2x − 1)

)]30
=

π36 (38√7+ 90 ln(5+ 2√7) + 46)Â��Â� R á�ãª �� ùbÂî Âû ¼Î¨ ´��Æõ �î À�û¢ ö�È÷ (2 ñ�·õ.´¨� 4πR2â��� ¤�¢�Þ÷ ö�¤ø¢ ¥� ¼Î¨ ßþ� �î ¢�Þ÷ ­Âê ö���üõ .Û��� ���� �� .Àþ�üõ ´¨À� �û x ¤�½õ ñ�� y =
√

R2 − x2ßþ�Â���� ,´¨� [−R;R] â��� ßþ� �b �õ�¢ �Ø�þ�
S = 2π ∫ R

−R

√

R2 − x2√√√√1+

(

−x
√

R2 − x2)2
dx

= 2π ∫ R

−R
Rdx = 4πR2

.ßþÂÞ� 6.9.6ýÂ�¹÷¥ ü�½�õ ö�¤ø¢ ¥� �î ü½Î¨ ´��Æõ ´Æ��ÜÎõ (1�� x = 0 �b Ü¬�ê ¤¢ �û x ¤�½õ ñ�� y = a cosh (x/a).Àþ�üõ ´¨À� x = aÝ�÷ ö�¤ø¢ ¥� Û¬�� ÛØª üîø¢ ¼Î¨ ´��Æõ ´Æ��ÜÎõ (2.�û x ¤�½õ ñ�� y = sinx ü¨���¨ ü�½�õ ¥� ��õ

y =
√
x üÞú¨ ö�¤ø¢ ¥� Û¬�� Ý¹� (1 .ñ�·õ 2.9.6�� ´¨� Â��Â� �û x ¤�½õ ñ�� 0 ≤ x ≤ 1 �î

V = π

∫ 10 (√
x
)2

dx

= π

[

R2x− x3/2]10 =
π2.À��î �±¨�½õ �¤ R á�ãª �� ùbÂî Ý¹� (2 ñ�·õ¤¢ .−R ≤ x ≤ R ø y =

√

r2 − x2 Ý��î ­Âê .Û��îÂõ ø R á�ãª �� ùbÂþ�ÀÞ�÷ ¥� ´¨� �¤�±ä y ¤�¢�Þ÷ ,�¤�¬ ßþ�¥� �¤�±ä �î ùÂî Ý¹� ßþ�Â���� .�û x ¤�½õ ý��� ¤¢ âì�ø ø Ǒ�À±õ�û x ¤�½õ ñ�� ùÂþ�ÀÞ�÷ ßþ� Âþ¥ ´��Æõ ö�¤ø¢ ¥� Û¬�� Ý¹��� ´¨� Â��Â� ,Àª��üõ
V = π

∫ R

−R

(√

R2 − x2)2 dx
= π

[

R2x− x33 ]R
−R

=
43πR3�� ¢øÀ½õ �b ���÷ ö�¤ø¢ ¥� Û¬�� Ý¹� .ßþÂÞ� 3.9.6�±¨�½õ ¢¤�õ Âû ¤¢ �¤ x = b ø x = a Í¡ ,�û x ¤�½õ ,y ¤�¢�Þ÷:À��î1) y = 2x− x2, a = 0, b = 2,2) y = 3 (x/3)

3/2
, a = 1, b = 2,3) y = sinx, a = 0, b = π,4) y = cosh (x/c) , a = −c, b = c.ü�½�õ ø¢ �� ¢øÀ½õ �b ���÷ ö�¤ø¢ ¥� Û¬�� Ý¹� (5�±¨�½õ �¤ �û x ¤�½õ ñ�� y2 = 3x/2 ø x2 + y2 = 1.À��îü�½�õ ø¢ �� ¢øÀ½õ �b ���÷ ö�¤ø¢ ¥� Û¬�� Ý¹� (6.À��î �±¨�½õ �¤ �û x ¤�½õ ñ�� y = 2/π ø y = sinx¥� Û¬�� ¤�ø¢ Ý¹� ¼Î¨ ´��Æõ �b ±¨�½õ 4.9.6

y = y(x) À��î­Âê .�û x ¤�½õ ñ�� x ¥� üã��� ö�¤ø¢Ǒ�¥�� ø ´¨� (a; b) ùb¥�� Â� ÂþÁ�ÕµÈõ ø [a; b] ùb¥�� Â� �µ¨��� üã���¼Î¨ Ý¹� ´��Æõ �¤�¬ ßþ� ¤¢ .0 ≤ y(x) ý� x ∈ (a; b) Âû�� x = a ¥� �î) y = y(x) â��� ¤�¢�Þ÷ ö�¤ø¢ ¥� Û¬�� ¤�ø¢ ÝÆ��� ´¨� Â��Â� �û x ¤�½õ ñ�� (´¨� ùÀª Ý�¨Â� x = b

S = 2π ∫ b

a

y(x)

√1+ (y′(x))2 dxü±þÂÖ� ´��Æõ �� [x;x + dx] ùb¥�� �� ÂÒ��µõ �b ÷��µ¨� �Âþ¥Àª�� ö� Àó�õ ñ�Ï ℓ �î ´¨� 2πy(x)ℓ
ℓ =

√1+ (y′(x))2 dx130



Û³�õ ¥� ù¢�Ôµ¨� 10.6 ß�ãõ ñ�ÂÚµ÷� 6 ÛÊê.ßþÂÞ� 9.9.6ü�½�õ �� ¢øÀ½õ �bÖÎ�õ ö�¤ø¢ ¥� Û¬�� ¤�ø¢ ÝÆ� Ý¹� (1.À����� �¤ �û y ¤�½õ ñ�� x =
√
y ø x = y2À���ÜØ�¨ ö�¤ø¢ ¥� Û¬�� ¤�ø¢ ÝÆ� Ý¹� (2�� y = 0 ¥� ø �û y ¤�½õ ñ�� x2 = y3/(2a − y).À��î �±¨�½õ �¤ y = aÛ³�õ ¥� ù¢�Ôµ¨� 10.6´½� Ç¿� �� ,Û³�õ ¤��ê� �Â÷ ¥� ù¢�Ôµ¨� ��õÀÖõ ùbÀû�Èõ ý�Â�.¢�ª �ã��Âõ ×þ ÛÊê ¥� ��÷ ß�Þû¤�µ¨¢ üÜî �¤�¬ .ß�ãõ ñ�ÂÚµ÷� �b ±¨�½õ 1.10.6

f(x) ö� ¤¢ �î ,´¨� int(f(x),x=a..b) ñ�ÂÚµ÷� �b ±¨�½õ
int ý�¹� Âð� .´¨� ýÂ�Úó�ÂÚµ÷� Â�çµõ x ø ñ�ÂÚµ÷� ¢¤�õ â���¢�ªüõ ù¢�¢ ö�È÷ ßþ¢�Þ÷ ÛØª �� ñ�ÂÚµ÷� ,¢�ª ù¢�Ôµ¨� Int ¥�¤�µ¨¢ ¥� ´¨� üê�î ö� �b ±¨�½õ ý�Â� .Àª Àû��¿÷ �±¨�½õ ø�÷�Þ÷ ý�Â� .Ý��îüõ ù¢�Ôµ¨� value
int(exp(−x)∗ cos(x), x = 0..Pi)

Û³�õ
−−−−→ 1

2

(
e−π + 1

)

Int(exp(−x) ∗ cos(x), x = 0..Pi)
Û³�õ

−−−−→
∫ π

0

e−x cos x dx

value(Int(exp(−x) ∗ cos(x), x = 0..Pi))
Û³�õ

−−−−→
1

2

(
e−π + 1

)

üÜî �¤�¬ .ß�ãõ ñ�ÂÚµ÷� ¤¢ Â�çµõ Â��ç� 2.10.6ÛØª �� ñ�ÂÚµ÷� ¤¢ Â�çµõ Â��ç� ¤�µ¨¢
student[changevar](R(x,u),I(x),u)�î x Â�çµõ °Æ� Â� ´¨� üó�ÂÚµ÷� I(x) ö� ¤¢ �î ,´¨�´¨� ý��Î��¤ R(x, u) ,Ý�û¢ ��¹÷� ö� ¤¢ Â�çµõ Â��ç� Ý�û��¡üõ´¨� ýÀþÀ� Â�çµõ u ø Ýþ�ù¢�Þ÷ ö��� x °Æ� Â� �¤ u ö� ¤¢ �î×Þî �� ,�÷�Þ÷ ý�Â� .Ý�Æþ��� ö� °Æ� Â� �¤ ñ�ÂÚµ÷� Àþ�� �î¤�µ¨¢

student[changevar](u^2=x^2+1,Int(x^3

ü�½�õ ö�¤ø¢ ¥� Û¬�� ¼Î¨ ´��Æõ ´Æ��ÜÎõ (3.�û x ¤�½õ ñ�� [0;π/4] �b Ü¬�ê ¤¢ y = tanxÀ��øÂµ¨� ö�¤ø¢ ¥� Û¬�� ¼Î¨ ´��Æõ ´Æ��ÜÎõ (4.�û x ¤�½õ ñ�� x2/3 + y2/3 = a2/3ü�½�õ ö�¤ø¢ ¥� Û¬�� ¼Î¨ ´��Æõ ´Æ��ÜÎõ (5.x = e �� x = 1 ¥� �û x ¤�½õ ñ�� y = x2/4−(ln x)/2¤�¢�Þ÷ ö�¤ø¢ ¥� Û¬�� ´��Æõ ø Ý¹� 7.9.6
x = x(y) â��� ¤�¢�Þ÷ Âð� .�û y ¤�½õ ñ�� y ¥� üã���¼Î¨ ´��Æõ ,Ý�û¢ ö�¤ø¢ �û y ¤�½õ ñ�� �¤ a ≤ y ≤ b �î�� À÷Â��Â� V Û¬�� ¤�ø¢ ÝÆ� Ý¹� ø S Û¬��

S = 2π ∫ b

a

x(y)

√1+ (x′(y))2 dy,
V = π

∫ b

a

(x(y))
2
dy�b Ü�¨�� �î y2 = 4ax üÞú¨ ¥� üµÞÆì (1 .ñ�·õ 8.9.6,Ý�û¢üõ ö�¤ø¢ �û y ¤�½õ ñ�� �¤ ´¨� ùÀª �À� x = a Í¡�� ´¨� Â��Â� Û¬�� ÝÆ� Ý¹�

V = π

∫ 2a
−2a( y24a)2

dy

= π

[

y55× 16a2 ]2a
−2a =

45πa3üÌ�� ö�¤ø¢ ¥� Û¬�� ¼Î¨ ´��Æõ (2 ñ�·õ´��Æõ �� ´¨� Â��Â� �û y ¤�½õ ñ�� x2/a2 + y2/b2 = 1�û y ¤�½õ ñ�� [−b; b] ùb¥�� Â� x = a

√1− y2/b2 ü�½�õ
S = 2π ∫ b

−b
a

√1− y2
b2√√√√1+

{

−ay/b
√1− y2/b2}2

dy

= 2πa ∫ b

−b

√1− b2 − a2
b2 y2 dy

=
2πab

√

b2 − a2 ∫ b

−b

√
√
√
√

(

b
√

b2 − a2)2
− y2 dy

=
2πab

√

b2 − a2  y2√√√√( b
√

b2 − a2)2
− y2

+
b22(b2 − a2) arcsin

(y

b

√

b2 − a2)]b
−b

=
2πab

√

b2 − a2 [b2√1− b2 + a2
√

b2 − a2
+

b2
b2 − a2 arcsin

(√

b2 − a2)]131



ß�ãõ ñ�ÂÚµ÷� 6 ÛÊê Û³�õ ¥� ù¢�Ôµ¨� 10.6­Âê �� Ǒ�� �� Ǒ�� ©ø¤ ¥� ∫ π0 x3/2 cosxdx ñ�ÂÚµ÷� ¤¢.¢�ªüõ ù¢�Ôµ¨� dv = cosxdx ø u = x3/2.ß�ãõ ñ�ÂÚµ÷� ü±þÂÖ� ¤�ÀÖõ �b ±¨�½õ 4.10.6Â�Ñ÷ ,¢�Þ÷ Û� üÜ�Ü½� ÕþÂÏ �� ö��µ÷ �¤ üó�ÂÚµ÷� À��î ­Âêö���üõ evalf ¤�µ¨¢ ×Þî �� �¤�¬ ßþ� ¤¢ ,∫ π0 sinx/x dx�÷�Þ÷ ý�Â� .¢�Þ÷ �±¨�½õ ü±þÂÖ� ¤�Ï �� �¤ ö� ý¢Àä ¤�ÀÖõ
evalf(int(exp(−x∧ 3), x = 0..1))

Û³�õ
−−−−→

0.807511182ø ù¢�Þ÷ �±¨�½õ ¥� ∫ 10 e−x
3
dx ñ�ÂÚµ÷� ü±þÂÖ� ¤�ÀÖõ.´¨� ù¢�¢ �¹�µ÷ �¤ 0*807511182üµ÷Âµ�þ� §¤¢� ¤¢ . 5.10.6

http://webpages.iust.ac.ir/m_nadjafikhah/r1.html.´¨� ùÀª ù¢¤ø� ���õ¥ ßþ� ¤¢ ÂµÈ�� â���õ ø �úó�·õ

*(x^2+1)^(1/2),x=-1..1),u)
Û³�õ

−−−−→
∫

√
2

−
√

2

−(u2−1)u2 du

u2 = x2 + 1 Â�çµõ Â��ç� ¥� ∫ 1
−1 x3(x2 + 1)2 dx ñ�ÂÚµ÷� ¤¢.Ý�¨¤üõ ∫ √2

−
√2−(u2 − 1)u2 du �b¹�µ÷ �� ø ù¢�Þ÷ ¢�¹þ��¤�¬ .ß�ãõ ñ�ÂÚµ÷� ¤¢ Ǒ�� �� Ǒ�� ©ø¤ 3.10.6ÛØª �� ñ�ÂÚµ÷� ¤¢ Ǒ�� �� Ǒ�� ¤�µ¨¢ üÜî

student[intpart](I(x),u(x))

u = u(x) ¢�ªüõ ­Âê I(x) ñ�ÂÚµ÷� ¤¢ ö� ×Þî �� �î ,´¨�ù¢�Ôµ¨� ∫ u dv = uv −
∫

v du Ǒ�� �� Ǒ�� ùbÀä�ì ¥� Å³¨ ø¤�µ¨¢ ×Þî �� �÷�Þ÷ ý�Â� .¢�ªüõ
student[intpart](Int(x^(3/2)*cos(x),

x = 0..Pi), x(3/2))
Û³�õ

−−−−→ −3

2

∫ π

0

√
x sin x dx

132



7 ÛÊê
ùÂ¨�÷ ñ�ÂÚµ÷�

lim
b→−∞

∫ a

b

f(x) dx À� ùø�ã� ø Àª�� ÂþÁ³ó�ÂÚµ÷� [b; a] Â� 2.1.6
f ùÂ¨�÷ ñ�ÂÚµ÷� �¤ ¤�îÁõ À� ¤�ÀÖõ ,�¤�¬ ßþ�¤¢ .Àª�� ¢���õ.Ý�û¢üõ ö�È÷ ∫ a

−∞
f(x) dx ¢�Þ÷ �� ø ùÀ�õ�÷ I Â�üÜ±ì ÓþÂã� ��÷ ø ÓþÂã� ßþ� ¤¢ ùÀª üêÂãõ ùÂ¨�÷ ý�úó�ÂÚµ÷�.Ý�õ�÷üõ ñø� á�÷ ùÂ¨�÷ ý�úó�ÂÚµ÷� ,�¤

y = f(x) â��� ø I = [a; b) À��î­Âê .3 ÓþÂã� 3.1.7´¨� ÂþÁ³ó�ÂÚµ÷� I Â� f Ý���ðüõ ü�¤�¬ ¤¢ .¢¢Âðüõ ÓþÂã� I Â�2.1.6 ü�ãõ �� f â��� ,a < c < b �î ù��¿ó¢ c Âû Ǒ�¥�� �î¢���õ lim
c→b−

∫ c

a

f(x) dx À� ùø�ã� ø Àª�� ÂþÁ³ó�ÂÚµ÷� [a; c] Â�
I Â� f ùÂ¨�÷ ñ�ÂÚµ÷� �¤ ¤�îÁõ À� ¤�ÀÖõ ,�¤�¬ ßþ� ¤¢ .Àª��.Ý�û¢üõ ö�È÷ ∫ b

a

f(x) dx ¢�Þ÷ �� ø ùÀ�õ�÷ø ´¨� I = (a; b] À��î ­Âê .4 ÓþÂã� 4.1.7ü�¤�¬ ¤¢ .¢¢Âðüõ ÓþÂã� I Â� y = f(x) ùbÀª ù¢�¢ â���
a < �î ù��¿ó¢ c Âû Ǒ�¥�� �î ´¨� ÂþÁ³ó�ÂÚµ÷� I Â� f Ý���ðüõùø�ã� ø Àª�� ÂþÁ³ó�ÂÚµ÷� [c; b] Â� 2.1.6 ü�ãõ �� f â��� ,c < bÀ� ¤�ÀÖõ ,�¤�¬ ßþ� ¤¢ .Àª�� ¢���õ lim

c→a+

∫ b

c

f(x) dx À�ö�È÷ ∫ b

a

f(x) dx ¢�Þ÷ �� ø ùÀ�õ�÷ I Â� f ùÂ¨�÷ ñ�ÂÚµ÷� �¤ ¤�îÁõ.Ý�û¢üõÛ±ì ÓþÂã� ��÷ ø ÓþÂã� ßþ� ¤¢ ùÀª üêÂãõ ùÂ¨�÷ ý�úó�ÂÚµ÷�.Ý�õ�÷üõ �ø¢ á�÷ ùÂ¨�÷ ý�úó�ÂÚµ÷� ,�¤�¤ ∫ +∞2 dx/(x2 + 4) ñ�ÂÚµ÷� ¤�ÀÖõ (1 .ñ�·õ 5.1.7.À��î �±¨�½õ ¢��ø �¤�¬ ¤¢­øÂÔõ â��� ù�Ú÷� ,2 < b Âð� �î ´¨� ßªø¤ ,�Àµ�� ¤¢ .Û�ùø�ã� .´¨� ÂþÁ³ó�ÂÚµ÷� [2; b] Â� f(x) = 1/(x2 + 4)

lim
b→+∞

∫ b2 dx

x2 + 4 = lim
b→+∞

[12 arctan
( x2)]b2

ß�ãõ ñ�ÂÚµ÷� ¢¤�õ ¤¢ ,ü¨�¨� ­Âê ø¢ ñ�Þä� �� ÝÈª ÛÊê ¤¢ýÂ�Úó�ÂÚµ÷� ¢¤�õ �b �õ�¢ Ýþ¢Âî ­Âê �Ø�þ� ñø� .Ýþ¢Âî ¶½�­Âê �Ø÷� �ø¢ ø ([a; b] ÛØª �� �µÆ� ùb¥�� ×þ) ´¨� ¤�À÷�ÂîÛÊê ßþ� ¤¢ .´¨� ¤�À÷�Âî [a; b] Â� f ñ�ÂÚµ÷� ¢¤�õ â��� ,Ýþ¢ÂîùÂ
 d̈ ý�ú ó�ÂÚ µ ÷� �b � õ�¢ ¥� ø Ý þ¤�¢üõÂ � �¤ ÂÑ ÷ ¢¤�õ ý�û­Âê(ý¢�ä Â�è ,ü�ãþ) ùÂ
 d̈ �÷ ý�úó�ÂÚµ÷� ý��÷¢ �� (ý¢�ä ,ü�ãþ)ÂÚþ¢ 13.1.6 ùbÀ��î ù¢�¨ ¢�¢ ¤�Âì ,Û�ó¢ ß�Þû �� .Ý�Þú÷üõ ��ð.´Æ�÷ ñ�±ì ¢¤�õ�� �¤ ùÂ¨�÷ ý�úó�ÂÚµ÷� ,¶½� ¤¢ ÂµÈ�� ´ó�ú¨ ¢�¹þ� ý�Â�ö�ÂØ� � �b �õ�¢ �î üþ�ú ÷� ,üØþ .Ý� �îüõ Ý�ÆÖ� üÜî á�÷ ø¢Âû �î ´¨� ßªø¤ .À÷¤�¢ ö�ÂØ�� â��� �î üþ�ú÷� ýÂÚþ¢ ø À÷¤�¢á�÷ ø¢ ßþ� ¥� üþ�û� ÷�Þ ÷ á�Þ¹õ �� �¤ ýÂÚþ¢ ùÂ¨� ÷ ñ�ÂÚµ ÷�.¢�Þ÷ �þ�¹� ö���üõÓþÂã� 1.7¥� üû��µõ ý¢�Àã� ¥� üä�Þ¹õ �¤�Ê� ö��µ� �î �¤ üó�ÂÚµ÷� ÂûÂ�è ,ü�ãþ) ùÂ
 d̈ �÷ ñ�ÂÚµ÷� ,´ª�÷ Âþ¥ ¤¢ �øÂÈõ ñ�ÂÚµ÷� ¤�ú�.Ý�õ�÷üõ (ý¢�ä
y = f(x) ø I = [a; +∞) À��î ­Âê .1 ÓþÂã� 1.1.7
I Â� f Ý���ðüõ ü�¤�¬ ¤¢ .¢�ªüõ ÓþÂã� I Â� �î ´¨� üã���ü�ãõ �� f â��� ,a < b �î ù��¿ó¢ b Âû Ǒ�¥�� �î ´¨� ÂþÁ³ó�ÂÚµ÷�
lim

b→+∞

∫ b

a

f(x) dx À� ùø�ã� ø Àª�� ÂþÁ³ó�ÂÚµ÷� [a; b] Â� 2.1.6
f ùÂ¨�÷ ñ�ÂÚµ÷� �¤ ¤�îÁõ À� ¤�ÀÖõ ,�¤�¬ ßþ� ¤¢ .Àª�� ¢���õ.Ý�û¢üõ ö�È÷ ∫ +∞

a

f(x) dx ¢�Þ÷ �� ø ùÀ�õ�÷ I Â�
y = f(x) ø I = (−∞; a] À��î ­Âê .2 ÓþÂã� 2.1.7
I Â� f Ý���ðüõ ü�¤�¬ ¤¢ .¢¢Âðüõ ÓþÂã� I Â� �î Àª�� üã���ü�ãõ �� f â��� ,b < a �î ù��¿ó¢ b Âû Ǒ�¥�� �î ´¨� ÂþÁ³ó�ÂÚµ÷�133



ùÂ¨�÷ ñ�ÂÚµ÷� 7 ÛÊê ÓþÂã� 1.7
= −4 lim

d→+∞

∫ d0 ue−u du

(2)
= −4 lim

d→+∞
−
{

[
ue−u

]d0 −
∫ d0 e−u du

}

= 4 lim
d→+∞

{
d

ed
+
[
e−u

]d0}
= 4 lim

d→+∞

d+ 1
ed

− 4
= 4 lim

d→+∞

d

ed
− 4

(3)
= 4 lim

d→∞

1
ed

− 4 = −4¥� (2) ¤¢ ,√x = e−u ´¨� ùÀª ­Âê (1) ¤¢ ,�Ø�þ� ¼�®��ñ�µ���û ùbÀä�ì ¥� (3) ¤¢ ø ´¨� ùÀª ù¢�Ôµ¨� Ǒ�� �� Ǒ�� ©ø¤ßþ�Â���� .´¨� ùÀª �µêÂð ùÂú�
∫ 10 lnx√

x
dx = −4¢��ø �¤�¬ ¤¢ �¤ ∫∞0 (e−2√x/√x) dx ñ�ÂÚµ÷� ¤�ÀÖõ (5 ñ�·õ.À��î �±¨�½õ¤¢ ýÂÚþ¢ ø 0 ¤¢ üØþ ,¢¤�¢ ÛØÈõ �� ø¢ ¤¢ ñ�ÂÚµ÷� ßþ� .Û�:Ý��îüõ Ý�ÆÖ� ´ÞÆì ø¢ �� �¤ ¤�îÁõ ñ�ÂÚµ÷� ,ßþ�Â���� .+∞

∫ +∞0 e−2√x√
x

dx =

∫ 10 e−2√x√
x

dx+

∫ ∞1 e−2√x√
x

dxÝþ¤�¢ ,ñø� ¢¤�õ ñ�ÂÚµ÷� ¤¢
∫ 10 e−2√x√

x
dx = lim

a→0+

∫ 1
a

e−2√x√
x

dx

(1)
= lim

b→0+

∫ 1
b

e−udu

= lim
b→0+

[
−e−u

]1
b

= − lim
b→0+

{

e−1 − e−b
}

= 1− 1
eñ�ÂÚµ÷� ¢¤�õ ¤¢ ,ùø�ã� .u = 2√x �î ´¨� ùÀª ­Âê (1) ¤¢Ýþ¤�¢ �ø¢

∫ ∞1 e−2√x√
x

dx = lim
b→+∞

∫ b1 e−2√x√
x

dx

(1)
= lim

b→+∞

∫ b1 e−u du

= lim
b→+∞

[
−e−u

]b1
= − lim

b→+∞

{

e−b − e−1} =
1
e�¹�µ÷ ¤¢ .u = 2√x´¨� ùÀª­Âê (1) ¤¢ ��÷ �¹�þ� ¤¢ �î

∫ +∞0 e−2√x√
x

dx =

(1− 1
e

)

+

(1
e

)

= 1

= lim
b→+∞

{12 arctan

(
b2)− 12 arctan1}

=
12 lim
b→+∞

arctan

(
b2)− π8

=
π2 × π2 − π8 ßþ�Â����

∫ +∞2 dx

x2 + 4 =
π8�±¨�½õ ¢��ø �¤�¬ ¤¢ �¤ ∫ 0−∞ ex dx ñ�ÂÚµ÷� ¤�ÀÖõ (2 ñ�·õ.À��î

[a;0] Â� ex â��� ù�Ú÷� ,a < 0 Âð� �î ´¨� ßªø¤ .Û�ùø�ã� .´¨� ÂþÁ³ó�ÂÚµ÷�
lim

a→−∞

∫ 0
a

ex dx = lim
a→−∞

[ex]
0
a

= lim
a→−∞

(

e0 − ea
)

= 1− lim
a→−∞

ea = 1− 0ßþ�Â����
∫ 0
−∞

ex dx = 1¢��ø �¤�¬ ¤¢ �¤ ∫ 10 x2 dx/√1− x ñ�ÂÚµ÷� ¤�ÀÖõ (3 ñ�·õ.À��î �±¨�½õ­øÂÔõ â��� ù�Ú÷� ,0 < c < 1 Âð� �î ´¨� ßªø¤ .Û�ùø�ã� .´¨� ÂþÁ³ó�ÂÚµ÷� [0; c] Â� f(x) = x2/√1− x

lim
c→1− ∫ c0 x2√1− x

dx
(1)
= lim

d→0− ∫ d1 (1− u2)2
u

(−2u)du
= lim

d→0−2 ∫ 1
d

(1− u2)2 du
= 2 ∫ 10 (1− u2)2du
= 2 ∫ 10 (u4 − 2u2 + 1)du

= 2[u55 − 2u33 + u

]10ßþ�Â���� .u =
√1− x´¨� ùÀª­Âê (1) ¤¢

∫ 10 x2√1− x
dx =

1615¢��ø �¤�¬ ¤¢ �¤ ∫ 10 (lnx/
√
x) dx ñ�ÂÚµ÷� ¤�ÀÖõ (4 ñ�·õ.À��î �±¨�½õñ�ÂÚµ÷� ¢¤�õ â��� ù�Ú÷� ,0 < c < 1 Âð� �î ´¨� ßªø¤ .Û�ùø�ã� .´¨� ÂþÁ³ó�ÂÚµ÷� [c;1] Â� f(x) = lnx/

√
x

lim
c→0+

∫ 1
c

lnx√
x
dx

(1)
= lim

d→+∞

∫ 0
d

−2u
e−u

(

−2e−2u du)134



ÓþÂã� 1.7 ùÂ¨�÷ ñ�ÂÚµ÷� 7 ÛÊêÂþ¢�Öõ ��Àî Ǒ�¥�� �î Ý�÷�À� Ý�û��¡ üõ (1 .ñ�·õ 7.1.7?´¨� �ÂÚÞû ∫∞1 dx/xp ùÂ¨�÷ ñ�ÂÚµ÷� 0 < p üÖ�Ö� ¢Àä ¥�Ýþ¤�¢ ,ùÂ¨�÷ ñ�ÂÚµ÷� ÓþÂã� �� ���� �� .Û�
∫ ∞1 dx

xp
= lim

b→∞

∫ b1 x−p dx:ÝþÂ�ðüõ ÂÑ÷¤¢ �¤ Âþ¥ ´ó�� �¨ ,p ¤�ÀÖõ �� �µÆ��ÂÚÞû 1/(p − 1) ¢Àä �� ñ�ÂÚµ÷� �¤�¬ ßþ� ¤¢ (p > 1 Âð��Âþ¥ ,´¨�
∫ ∞1 dx

xp
= lim

b→∞

[

x1−p1− p

]b1
= lim

b→∞

b1−p − 11− p

=
1

p− 1�Âþ¥ ,´¨� �Âð�ø ñ�ÂÚµ÷� �¤�¬ ßþ� ¤¢ (p = 1 Âð�
∫ ∞1 dx

xp
= lim

b→∞
[lnx]

b1
= lim

b→∞
ln b = +∞�Âþ¥ ,´¨� �Âð�ø ñ�ÂÚµ÷� ��÷ �¤�¬ ßþ� ¤¢ (0 < p < 1 Âð�

∫ ∞1 dx

xp
= lim

b→∞

[

x1−p1− p

]b1
= lim

b→∞

b1−p − 11− p
= +∞Â�è ¤¢ ø ´¨� �ÂÚÞû ùÀª ù¢�¢ ñ�ÂÚµ÷� ù�Ú÷� ,1 < p Âð� �¹�µ÷ ¤¢.Àª��üõ �Âð�ø ,�¤�¬ ßþ�üÖ�Ö� ¢Àä ¥� Âþ¢�Öõ ��Àî Ǒ�¥�� �î Ý�÷�À� Ý�û��¡üõ (2 ñ�·õ?´¨� �ÂÚÞû ∫∞0 xp dx/(1+ x) ùÂ¨�÷ ñ�ÂÚµ÷� ,p�î Ý��îüõ ���� ¤�Ñ�õ ßþ� ý�Â� .Û�

Ip =

∫ ∞0 xp1+ x
dx

=

∫ 10 xp1+ x
dx+

∫ ∞1 xp1+ x
dx

(1)
=

∫ 1
+∞

u−p1+ 1
u

−du
u2 +

∫ ∞1 xp1+ x
dx

=

∫ ∞1 x−1−p1+ x
dx+

∫ ∞1 xp1+ x
dx

= J−(1+p) + JpÅ� .Jp =

∫ ∞1 xp dx1+ x
ø u =

1
x
´¨� ùÀª ­Âê (1) ¤¢ �î

p �� ´±Æ÷ Jp ù�Ú÷� ,0 ≤ p Âð� �õ� .¢�ª ü¨¤Â� Jp ´¨� üê�î

�¤�¬ ¤¢ �¤ ∫∞
−∞(

√
ex dx)/(1 + ex) ñ�ÂÚµ÷� ¤�ÀÖõ (6 ñ�·õ.À��î �±¨�½õ ¢��øÅ� .´¨� ÛØÈõ ý�¤�¢ −∞ ¤¢ ��÷ ø +∞ ¤¢ ñ�ÂÚµ÷� ßþ� .Û�Ý�Æþ�÷üõ

∫ +∞

−∞

√
ex1+ ex

dx =

∫ 0
−∞

√
ex1+ ex

dx+

∫ +∞0 √
ex1+ ex

dxÝþ¤�¢ u =
√
ex Â�çµõ Â��ç� �� ,¢¤�õ Âû ¤¢

∫ 0
−∞

√
ex1+ ex

dx = lim
a→−∞

∫ 0
a

√
ex1+ ex

dx

= lim
b→0+

∫ 1
b

u1+ u2 2duu
= lim

b→0+
2 ∫ 1

b

du

u2 + 1
= lim

b→0+
2 [arctanu]

1
b

= 2 lim
b→0+

(arctan1− arctan b)

=
π2 − 0 =

π2
∫ +∞0 √

ex1+ ex
dx = lim

b→+∞

∫ b0 √
ex1+ ex

dx

= lim
a→+∞

∫ a1 u1+ u2 2duu
= lim

a→+∞
2 ∫ a1 du1+ u2

= 2 lim
a→+∞

[arctanu]
b1

= 2 lim
a→+∞

(arctan b− arctan1)

= π − π2 =
π2 �¹�µ÷ ¤¢

∫ +∞

−∞

√
ex1+ ex

dx =
π2 +

π2 = π�¤ Àª�� �µª�¢ ¢��ø �î ý�ùÂ¨�÷ ñ�ÂÚµ÷� .ÓþÂã� 6.1.7.Ý�õ�÷üõ �Âð�ø �¤ �ÂÚÞû Â�è ùÂ¨�÷ ñ�ÂÚµ÷� .Ý�õ�÷üõ �ÂÚÞûùÂ¨�÷ ñ�ÂÚµ÷� ×þ �î �µØ÷ ßþ� ßµê�þ ¢¤��õ ¥� ý¤��Æ� ¤¢¤�ÀÖõ �f Þä .Àª��üõ Ýúõ ¤��Æ� ,�Âð�ø �þ ´¨� �ÂÚÞû ­øÂÔõ.¢Âî ��Æ� ö���üÞ÷ �¤ �ÂÚÞû ùÂ¨�÷ ý�úó�ÂÚµ÷� ¥� ý¤��Æ�,"�þ¤�ê ý�úó�ÂÚµ÷�' ö�� ýÂ��µêÂÈ�� ý�û�þÂÑ÷ ×Þî �� �µ±ó�.¢Âî �±¨�½õ �¤ �ú÷� ¥� ü¡Â� ö���üõý�úó�ÂÚµ÷� üþ�Âð�ø ø üþ�ÂÚÞû �b ÜÿÆõ �� ,Àã� ßõ ßþ�Â����.Ý�µÆ�÷ �ú÷� Õ�ì¢ ¤�ÀÖõ �b ±¨�½õ À�� ¤¢ ¢�þ¥ ø Ýþ¥�¢Â�üõ ùÂ¨�÷135



ùÂ¨�÷ ñ�ÂÚµ÷� 7 ÛÊê üþ�ÂÚÞû ý�ú÷�õ¥� 2.7.Ý�û¢ ¤�Âì �ãó�Îõ ¢¤�õ�b �õ�¢ Çþ��ê� �� ù�Ú÷� ,Àª�� ´±·õ üã��� y = f(x) Âð��� ∫ b

a

f(x) dx ü�ãþ ,À��þüõ Çþ��ê� ñ�ÂÚµ÷� ¤�ÀÖõ ,ýÂ�Úó�ÂÚµ÷��� ö� ý¤�À÷�Âî Û�ó¢ ß�Þû �� .´¨� ý¢�ã¬ b ¥� üã��� ö���ä:ÂµÖ�ì¢ ö��� �� ,´¨� ∫ ∞

a

f(x) dx ùÂ¨�÷ ñ�ÂÚµ÷� ¢��ø ü�ãõÂ� y = f(x) â��� À��î ­Âê .´±·õ â��� ö�õ¥� 1.2.7�¥� ¯Âª ,�¤�¬ ßþ� ¤¢ .´¨� ÂþÁ³ó�ÂÚµ÷� ø ´±·õ [a;∞) ùb¥��â��� �î ´¨� ö� ∫ ∞

a

f(x) dx üþ�ÂÚÞû ý�Â� üê�î ø
I(b) :=

∫ b

a

f(x) dx .Àª�� ¤�À÷�Âî ��� ¥�,�¤�¬ ßþ� ¤¢ .Àª�� ¢���õ ∫ ∞

a

f(x) dx Ý��î ­Âê :��±��ø ´¨� ´±·õ ý�ù¥�� Âû Â� ö� ñ�ÂÚµ÷� ,´¨� ´±·õ üã��� f ö��ý� b > a Âû ý�¥� �� ,�¹�µ÷¤¢
∫ ∞

a

f(x) dx = lim
N→∞

∫ N

a

f(x) dx

= lim
N→∞

{
∫ b

a

f(x) dx +

∫ N

b

f(x) dx

}

=

∫ b

a

f(x) dx + lim
N→∞

∫ N

b

f(x) dx

≥
∫ b

a

f(x) dx = I(b).´¨� ¤�À÷�ÂîM =

∫ ∞

a

f(x) dx �� ��� ¥� I(b) ,ßþ�Â����ý� b > a Âû ý�¥� �� �î Àª�� ý� M Ý��î ­Âê ñ��Ý��î ­Âê .I(b) ≤M

A :=
{
N ∈ R

∣
∣∀ b > a : I(b) < N

}ø ∫ ∞

a

f(x) dx ≥ 0 Å� ,´¨� ´±·õ f ö�� ,�¤�¬ ßþ� ¤¢
A ßþ�Â���� ø M ∈ A ,ùø�ã� .´¨� ¤�À÷�Âî ß���� ¥� A �¹�µ÷ ¤¢.α = inf(A) :´¨� ��Þ�Ô�þ� ý�¤�¢ A �¹�µ÷ ¤¢ .´¨� üú� Â�èÅ� ,ε > 0 Ý��î ­Âê .∫ ∞

a

f(x) dx = α Ý��îüõ ´���Âû ý�¥� �� ö��î� .α ≤ N < α + ε �î ´Æû ý� N ∈ A¢��ø ý� b > a ,ùø�ã� .I(b) ≤ N < α + ǫ ý� b > aý�¥� �� Âð� �¤�¬ ßþ� Â�è ¤¢ ,�Âþ¥ .I(b) > α − β �î ¢¤�¢ÓþÂã� é�¡ �î α− ε ∈ A ù�Ú÷� ,I(b) ≤ α− ε ý� b > a Âûý� b > a Âû ý�¥� �� ,´¨� ý¢�ã¬ I ö�� �¹�µ÷ ¤¢ .´¨� αö�ûÂ� ,°��Â� ßþ� �� ø |I(b)−α| < ε �þ α− β ≤ I(b) ≤ α− ε

2 .´¨� ��Þ�

ø ,xq ≤ xp ù�Ú÷� ,1 ≤ x ø 0 ≤ q ≤ p Âð� �Âþ¥ ,´¨� ý¢�ã¬ßþ�Â����
Jq =

∫ b1 xq1+ x
dx

≤
∫ b1 xp1+ x

dx = Jp�Âð�ø ��÷ 0 ≤ p �î üþ�û Jp �bÞû ù�Ú÷� ,Àª�� �Âð�ø J0 Âð� Å� .:À�µÆû
J0 =

∫ ∞1 x01+ x
dx

= lim
b→∞

∫ b1 dx1+ x

= lim
b→∞

ln |b+ 1| = +∞Âð� .´¨� �Âð�ø Ip �Áó ø ´¨� �Âð�ø Jp ù�Ú÷� ,0 ≤ p Âð� ,ßþ�Â����Å� .À�µÆû �Âð�ø Ip ø J−p−1 �Áó ø −1−p ≥ 0 ù�Ú÷� ,p ≤ −1´ó�� ßþ� ¤¢ �Âþ¥ ,¢�ª �ãó�Îõ −1 < p < 0 ´ó�� ´¨� üê�î�Ø�þ� �� ���� �� Å� .¢Â�ðüõ ¤�Âì (−1;0) ùb¥�� ¤¢ ��÷ −1 − p�¤ (−1;0) ùb¥�� (−1+
1

n+ 1 ;−1+
1
n

) ÛØª �� ý�ûù¥��¤¢ ,−1 +
1

n+ 1 < p < −1 +
1
n
Ý��îüõ ­Âê ,À�÷�ª��üõ�¤�¬ ßþ�

Jp =

∫ ∞1 xp1+ x
dx

<

∫ ∞1 x−1+ 1
n+11+ x

dx

(1)
=

∫ ∞1 y−n1+ yn+1 (n+ 1)yn dy

= (n+ 1)

∫ ∞1 dy1+ yn

< (n+ 1)

∫ ∞1 dy

yn

= (n+ 1) lim
b→+∞

[

y1−n1− n

]+∞1
=

n+ 1
n− 1Âð� ö�� .x = yn+1 ´¨� ùÀª ­Âê (1) ¤¢ �Ø�þ� ¼�®��ý� p ∈ (−1;0) Âû Ǒ�¥�� Jp ßþ�Â���� ,n+ 1

n− 1 ≤ 3 ù�Ú÷� ,n ≤ 2
Ip �Áó ø Àª��üõ �ÂÚÞû ��÷ J−(1+p) ´ó�� ßþ� ¤¢ ,´¨� �ÂÚÞû´¨� �ÂÚÞû üµìø �ú�� ø üµìø Ip �î Àª ´��� ü�ãþ .´¨� �ÂÚÞû.−1 < p < 0 �îüþ�ÂÚÞû ý�ú÷�õ¥� 2.7�þ ø üþ�ÂÚÞû �� À�îüõ ×Þî �î ´¨� ý���Ìì ö�õ¥� ¥� ¤�Ñ�õÝ�ÖµÆõ Â�è �þ ø Ý�ÖµÆõ �¤�¬ �� �¤ ùÂ¨�÷ ý�úó�ÂÚµ÷� üþ�Âð�ø136



üþ�ÂÚÞû ý�ú÷�õ¥� 2.7 ùÂ¨�÷ ñ�ÂÚµ÷� 7 ÛÊê,1.2.7 ����� Å� .Àª�� �ÂÚÞû ∫∞
a
g(x) dx Ý��î ­Âê ,¤�Ñ�õÂû ß��»Þû ø ý� b ≥ a Âû ý�¥� �� üêÂÏ ¥� .´¨� ¤�À÷�Âî ��� ¥�ßþ�Â���� .f(x) ≤ g(x) ý� x ∈ [a; b]

∫ b

a

f(x) dx ≤
∫ b

a

g(x) dxßþ�Â���� ø ∫ ∞

a

f(x) dx ≤
∫ ∞

a

g(x) dx �¹�µ÷ ¤¢
2 .Àª��üõ �ÂÚÞû ,�¹�µ÷ ¤¢ ø ´¨� ¤�À÷�Âî ��÷ ∫ ∞

a

f(x) dxùbÂ¨�÷ ñ�ÂÚµ÷� üþ�ÂÚÞû ¤¢ (1 .ñ�·õ 4.2.7.Ý��îüõ ¶½� ∫ ∞0 dx/
√1+ x2ßþ�Â���� ø 1 + x2 ≤ (1 + x)2 ù�Ú÷� ,0 ≤ x Âð� .Û�ø f(x) = 1/(1 + x) ­Âê �� Å� .√1+ x2 ≤ 1 + x�Ø�þ� �� ���� �� ø 1.2.7 ¤¢ g(x) = 1/√1+ x2

∫ ∞0 dx1+ x
= lim

b→∞

∫ b0 dx

x+ 1
= lim

b→∞
ln |b+ 1| = +∞�Âð�ø ��÷ ùÀª ù¢�¢ ùÂ¨�÷ ñ�ÂÚµ÷� �î ÝþÂ�ðüõ �¹�µ÷ ,´¨� �Âð�ø.´¨�,n ∈ N �î ∫ 10 xn dx

√1− x4 ñ�ÂÚµ÷� üþ�ÂÚÞû ¤¢ (2 ñ�·õ.À��î ¶½�Ýþ¤�¢ u = 1/(1− x) Â�çµõ Â��ç� ¥� ù¢�Ôµ¨� �� .Û�
∫ 10 xn dx

√1− x4 =

∫ 1
+∞

(1− 1
u )n

√1− (1− 1
u )4 −du

u2
=

∫ +∞1 (u− 1)ndu

un
√4u3 − 6u2 + 4u− 1ß��»Þû .0 ≤ u − 1 ≤ u ßþ�Â���� ø 1 ≤ u �¹�þ� ¤¢ ,�õ��¹�µ÷ ¤¢ ,−3u3 ≤ −3 ≤ −6u2 + 4u− 1

f(u) =
(u− 1)n

un
√4u3 − 6u2 + 4u − 1

≤ un

un
√4u3 − 3u3

=
1
u3/2 = g(u) ùø�ã� ø

∫ ∞1 g(u) du = lim
b→∞

du

u3/2
= lim

b→∞

[−2√
u

]b1 = 2

∫∞0 e−x
2
dx ñ�ÂÚµ÷� üþ�ÂÚÞû ¤¢ (1 .ñ�·õ 2.2.7.À��î ¶½�,´¨� ÂþÁ³ó�ÂÚµ÷� ø ´±·õ [0;∞) Â� f(x) = e−x

2 â��� ö�� .Û�
I(b) =

∫ b0 e−x2 dx ý¤�À÷�Âî ´¨� üê�î ´±·õ â��� ö�õ¥� ������õ� .Ý��î ´��� �¤
I(b) =

∫ b0 e−x
2
dx

=

∫ 10 e−x
2
dx+

∫ b1 e−x
2
dx

(1)

≤ A+

∫ b1 e−x dx(1) ¤¢ ø ´¨� ý¢�ä ñ�ÂÚµ÷� ×þ A =
∫ 10 e−x dx �¹�þ� ¤¢ �î,x ≤ x2 ù�Ú÷� ,1 ≤ x Âð� �î ´¨� ùÀª ù¢�Ôµ¨� ´�ãì�ø ßþ� ¥�üêÂÏ ¥� .e−x2 ≤ e−x �Áó ø −x2 ≤ −x

∫ b0 e−x dx =
[
−e−x

]b1
= e−1 − e−b ≤ e−1.´¨� �ÂÚÞû ∫∞0 e−x

2
dx ßþ�Â���� ø I(b) ≤ A+ 1/e �¹�µ÷ ¤¢.À��î ¶½� ∫ ∞1 x− 1
x2 + x

dx ñ�ÂÚµ÷� üþ�ÂÚÞû ¤¢ (2 ñ�·õ,´¨� ÂþÁ³ó�ÂÚµ÷� ø ´±·õ (1;∞) Â� f(x) =
x− 1
x2 + x

ö�� .Û�.¢�ª ¶½� Àþ�� I(b) =

∫ b1 x− 1
x2 + x

dx ý¤�À÷�Âî ¢¤�õ ¤¢ Å�ßþ�Â���� ø x− 1
x2 + x

>
x− 1
x2 + x2 Å� ,1 ≤ x �Ø÷� Û�ó¢ ��

I(b) ≥
∫ b1 x− 12x2 dx

=

[12 lnx+
12x]b1

=
12 (ln b+

1
b
− 1) = h(b)

I(b) ü�ãþ .´¨� ´±·õ ´þ�ú��� Â��Â� b → ∞ üµìø h(b) À� �î.´¨� �Âð�ø ñ�ÂÚµ÷� �Áó ø ´Æ�÷ ¤�À÷�Âîâ��� ø¢ g(x) ø f(x) À��î ­Âê .�Æþ�Öõ ö�õ¥� 3.2.7×þ Ǒ�¥�� �î ý��÷�ð �� ,À�ª�� [a;∞) Â� ÂþÁ³ó�ÂÚµ÷� ø üÔ�õ�÷�¤�¬ ßþ� ¤¢ .f(x) ≤ g(x) ý� x ∈ [c;∞) Âû ø ý� c ≥ a�Âð�ø ��÷ ∫ ∞

a

g(x) dx ù�Ú÷� ,Àª�� �Âð�ø ∫ ∞

a

f(x) dx Âð� (Óó�.´¨���÷ ∫ ∞

a

f(x) dx ù�Ú÷� ,Àª�� �ÂÚÞû ∫ ∞

a

g(x) dx Âð� (�.´¨� �ÂÚÞûÅØä (Óó�) ¢¤�õ ,1.2.7 �� ���� �� �î ´¨� ßªø¤ :��±��ßþ� ý�Â� .Ý��î ��±�� �¤ (�) ´¨� üê�î Å� .´¨� (�)Ë�Ö÷137



ùÂ¨�÷ ñ�ÂÚµ÷� 7 ÛÊê üþ�ÂÚÞû ý�ú÷�õ¥� 2.7
= lim

x→∞
1

√ 1
x3 + 1 = 1 ��÷ ø

∫ ∞1 g(x) dx =

∫ ∞1 x−3/2 dx
= lim

b→∞

∫ b1 x−3/2 dx
= lim

b→∞

[−2√
x

]b1 = 2.Àª��üõ �ÂÚÞû ÂÑ÷ ¢¤�õ ñ�ÂÚµ÷� �î ÝþÂ�ðüõ �¹�µ÷.À��î ¶½� ∫ ∞1 dx

xex + 3e−x ñ�ÂÚµ÷� üþ�ÂÚÞû ¤¢ (2 ñ�·õÂ� f(x) =
1

xex + 3e−x ø g(x) =
1
x
e−x ­Âê �� .Û��Ø�þ� �� ÂÑ÷ ø 5.2.7 ¤¢ [1; +∞)

lim
x→∞

f(x)

g(x)
= lim

x→∞
xex

xex + 3e−x
= lim

x→∞
xe2x

xe2x + 3û
= lim

x→∞
(2x+ 1)ex

(2x+ 1)ex
= 1 ��÷ ø

∫ ∞1 g(x) dx =

∫ ∞1 1
x
e−x dx

≤
∫ +∞1 e−x dx

= lim
b→∞

[
−e−x

]b1 =
1
e�ÂÚÞû ��÷ ùÀª ù¢�¢ ñ�ÂÚµ÷� �î ÝþÂ�ðüõ �¹�µ÷ ,Àª��üõ �ÂÚÞû.´¨�

∫ ∞1 xpeqx dx ùÂ¨�÷ ñ�ÂÚµ÷� q ø p Âþ¢�Öõ ��Àî Ǒ�¥�� (3 ñ�·õ?´¨� �ÂÚÞû¤¢ �¤ q < 0 ø q = 0 ,0 < q ´ó�� �¨ ,¤�Ñ�õ ßþ� ý�Â� .Û�.ÝþÂ�ðüõ ÂÑ÷
g(x) = ø f(x) = eqx/2 Ý��îüõ ­Âê ù�Ú÷� ,0 < q Âð� (Óó�.p < 0 �Ø�þ� �þ ø 0 ≤ p �þ �¤�¬ ßþ� ¤¢ .xpeqx�î ´¨� ßªø¤ ,ù�Ú÷� ,0 ≤ p Âð�

lim
x→∞

f(x)

g(x)
= lim
x→∞

1
xpeqx/2 = 0

,1.2.7 Õ��Îõ ,ßþ�Â���� ø ´¨� �ÂÚÞû ∫ ∞1 g(u)du Å��î À�îüõ ´��� ¢�¡ ßþ� .´¨� �ÂÚÞû ∫ ∞1 f(u)du.Àª��üõ �ÂÚÞû ý� n ∈ N Âû Ǒ�¥�� ∫ 10 xn dx
√1− x4â��� ø¢ g ø f Ý��î ­Âê .ýÀ� �bÆþ�Öõ ö�õ¥� 5.2.7�¤�¬ ßþ� ¤¢ .À�ª�� [a;∞) Â� ÂþÁ³ó�ÂÚµ÷� ø ´±·õ�þ ÂÔ¬ Óó�¿õ ø ¢���õ L = lim

x→∞
f(x)

g(x)
À� Âð� (Óó��ú�� ø üµìø ∫ ∞

a

f(x) dx ùÂ¨�÷ ñ�ÂÚµ÷� ù�Ú÷� ,Àª�� ´þ�ú���.Àª�� �ÂÚÞû ∫ ∞

a

g(x) dx �î ´¨� �ÂÚÞû üµìøù�Ú÷� ,Àª�� �ÂÚÞû ∫ ∞

a

g(x) dx ø L = 0 Âð� (�.´¨� �ÂÚÞû ��÷ ∫ ∞

a

f(x) dxù�Ú÷� ,Àª�� �Âð�ø ø ∫ ∞

a

f(x) dx ø L = ∞ Âð� (�.´¨� �Âð�ø ��÷ ∫ ∞

a

g(x) dxý�¥� �� ,�¤�¬ ßþ� ¤¢ .L 6= 0,∞ Ý��î ­Âê :��±��ý� x > k Âû ý�¥� �� �î ¢¤�¢ ¢��ø ö��� k > a×þ ε = L/2�¹�µ÷ ¤¢ .∣∣∣f(x)/g(x) − L
∣
∣
∣ < ε

(L− ε)g(x) < f(x) < (L+ ε)g(x)üþ�ÂÚÞû ,�¹�µ÷ ¤¢ .12Lg(x) < f(x) <
32Lg(x) �þø ´¨� 32L ∫ ∞

a

f(x) dx üþ�ÂÚÞû ü�ãõ �� ∫ ∞

a

g(x) dx
∫ ∞

a

g(x) dx Âð� ,ùø�ã� .´¨� �ÂÚÞû ∫ ∞

a

f(x) dx ßþ�Â����ßþ�Â���� ø ´¨� �Âð�ø 12L ∫ ∞

a

f(x) dx ù�Ú÷� ,Àª�� �Âð�ø.Àª��üõ �Âð�ø ��÷ ∫ ∞

a

f(x) dxö��� ý� k ,ε = 1 ý�¥� �� ,L = 0 ¢�ª ­Âê Âð� ñ��0 ≤ f(x)/g(x) < ε ý� x ≥ k Âû ý�¥� �� �î ¢¤�¢ ¢��ø�� Â¹�õ ∫ ∞

a

g(x) dx üþ�ÂÚÞû ,ßþ�Â���� .f(x) ≤ g(x) �þ.¢�ªüõ ∫ ∞

a

f(x) dx üþ�ÂÚÞû¢��ø ö��� ý� x ≥ k ,L = ∞ ¢�ª ­Âê Âð� ñ��üþ�Âð�ø ,ßþ�Â���� .f(x) ≤ g(x) �þ f(x)/g(x) ≥ 1 �î ¢¤�¢
2 .¢�ªüõ ∫ ∞

a

f(x) dx üþ�Âð�ø �� Â¹�õ ∫ ∞

a

g(x) dx

∫ ∞1 dx
√1+ x3 ñ�ÂÚµ÷� üþ�ÂÚÞû ¤¢ (1 .ñ�·õ 6.2.7.À��î ¶½�

[1; +∞) Â� g(x) = x−2/3 ø f(x) =
1

√1+ x3 ­Âê �� .Û��Ø�þ� �� ÂÑ÷ ø 5.2.7 ¤¢
lim
x→∞

f(x)

g(x)
= lim

x→∞
x
√
x

√1+ x3138



üþ�ÂÚÞû ý�ú÷�õ¥� 2.7 ùÂ¨�÷ ñ�ÂÚµ÷� 7 ÛÊêÝ��îüõ ­Âê 5.2.7 �b �Ìì ¥� (�) ´ÞÆì ¤¢ ö��î��¤�¬ ßþ� ¤¢ .g(x) =
1
x3/2 ø f(x) =

sin2 x
x20 ≤ lim

x→∞
f(x)

g(x)
= lim

x→∞
sin2 x/x21/x3/2

= lim
x→∞

sin2 x
x1/2

≤ lim
x→∞

1
x1/2 = 0ñ�ÂÚµ÷� �Áó ø ´¨� �ÂÚÞû ∫ ∞1 g(x) dx =

∫ ∞1 dx

x3/2 ùø�ã�.´¨� �ÂÚÞû ��÷ ÂÑ÷ ¢¤�õ.´¨� �Âð�ø ∫ ∞

e2 dx

x ln(lnx)
ñ�ÂÚµ÷� À�û¢ ö�È÷ (5 ñ�·õÝþ¤�¢ t = lnx­Âê �� .Û�

I :=

∫ ∞

e2 dx

x ln(lnx)
=

∫ ∞2 dt

ln tø f(t) = 1/ ln t Ý��îüõ ­Âê 5.2.7 ¥� (�) ´ÞÆì ¤¢ ñ��
∫ ∞2 g(t) =

∫ ∞2 dt

ln t
��®ø �� ,�¤�¬ ßþ� ¤¢ .g(t) = 1/√tùø�ã� ø ´¨� �Âð�ø

lim
t→∞

f(t)

g(t)
= lim

t→∞

√
t

ln tû
= lim

x→∞
1/2√t1/t

= lim
t→∞

√
t = +∞üþ�ÂÚÞû ý�Â� üê�î ø �¥� ¯Âª .üª�î ö�õ¥� 7.2.7ö��� ý� k ≥ a ,ε > 0 Âû ý�¥� �� �î ´¨� ö� ∫ ∞

a

f(x) dx.∣∣∣ ∫ βα f(x) dx
∣
∣
∣ < ε ý� α, β ≥ k Âû ý�¥� �� �î ¢¤�¢ ¢��øý�¥� �� Å� .´¨� I �� �ÂÚÞû ∫∞

a
f(x) dx Ý��î ­Âê :��±��ý� b ≥ k Âû ý�¥� �� �î ¢¤�¢ ¢��ø ö��� ý� k ≥ a ,ε > 0 ÂûÝþ¤�¢ α, β > k Âû ý�¥� �� ,ö��î� .∣∣∣ ∫ ba f(x) dx− I

∣
∣
∣ < ε/2

∣
∣
∣
∣
∣

∫ β

α

f(x) dx

∣
∣
∣
∣
∣

<

∣
∣
∣
∣
∣

∫ β

a

f(x) dx −
∫ α

a

f(x) dx

∣
∣
∣
∣
∣

≤
∣
∣
∣
∣
∣

∫ β

a

f(x) dx

∣
∣
∣
∣
∣
+

∣
∣
∣
∣
∣

∫ α

a

f(x) dx

∣
∣
∣
∣
∣

<
ε2 +

ε2 = ε�î ´Æû ý� k ≥ a ,ε > 0 Âû ý�¥� �� �î Ý��î ­Âê ö��î�,�¤�¬ ßþ� ¤¢ .∣∣∣ ∫ βα f(x) dx
∣
∣
∣ < ε ý� α, β > ε Âû ý�¥� ��

¢��ø ý� k = [−p]+1 üã�±Ï ¢Àä ù�Ú÷� ,p < 0 Âð� ,�õ�¥� ù¢�Ôµ¨� ¤�� k ¥� Å� ,ßþ�Â���� .−p − k < 0 �î ¢¤�¢:Ý�¨¤üõ 0 ≤ p´ó�� �� �f¢À¹õ ,ñ�µ���û ùbÀä�ì
lim
x→∞

f(x)

g(x)
= lim

x→∞
x−p

eqx/2û
= lim

x→∞
−px−p−1
q2eqx/2 û

= · · ·û
= lim

x→∞
(−p)(−p− 1) · · · (−p− k)x−p−k

(
q2)k eqx/2 = 0­Âê �� ,ßþ�Â���� . lim

x→∞
f(x)

g(x)
= 0 �¤�¬ Âû ¤¢ ,ü�ãþø 5.2.7 ¤¢ [1;∞) Â� g(x) = xpeqx ø f(x) = eqx/2�Ø�þ� �� ÂÑ÷

∫ ∞1 f(x) dx =

∫ ∞1 eqx/2 dx
= lim

b→∞

[2
q
eqx/2]b1 = ∞¥� (Óó�) ´ÞÆì ����� �î ÝþÂ�ðüõ �¹�µ÷ ,´¨� �Âð�ø.Àª��üõ �Âð�ø ��÷ ∫ ∞1 xpeqx dx ñ�ÂÚµ÷� ,5.2.7üµìø �ú�� ø üµìø , (1) 6.1.7 Õ��Îõ ù�Ú÷� ,q = 0 Âð� (�.p < −1 �î Àª��üõ �ÂÚÞû ∫ ∞1 xpeqx dx

f(x) = xpeqx ø g(x) =
1
x2 ­Âê �� ù�Ú÷� ,q < 0 Âð� (��� ��±ª üó�Àµ¨� ��) �Ø�þ� �� ÂÑ÷ ø 7.3.7 ¤¢ [1;∞) Â�:(Àª Âî£ Óó� ´ÞÆì ¤¢ �î �»÷�

lim
x→∞

f(x)

g(x)
= lim

x→∞
xp+2
e−qx

= 0�¹�µ÷ ,´¨� �ÂÚÞû ∫ ∞1 g(x) dx =

∫ ∞1 x−2 dx = 1 ø.Àª��üõ �ÂÚÞû ��÷ ∫ ∞1 xpeqx dx ñ�ÂÚµ÷� �î ÝþÂ�ðüõüµìø �ú�� ø üµìø ∫ ∞1 xpeqx dx ùÂ¨�÷ ñ�ÂÚµ÷� ,á�Þ¹õ ¤¢ Å�."q < 0' �þ "p < −1 ø q = 0' �î ´¨� �ÂÚÞû.´¨� �ÂÚÞû ∫ ∞0 sin2 x
x2 dx ñ�ÂÚµ÷� À�û¢ ö�È÷ (4 ñ�·õßµª�÷ �� .Û�

∫ ∞0 sin2 x
x2 dx =

∫ 10 sin2 x
x2 dx+

∫ ∞1 sin2 x
x2 dxñ�ÂÚµ÷� ßþ�Â���� ø lim

x→0 sin2 x
x2 = 1 �Ø�þ� �� ���� ø�î ÝþÂ�ðüõ �¹�µ÷ ,¢¤�¢ ¢��ø �Áó ø ,´¨� ý¢�ä ∫ 10 sin2 x

x2 dx.Ý�û¢ ö�È÷ �¤ ∫ ∞1 sin2 x
x2 dx üþ�ÂÚÞû ´¨� üê�î139



ùÂ¨�÷ ñ�ÂÚµ÷� 7 ÛÊê ÏøÂÈõ üþ�ÂÚÞû 3.729)

∫ ∞0 x1− ex
dx 30)

∫ ∞2 (lnx)p dx.ÏøÂÈõ üþ�ÂÚÞû 3.7.À÷¢�� ´±·õ â���� ¢¤�õ ¤¢ ,Ý�µª�¢ ¤��µ¡� ¤¢ ö��î�� �î üþ�ú÷�õ¥��� Ç¿� ßþ� ¤¢ .À�µÆ�÷ ß��� â���� ¥� ý¤��Æ� �f Þä �î üó�� ¤¢.Ýþ¥�¢Â�üõ üÜî ö�õ¥� À�� Âî£Ý���ðüõ ,Àª�� �ÂÚÞû ∫ ∞

a

|f(x)| dx Âð� .ÓþÂã� 1.3.7ø �ÂÚÞû ∫ ∞

a

f(x) dx Âð� .´¨� ÕÜÎõ ý�ÂÚÞû ∫ ∞

a

f(x) dx.´¨� ¯øÂÈõ ý�ÂÚÞû Ý���ðüõ ,Àª�� ÕÜÎõ ý�ÂÚÞû Â�èù�Ú÷� ,Àª�� ÕÜÎõ ý�ÂÚÞû ­øÂÔõ ùÂ¨�÷ ñ�ÂÚµ÷� ×þ Âð�ùbÀû�Èõ ý�Â� .´¨� ´¨¤¢�÷ �µÔð ßþ� ÅØä �õ� .Àª��üõ �ÂÚÞû.¢�ª ���� 6.2.7 ñ�·õ ¥� (1) ´ÞÆì �� ö� ¥� ý��÷�Þ÷ÕÜÎõ ý�ÂÚÞû ∫∞
a
f(x) dx À��î ­Âê .��Ìì 2.3.7ßþ� ¤¢ .Àª�� [a;∞) Â� ¤�À÷�Âî ø ÂþÁ³ó�ÂÚµ÷� üã��� g ø ù¢��.´¨� ÕÜÎõ ý�ÂÚÞû ��÷ ∫∞

a
f(x)g(x) dx �¤�¬�� �î ¢¤�¢ ¢��ø M À�÷�õ ý¢Àä ,´¨� ¤�À÷�Âî g ö�� :��±��

∫∞
a
f(x) dx ö�� ,ùø�ã� .|g(b)| ≤ M ý� b ≥ a Âû ý�¥�Âû ý�¥� �� �î ¢¤�¢ ¢��ø N À�÷�õ ý¢Àä ,´¨� ÕÜÎõ ý�ÂÚÞûù�Ú÷� ,b ≥ a Âð� ,ßþ�Â���� ø |f(x)g(x)| ≤M |f(x)| ý� b ≥ a

∫ b

a

|f(x)g(x)| dx ≤M

∫ b

a

|f(x)| dx

2 .´¨� ÕÜÎõ ý�ÂÚÞû ∫∞
a
f(x)g(x) dx �¹�µ÷ ¤¢ù¢�� �ÂÚÞû ∫∞

a f(x) dx ÝþÂ�ð .Û�� ö�õ¥� 3.3.7�¤�¬ ßþ� ¤¢ .Àª�� [a;∞) Â� ���Øþ ø ¤�À÷�Âî üã��� g ø.´¨� �ÂÚÞû ∫∞
a f(x)g(x) dxÂû ý�¥� �� ,4.2.6 �b �Ìì ¥� (4) ´ÞÆì ×Þî �� :��±���î ¢¤�¢ ¢��ø ö��� ξ ×þ ,t1, t2 > a

∫ t2
t1 f(x)g(x) dx = g(t1)∫ ξ

t1 f(x) dx + g(t2)∫ t2
ξ

f(x) dxÂû ý�¥� �� �î ¢¤�¢ ¢��ø ö��� ý� M ,´¨� ¤�À÷�Âî g ö��ý�¥� �� ,´¨� �ÂÚÞû ∫∞
a
f(x) dx ö�� .|g(x)| ≤M ý� x ≥ aý� t1, t2 ≥ k Âû ý�¥� �� �î ¢¤�¢ ¢��ø ý� k ≥ a ,ε > 0 ÂûÝþ£�¢ ,k < t1 < ξ < t2 ö�� ,ö��î� .∣∣∣ ∫ t2t1 f(x) dx

∣
∣
∣ < ε/2M

∣
∣
∣

∫ t2
t1 f(x)g(x) dx

∣
∣
∣ =

ý� α ≥ k Âû ý�¥� �� :Ýþ¤�¢ β = k ßµª�¢ ù�Ú÷ ´��� ��Å� ,´¨� ù��¿ó¢ α ≥ k ö�� .∣∣∣ ∫ αk f(x) dx
∣
∣
∣ < ε

∣
∣
∣
∣
∣

∫ ∞

k

f(x) dx

∣
∣
∣
∣
∣
=

∣
∣
∣
∣
∣

lim
b→∞

∫ b

k

f(x) dx

∣
∣
∣
∣
∣
< ε �¹�µ÷ ¤¢ ø

∣
∣
∣
∣
∣

∫ ∞

a

f(x) dx−
∫ k

a

f(x) dx

∣
∣
∣
∣
∣
=

∣
∣
∣
∣
∣

∫ ∞

k

f(x) dx

∣
∣
∣
∣
∣
< ε

2 .´¨� ∫∞
a f(x) dx Â��Â� ø ¢���õ lim

k→∞

∫ k

a f(x) dx ü�ãþüÖ�Ö� ¢Àä a À��î ­Âê Âþ¥ ���þÂÞ� ¤¢ .ßþÂÞ� 8.2.7
β ø α, q ,p ø ¼�½¬ ¢Àä m ,´±·õ üã�±Ï ý¢Àä n ,´±·õ.À�û��¿ó¢ üÖ�Ö� ¢�Àä��ÂÚÞû �¤�¬ ¤¢) �¤ Âþ¥ ùÂ¨�÷ ý�úó�ÂÚµ÷� ¥� ×þ Âû ¤�ÀÖõ:À��î �±¨�½õ (ö¢��1)

∫ +∞0 x2 + 1
x4 + 1 dx 2)

∫ 10 dx

(x− 1)
√1− x3)

∫ +∞1 dx

x
√1+ x5 + x10 4)

∫ ∞0 x ln x

(1+ x2)2 dx5)

∫ +∞0 arctanx

(1+ x2)3/2 dx 6)

∫ ∞0 e−ax cos(bx) dx7)

∫ +∞0 e−ax sin(bx) dx 8)

∫ ∞3 dx

x29)

∫ 10 lnxdx 10)

∫ 1
−1 dx
√1− x211)

∫ +∞2 dx

x2 + x− 2 12)

∫ +∞

−∞

dx

(x2 + x+ 1)213)

∫ +∞0 dx

x3 + 1 14)

∫ π/20 ln(sinx) dx15)

∫ π/20 ln(cosx) dx 16)

∫ 10 xn
√1− x2 dx17)

∫ +∞0 dx

coshn x
18)

∫ +∞1 dx

x(x + 1) · · · (x+ n):À��î ¶½� Âþ¥ ùÂ¨�÷ ý�úó�ÂÚµ÷� üþ�ÂÚÞû ¤¢19)

∫ ∞0 x2 dx
x4 − x2 + 1 20)

∫ ∞1 dx

x
3√
x2 + 121)

∫ ∞0 dx

xp + xq
22)

∫ ∞0 xm1+ xn
dx23)

∫ ∞0 arctan(ax)

xn
dx 24)

∫ ∞1 ln(1+ x)

xn
dx25)

∫ ∞2 dx

xp lnq x
26)

∫ ∞0 xm arctanx

xn + 2 dx27)

∫ ∞0 xα|x− 1|β dx 28)

∫ 10 lnx1− x2 dx140



ÏøÂÈõ üþ�ÂÚÞû 3.7 ùÂ¨�÷ ñ�ÂÚµ÷� 7 ÛÊê
∫ ∞0 sinx

x
dx ùÂ¨�÷ ñ�ÂÚµ÷� �þ� (1 .ñ�·õ 6.3.7?´¨� ¯øÂÈõ ý�ÂÚÞûø f(x) = sinx ¢�ª ­Âê 4.3.7 ¤¢ Âð� �Âþ¥ ,�Ü� .Û�Û�óÀ� ù�Ú÷� ,g(x) =

1
x

F (x) =

∫ x0 f(x) dx =

∫ x0 sinxdx

= cosx− 1 ∈ [−2;0]

g′(x) =
−1
x2 < 0 ∀ x > 0

lim
x→∞

g(x) = lim
x→∞

1
x

= 0�� ���� �� ,ùø�ã� .´¨� �ÂÚÞû ∫ ∞0 sinx

x
dx ÝþÂ�ðüõ �¹�µ÷

∫ (k+1)π

kπ

∣
∣
∣
∣

sinx

x

∣
∣
∣
∣
dx ≥

∫ (k+1)π

kπ

| sinx|
(k + 1)π

dx

=

[ ± cosx

(k + 1)π

](k+1)π

kπ

=
2

(k + 1)π :Ýþ¤�¢
∫ ∞0 ∣

∣
∣
∣

sinx

x

∣
∣
∣
∣
dx ≥

∫ ∞

π

∣
∣
∣
∣

sinx

x

∣
∣
∣
∣
dx

= lim
n→∞

∫ (n+1)π

π

∣
∣
∣
∣

sinx

x

∣
∣
∣
∣
dx

= lim
n→∞

n∑

k=1 ∫ (k+1)π

kπ

∣
∣
∣
∣

sinx

x

∣
∣
∣
∣
dx

≥ lim
n→∞

n∑

k=1 2
(k + 1)π

≥ lim
n→∞

n∑

k=2 2π ∫ k+1
k

dx

x

=
2
π

lim
n→∞

∫ n2 dx

x

=
2
π

∫ ∞2 dx

x
= +∞.´¨� �Âð�ø ∫ ∞0 ∣
∣
∣
∣

sinx

x

∣
∣
∣
∣
dx ,ßþ�Â����¶½� ∫ ∞0 cos3 x

√1+ x2 dx ùÂ¨�÷ ñ�ÂÚµ÷� üþ�ÂÚÞû ¤¢ (2 ñ�·õ.À��î�� ø 4.3.7 ¤¢ g(x) =
1

√1+ x2 ø f(x) = cos3 x­Âê .Û��Ø�þ� �� ����
F (x) =

∫ x0 cos3 xdx

=
∣
∣
∣g(t1)∫ ξ

t1 f(x) dx + g(t2)∫ t2
ξ

f(x) dx
∣
∣
∣

≤ |g(t1)|∣∣∣ ∫ ξ

t1 f(x) dx
∣
∣
∣ + |g(t2)|∣∣∣ ∫ t2

ξ

f(x) dx
∣
∣
∣

≤ M
∣
∣
∣

∫ t2
t1 f(x) dx

∣
∣
∣ +M

∣
∣
∣

∫ t2
t1 f(x) dx

∣
∣
∣

= 2M ∣∣∣ ∫ t2
t1 f(x) dx

∣
∣
∣

< 2M ε2M = ε

2 .´¨� ��Þ� ö�ûÂ� ,üª�î ö�õ¥� ����� ø���Øþ [a;∞) Â� g â��� À��î­Âê .�ÜØþ¤¢ ö�õ¥� 4.3.7
[a;∞) Â� F (x) =

∫ x

a

f(t) dt ø lim
x→∞

g(x) = 0 ,¤�À÷�Âî ø.´¨� �ÂÚÞû ∫ ∞

a

f(x)g(x) dx ù�Ú÷� .´¨� ¤�À÷�Âî,t1, t2 ≥ a Âû ý�¥� �� ,4.2.6 �b �Ìì ¥� (4) ´ÞÆì ����� :��±��ø t1 < ξ < t2 �î ¢¤�¢ ¢��ø ö��� ξ ×þ
∣
∣
∣

∫ t2
t1 f(x) dx

∣
∣
∣ =

∣
∣
∣

∫ ξ

a

f(x) dx −
∫ t1
a

f(x) dx
∣
∣
∣

≤
∣
∣
∣

∫ ξ

a

f(x) dx
∣
∣
∣+
∣
∣
∣

∫ t1
a

f(x) dx
∣
∣
∣

≤ M +M = 2M, lim
x→∞

g(x) = 0 ö�� .∣∣∣ ∫ t2ξ f(x) dx
∣
∣
∣ < 2M ���Èõ �¤�¬ ���î ¢¤�¢ ¢��ø ö��� ý� k > a ,ù��¿ó¢ ε > 0 Âû ý�¥� �� ßþ�Â�����¹�µ÷ ¤¢ .|g(x)| < ε/4M ý� x ≥ k Âû ý�¥� ��

∣
∣
∣

∫ t2
t1 f(x)g(x) dx

∣
∣
∣ =

=
∣
∣
∣g(t1)∫ ξ

t1 f(x) dx + g(t2)∫ t2
ξ

f(x) dx
∣
∣
∣

≤ |g(t1)|∣∣∣ ∫ ξ

t1 f(x) dx
∣
∣
∣ + |g(t2)|∣∣∣ ∫ t2

ξ

f(x) dx
∣
∣
∣

=
ε4M × 2M +

ε4M × 2M
=

ε2 +
ε2 = ε

2 .´¨� ��Þ� ö�ûÂ� ø,´¨� �µ¨��� [a;∞) Â� f â��� À��î ­Âê .��Ìì 5.3.7
[a;∞) Â� g .´¨� ¤�À÷�Âî [a;∞) Â� F (x) =

∫ x

a

f(t) dt�¤�¬ ßþ� ¤¢ . lim
x→∞

g(x) = 0 ø g′ ≤ 0 ,ÂþÁ�ÕµÈõ.´¨� �ÂÚÞû ∫ ∞

a

f(x)g(x) dxÂ� ßþÂÞ� ö���ä �� ø ,Àª��üõ Û�� ö�õ¥� ¥� ý��¹�µ÷ :��±��
2 .ùÀ�÷��¡ ùbÀúä141



ùÂ¨�÷ ñ�ÂÚµ÷� 7 ÛÊê Âµõ�¤�� �� �µÆ��ø ùÂ¨�÷ ý�úó�ÂÚµ÷� 4.7Âµõ�¤�� �� �µÆ��ø ùÂ¨�÷ ý�úó�ÂÚµ÷� 4.7¤¢ §��� ©ø¤ Â�Ñ÷ ,ùÂ¨�÷ ñ�ÂÚµ÷� ý�û¢Â�¤�î ¥� ý¤��Æ� ¤¢�� ��¢�ãõ ¤¢ �þ¤�ê ý�úó�ÂÚµ÷� �þ ø üó�Þãõ Û�Æ÷�ÂÔþ¢ ��¢�ãõùÂ¨�÷ ý�úó�ÂÚµ÷� °Æ�Â� �î üã���� �� ´¨� �¥� ,ü��� ��ÖµÈõ�� â��¤ Ý�÷��µ� Àþ�� «�Ê¿� .Ý��î �ãó�Îõ �¤ À÷�ùÀª ÓþÂã�ßþ� ¤¢ .Ý��î ¶½� �ú÷� ýÂþÁ³ó�ÂÚµ÷� ø ýÂþÁ�ÕµÈõ ,üÚµ¨���.¢�ªüõ Ýû�Âê Ýúõ ßþ� ý�Â� �¥� ¤���� Ç¿�ø üú� Â�è S ⊆ R À��î ­Âê .1 ÓþÂã� 1.4.7
f(t, x) À��î ­Âê .[a;∞) × S = {(t, x) | a ≤ t, x ∈ S}ý� x ∈ S Âû Ǒ�¥�� ø ¢¢Âðüõ ÓþÂã� [a;∞)×S Â� �î ´¨� üã���¤¢ .Àª�� �ÂÚÞû F (x) =

∫∞
a
f(t, x) dt ñø� á�÷ ùÂ¨�÷ ñ�ÂÚµ÷��ÂÚÞû F (x) �� ÛØÈØþ ¤�Î� ∫ ∞

a

f(t, x) dt Ý���ðüõ ü�¤�¬�î´¨�
∀ǫ ∃b0 ≥ a ∀b ≥ b0 ∀x ∈ S :

∣
∣
∣
∣
∣
F (x) −

∫ b

a

f(t, x)dt

∣
∣
∣
∣
∣
< ǫÝ�Æþ�÷üõ ´ó�� ßþ� ¤¢

∫ ∞

a

f(t, x)dt
ý
= F (x)ø ´¨� üú� Â�è S ⊆ R À��î ­Âê .2 ÓþÂã� 2.4.7üã��� f(t, x) À��î ­Âê .(a; b]× S = {(t, x) | a < t, x ∈ S}ñ�ÂÚµ÷� ý� x ∈ S Âû Ǒ�¥�� ø ¢¢Âðüõ ÓþÂã� (a; b]×S Â� �î ´¨�Ý���ðüõ ü�¤�¬ ¤¢ .Àª�� �ÂÚÞû F (x) =

∫ b

a
f(t, x) dt �ø¢ á�÷�î ´¨� �ÂÚÞû F (x) �� ÛØÈØþ ¤�Î� ∫ b

a

f(t, x)dt

∀ǫ ∃c0 ∈ (a; b) ∀c ∈ (a; c0) ∀x ∈ S :
∣
∣
∣
∣
∣
F (x) −

∫ b

a

f(t, x)dt

∣
∣
∣
∣
∣
< ǫÝ�Æþ�÷üõ ´ó�� ßþ� ¤¢

∫ b

a

f(t, x)dt
ý
= F (x)Âþ¥ S À��î ­Âê .1 §�ÂµªÂþ�ø-M ö�õ¥� 3.4.7.´¨� [a;∞) × S Â� üã��� f(t, x) ø R ¥� üú� Â�è ý��ä�Þ¹õ´¨� ÂþÁ³ó�ÂÚµ÷� [a;∞) Â� f(t, x) ý� x ∈ S Âû Ǒ�¥�� À��î ­Âê�î ¢¤�¢ ¢��ø [a;∞) Â� M(t) üã��� ø.|f(t, x)| ≤M(t) ý� (t, x) ∈ [a;∞) × S Âû Ǒ�¥�� (Óó�.´¨� �ÂÚÞû ∫ ∞

a

M(t) dt (�.´¨� ÛØÈØþ ý�ÂÚÞû S Â� ∫ ∞

a

f(t, x) dt ,�¤�¬ ßþ� ¤¢

=

∫ x0 (1− sin2 x) cosxdx

= sinx− sin3 x3 ∈ [−2;2]

g′(x) = −x(1+ x2)−3/2 < 0
lim
x→∞

g(x) = lim
x→∞

1
√1+ x2 = 0.´¨� �ÂÚÞû ∫ ∞0 cos3 x

√1+ x2 dx ùÂ¨�÷ ñ�ÂÚµ÷� ,�¹�µ÷ ¤¢?�Â� .´Æ�÷ ÕÜÎõ ý�ÂÚÞû ,ñ�ÂÚµ÷� ßþ�?´¨� ¯øÂÈõ ý�ÂÚÞû ∫ ∞0 sin(x2) dx �þ� (3 ñ�·õ´ª�÷ ö���üõ ,x =
√
x­Âê �� �Âþ¥ ,�Ü� .Û�

∫ ∞0 sin(x2) dx =

∫ ∞0 sin t√
t
dt­Âê �� ö��î�

f(t) = sin t , g(t) =
1√
t.´¨� �ÂÚÞû ∫ ∞0 sin(x2) dx �î ÝþÂ�ðüõ �¹�µ÷ 4.3.7 �b �Ìì ¥�?�Â� .´Æ�÷ ÕÜÎõ ý�ÂÚÞû ñ�ÂÚµ÷� ßþ�ý�¥� �� ∫ ∞0 e−ax

sinx

x
dx ñ�ÂÚµ÷� �î À�û¢ ö�È÷ (4 ñ�·õ.´¨� �ÂÚÞû a > 0üóø�÷ ø ¤�À÷�Âî ��®ø �� �î g(x) = e−ax Ý��î ­Âê .Û�ù�Ú÷� ,f(x) = sinx/x �î ¢�ª ­Âê Âð� ,ùø�ã� .´¨��b �Ìì ����� ,ö��î� .´¨� �ÂÚÞû ∫ ∞

a

f(x) dx =

∫ ∞0 sinx

x
dx.´¨� �ÂÚÞû ��÷ ∫ ∞

a

f(x)g(x) dx =

∫ ∞0 e−ax
sinx

x
dx Û��ñ�ÂÚµ÷� �þ� �î À��î É¿Èõ ¢¤�õ Âû ¤¢ .ßþÂÞ� 7.3.7�þ ´¨� ¯øÂÈõ ý�ÂÚÞû �þ ø ÕÜÎõ ý�ÂÚÞû ,�ÂÚÞû ùÀª ù¢�¢:Â�¡1)

∫ ∞0 x cosx1+ x2 dx, 2)

∫ ∞2 sinx

x(x2 − 1)
dx,3)

∫ ∞0 cosx
√1+ x3 dx, 4)

∫ ∞0 x sinx1+ x2 dx,5)

∫ ∞0 sinx

e2x − 1 dx, 6)

∫ ∞

−∞

cosx1− x2 dx,7)

∫ ∞0 cosx2 dx, 8)

∫ ∞1 xp sinxdx,9)

∫ 10 xp(lnx)q dx, 10)

∫ ∞0 xp(e−x − 1) dx.142



Âµõ�¤�� �� �µÆ��ø ùÂ¨�÷ ý�úó�ÂÚµ÷� 4.7 ùÂ¨�÷ ñ�ÂÚµ÷� 7 ÛÊê�µ¨��� S Â� F �¤�¬ ßþ� ¤¢ .´¨� ÛØÈØþ ý�ÂÚÞû F (x) ��.´¨�Â� �î ´¨� üã��� f(t, x) À��î ­Âê .��Ìì 7.4.7Ǒ�¥�� ∫ ∞

a

f(t, x) dt ñ�ÂÚµ÷� ø ¢�ªüõ ÓþÂã� [a;∞) × [c; d]­Âê ùø�ã� .´¨� ý��ÎÖ÷ ý�ÂÚÞû F (x) �� x ∈ [c; d] Âû´¨� �µ¨��� [a;∞) × [c; d] Â� ∂
∂xf(t, x) ü��� ÕµÈõ �î À��îÛØÈØþ �¤�¬ �� [c; d] Â� ∫ ∞

a

∂

∂x
f(t, x) dt ùÂ¨�÷ ñ�ÂÚµ÷� øø ´¨� ÂþÁ�Û�Æ÷�ÂÔþ¢ [c; d] Â� F �¤�¬ ßþ� ¤¢ .´¨� �ÂÚÞûý�úó�ÂÚµ÷� ý�Â� üú��Èõ ÝØ� .F ′(x) =

∫∞
a

∂
∂xf(t, x) dt.´¨� ¤�ÂìÂ� �ø¢ á�÷ ùÂ¨�÷:ù��¿ó¢ x ø 0 < r Ǒ�¥�� �î À��î­Âê (1 .ñ�·õ 8.4.7

F (x) =

∫ ∞0 e−rt sin(xt)

t
dt.À����� �¤ F (x) �bÎ��® 7.4.7 ¥� ù¢�Ôµ¨� ��ý� x 6= 0 Âû Ǒ�¥�� �î Ý��îüõ ���� ¤�Ñ�õ ßþ� ý�Â� .Û�

lim
t→0 f(t, x) = lim

t→0 e−rt sin(xt)

t

= e0x lim
t→0 sin(xt)

xt
= xñ�ÂÚµ÷� ×þ F (x) Å� ,f(t, x) = 0 ù�Ú÷� ,x = 0 Âð� ��÷ ø­Âê �� ùø�ã� .¢¤�À÷ üÜØÈõ t = 0 ¤¢ ø ´¨� ñø� á�÷ ¥� ùÂ¨�÷�î ÝþÂ�ðüõ �¹�µ÷ ,K = max {|c|, |d|} �î M(t) = Ke−rtý� t ≥ 0 Âû Ǒ�¥��

f(t, x) =

∣
∣
∣
∣

e−rt sin(xt)

t

∣
∣
∣
∣

= |x|e−rt
∣
∣
∣
∣

sinxt

xt

∣
∣
∣
∣

≤ ke−rt = M(t)-M ö�õ¥� ¥� ,´¨� �ÂÚÞû k/r �� ∫ ∞0 M(x) dt ,ùø�ã��� [c; d] Â� ∫ ∞0 e−rt sinxt

t dt
�î ÝþÂ�ðüõ �¹�µ÷ §�ÂµªÂþ�ø.´¨� �ÂÚÞû F (x) �� ÛØÈØþ �¤�¬¥� ø ´¨� �µ¨��� [c; d] Â� F �î ÝþÂ�ðüõ �¹�µ÷ 6.4.7 ¥�´±Æ÷ e−rt sin(xt)

t
ü��� ÕµÈõ ö�� �î ÝþÂ�ðüõ �¹�µ÷ 7.4.7�� R Â� ∫ ∞0 e−rt cos(xt) dt ø ´¨� e−rt cosxt Â��Â� x ��Ýþ¤�¢ R Â� Å� ,(?�Â�) ´¨� ÛØÈØþ ý�ÂÚÞû r/(r2 + x2)

F ′(x) =

∫ ∞0 e−rt cos(xt) dt

=
r

r2 + x2

Âþ¥ S À��î ­Âê .2 §�ÂµªÂþ�ø-M ö�õ¥� 4.4.7
(a; b] × S Â� üã��� f(t, x) ø ´¨� R ¥� üú� Â�è ý��ä�Þ¹õÂþÁ³ó�ÂÚµ÷� (a; b] Â� f(t, x) ý� x ∈ S Âû Ǒ�¥�� À��î ­Âê .´¨��î ¢¤�¢ ¢��ø (a; b] Â� M(t) â��� ø ´¨�.|f(t, x)| ≤M(t) ý� (t, x) ∈ (a; b] × S Âû Ǒ�¥�� (Óó�.´¨� �ÂÚÞû ∫ b

a

M(t)dt (�.´¨� ÛØÈØþ ý�ÂÚÞû S Â� ∫ b

a

f(t, x) dt ,�¤�¬ ßþ� ¤¢
∫ ∞1 tx−1e−t dt ñ�ÂÚµ÷� �î À�û¢ ö�È÷ (1 .ñ�·õ 5.4.7.´¨� ÛØÈØþ ý�ÂÚÞû [c; d] ⊆ (0;∞) �b µÆ� ùb¥�� Âû Â�­Âê �� ù�Ú÷� ,1 ≤ t ø 0 < c ≤ x ≤ d Âð� .Û��Ø�þ� �� ���� �� ø 3.4.7 ¤¢ M(t) = td−1e−t

f(t, x) = tx−1e−t
≤ td−1e−t = M(t)

∫ ∞1 M(t)dt =

∫ ∞1 td−1e−t dt
S = [c; d] Â� f ñ�ÂÚµ÷� �î ÝþÂ�ðüõ �¹�µ÷ ,(?�Â�) ´¨� �ÂÚÞû.´¨� ÛØÈØþ ý�ÂÚÞûñ�ÂÚµ÷� ù�Ú÷� ,0 < a Âð� �î À�û¢ ö�È÷ (2 ñ�·õý�ÂÚÞû [a;∞) Â� ý� k ∈ N Âû Ǒ�¥�� ∫ ∞0 (x2 + t2)−k dt.´¨� ÛØÈØþø M(t) = (a2 + t2)−k Ý��îüõ ­Âê 3.4.7 ¤¢ .Û�¢�ªüõ �¹�µ÷ 0 < a ≤ x ¥� ö�� ,�¤�¬ ßþ� ¤¢ .S = [a;∞)Ýþ¤�¢ S Â� Å� ,a2 + t2 ≤ x2 + t2

f(t, x) = (x2 + t2)−k
≤ (a2 + t2)−k = M(t)�Âþ¥ ,´¨� �ÂÚÞû ∫ ∞0 M(t)dt =

∫ ∞0 (a2 + t2)−k dt ùø�ã� ø
∫ ∞0 (a2 + t2)−kdt ≤

∫ ∞0 (a2 + t2)−1 dt
= lim

b→∞

[1
a

arctan

(
t

a

)]b0 =
π2a.À�µÆû ¤�ÂìÂ� 3.4.7 Íþ�Âª �Áó¥� üú� Â�è ý��ä�Þ¹õ Âþ¥ S À��î ­Âê .��Ìì 6.4.7ø ´¨� [a;∞) × S �bä�Þ¹õ Â� �µ¨��� üã��� f(t, x) ø ´¨� Rßþ� ¤¢ .´¨� ÛØÈØþ ý�ÂÚÞû F (x) �� S Â� ∫ ∞

a

f(t, x) dt.´¨� �µ¨��� S Â� F �¤�¬
f(t, x) ø ´¨� R ¥� üú� Â�è ý��ä�Þ¹õ Âþ¥ S À��î ­Âê
S Â� ∫ b

a

f(t, x) dt ø ´¨� [a; b] × S �bä�Þ¹õ Â� �µ¨��� üã���143



ùÂ¨�÷ ñ�ÂÚµ÷� 7 ÛÊê Âµõ�¤�� �� �µÆ��ø ùÂ¨�÷ ý�úó�ÂÚµ÷� 4.7Ý��îüõ ­Âê ¤�Ñ�õ ßþ� ý�Â� .Û�
F (x) =

∫ ∞0 1− e−xt

t
cos t dt­Âê �� �Âþ¥ ,´¨� �ÂÚÞû ´¨�¤ ´Þ¨ ñ�ÂÚµ÷�

f(t) =
1
t

(1− e−xt
)
cos t , g(t) = e−xt cos t�Ø�þ� �� ���� �� ø ´±Æ÷ ýÀ� ö�õ¥� ¤¢

lim
t→∞

f(x)

g(x)
= lim

t→∞
ext − 1

tû
= lim

t→∞
xext1 = ∞�¹�µ÷ ö� üþ�ÂÚÞû ,∫ ∞0 g(t)dt =

∫ ∞0 e−xt cos t dt ø.¢¢Âðüõü��� ÕµÈõ �Ø�þ� ø 7.4.7 �b �Ìì ×Þî �� ßþ�Â����,Àª��üõ e−xt cos t �� Â��Â� x �� ´±Æ÷ 1
t

(1− e−xt
)
cos tÝþ¤�¢

F ′(x) =

∫ ∞0 e−xt cos tdt

=
x

x2 + 1 �¹�µ÷ ¤¢
F (x) = F (x) − F (0)

=

∫ x0 x

x2 + 1 dx
=

12 ln
(

x2 + 1) ßþ�Â���� ø
∫ ∞0 e−bx − e−ax

x
cosxdx = F (b) − F (a)

=
12 ln

(

b2 + 1
a2 + 1)ñ�ÂÚµ÷� ¤�ÀÖõ ,a > 0 À��î ­Âê (4 ñ�·õ

Ia,b :=

∫ ∞0 e−ax
sin(bx)

x
dx�¹�µ÷ Å³¨ ø ù¢Âî �±¨�½õ b ø a ÓÜµ¿õ Âþ¢�Öõ ý�¥� �� �¤ý� b Âû ý�¥� �� �î ÀþÂ�Ú�

∫ ∞0 sin(bx)

x
dx = sgn(b)

π2

Ýþ¤�¢ ,F (0) = 0 ö�� ,�¹�µ÷ ¤¢
F (x) = f(x) − F (0)

=

∫ x0 F ′(u) du

=

∫ x0 r

r2 + x2 duý� r > 0Âû ý�¥� �� �î Àª ´��� ,ßþ�Â���� ø
∫ ∞0 e−rt sin(xt)

t
dt = arctan

(x

r

)

.ÓþÂã� Γ(x) =

∫ ∞0 tx−1e−t dt �¤�¬ �� �õ�ð â��� (2 ñ�·õ�î (ùÀ�÷��¡ ùbÀúä �� ßþÂÞ�) ¢�ªüõ ´��� .x > 0 �î ,¢¢Âðüõ.´¨� ÛØÈØþ ý�ÂÚÞû [c; d] ⊆ (0;∞) �b µÆ� ùb¥�� Âû Â� Γ(x)Ýþ¤�¢ Ǒ�� �� Ǒ�� ©ø¤ ¥� ù¢�Ôµ¨� �� ø ù��¿ó¢ x > 0 Ǒ�¥�� ,ùø�ã�
Γ(x+ 1) = lim

b→∞

∫ b0 txe−tdt

= lim
b→∞

{

[
−txe−t

]b0 + x

∫ b0 tx−1e−t dt}
= lim

b→∞

bx

eb
+ x lim

b→∞

∫ b0 tx−1e−tdt
= 0+ x

∫ ∞0 tx−1e−tdt
= x Γ(x)ÝþÂ�ðüõ �¹�µ÷ ,Γ(1) =

∫∞0 e−tdt = 1 �� ���� �� Å�
Γ(1) = 1,
Γ(2) = 1× Γ(1) = 1,
Γ(3) = 2× Γ(2) = 2, · · ·.Γ(n+ 1) = n! Ýþ¤�¢ n ∈ N Ǒ�¥�� ,á�Þ¹õ ¤¢ ø(ùÀ�÷��¡ ùbÀúä Â� ßþÂÞ� ö���ä ��) ¢�ªüõ ù¢�¢ ö�È÷�� Γ(x) ÕµÈõ [c; d] ⊆ (0;∞) �b µÆ� ùb¥�� Âû Â� �î���Èõ �¤�¬ �� .´¨� ÛØÈØþ ý�ÂÚÞû ∫ ∞0 tx−1e−t ln t dt

Γ(k)(x) =

∫ ∞0 tx−1e−t (ln t)k dtù�Ú÷� ,u =
√
t Âð� �î ¢�ªüõ ù¢�¢ ö�È÷ �ø¢ ÀÜ� ¤¢

Γ

(12) =

∫ ∞0 t−1/2e−t dt
= 2 ∫ ∞0 e−u

2
du =

√
πý� a, b ∈ [0;∞) Âû Ǒ�¥�� �î À��î ´��� (3 ñ�·õ

∫ ∞0 e−bx − e−ax

x
cosxdx =

12 ln

(1+ a21+ b2)144



Âµõ�¤�� �� �µÆ��ø ùÂ¨�÷ ý�úó�ÂÚµ÷� 4.7 ùÂ¨�÷ ñ�ÂÚµ÷� 7 ÛÊê��� ,�¹�µ÷ ¤¢ ø À�µ±·õ ø¢ Âû a − b ø a + b ù�Ú÷� ,a > b Âð�Ýþ¤�¢ Û±ì ñ�·õ ÝØ� ��
Ia,b =

12 ∫ ∞0 sin(a+ b)x

x
dx

+
12 ∫ ∞0 sin(a− b)x

x
dx

=
12 π2 +

12 π2 =
π2 ù�Ú÷� ,a = b Âð� �õ�

Ia,a =
12 ∫ ∞0 sin(2a)x

x
dx

=
12 π2 =

π4�¹�µ÷ ¤¢ ,a− b < 0 ø a+ b > 0 ù�Ú÷� ,a < b Âð� ùÂ¡��� ø
Ia,b =

12 ∫ ∞0 sin(a+ b)x

x
dx

+
12 ∫ ∞0 sin(a− b)x

x
dx

=
12 π2 − 12 π2 = 0�î Àþ¢Âð ��±�� ,á�Þ¹õ ¤¢ Å�

Ia,b =







0 0 < |a| < |b| Âð�
sgn(a)

π2 0 < |b| < |a| Âð�
sgn(a)

π4 0 < |a| = |b| Âð�0 a = 0 Âð�
= sgn(a)

π2(1+ sgn(|a| − |b|)
)

.ßþÂÞ� 9.4.7ñ�ÂÚµ÷� ù�Ú÷� ,0 < a ø 0 ≤ k Âð� �î À�û¢ ö�È÷ (1.´¨� ÛØÈØþ ý�ÂÚÞû [a;∞) Â� ∫ ∞0 tke−xtdt.F (x) =

∫ ∞0 t−2(1−e−xt)2dt À��î­Âê 0 ≤ x Ǒ�¥�� (2.À����� �¤ F (x) �bÎ��® ,ù¢Âî ÛÞä 8.4.7 ñ�·õ ���ÈõÛØÈØþ ý�ÂÚÞû R Â� ∫ ∞0 cos(xt)1+ t2 dt �î À��î ´��� (3.´¨��Ø�þ� �� ���� �� ø 8.4.7 ¤¢ �øÂÈõ ©ø¤ �� (4:À��î ´��� ,∫ ∞0 e−x sinxt dx = t/(t2 + 1)
∫ ∞0 e−x(1− cosxy)

x
dx = ln

(√1+ y2)

�� ´±Æ÷ Ia,b ,´¨� �µ¨��� b �� ´±Æ÷ e−ax sin(bx)

x
ö�� .Û��¹�µ÷ ¤¢ ø ´¨� ÂþÁ³ÖµÈõ

dIa,b
dt

=

∫ ∞0 xe−ax
cos(bx)

x
dx

=

∫ ∞0 e−ax cos(bx) dx

(1)
=

[

e−ax
sin(bx)

b

]∞0 +
b

a

∫ ∞0 e−ax sin(bx) dx

(1)
= 0+

{[

−e−ax cos(bx)

b

]∞0
− b

a

∫ ∞0 e−ax cos(bx) dx

}

=
a

b2 − a2
b2 ∫ ∞0 e−ax cos(bx) dx

=
a

b2 − a2
b2 dIa,bdt¤¢ .´¨� ùÀª ù¢�Ôµ¨� Ǒ�� �� Ǒ�� ©ø¤ ¥� (2) ø (1) ¤¢ �î,�¹�µ÷

dIa,b
dt

=
a

a2 + b2 ßþ�Â���� ø
Ia,b = arctan

(
b

a

)

+ C,Ia,0 = 0 Ýþ¤�¢ b = 0 ý�¥� �� ö�� .´¨� ´��� ý¢Àä C �î.Ia,b = arctan(b/a) �¹�µ÷ ¤¢ ø C = 0 ßþ�Â����ßþ�Â���� ø sgn(b) = 0 �î ´¨� üúþÀ� ù�Ú÷�, b = 0 Âð�ö�� ùø�ã� .´¨� ¤�ÂìÂ� ∫ ∞0 sin(bx)

x
dx = sgn(b)

π2 ýø�Æ�ý�Â� �¤ ÝØ� ´¨� üê�î ,´¨� ¢Âê b �� ´±Æ÷ ∫ ∞0 sin(bx)

x
dx�¤�±ä ß�êÂÏ ¥� ´¨� üê�î ,¢¤�õ ßþ� ¤¢ .Ý��î ´��� b > 0�î ßþ� �¹�µ÷ .ÝþÂ�Ú� À� a = 0+ ¤¢ ùÀõ� ´¨À�

∫ ∞0 sin(bx)

x
dx = I0,b = lim

a→0+
Ia,b

= lim
a→0+

arctan

(
b

a

)

=
π2ý�¥� �� �¤ Ia,b :=

∫ ∞0 sin(ax) cos(bx)

x
dx ¤�ÀÖõ (5 ñ�·õ.À��î �±¨�½õ b ø aÓÜµ¿õ Âþ¢�Öõ�î ¢�ª ���� .Û�

Ia,b =
12 ∫ ∞0 {

sin(a+ b)x

x
+

sin(a− b)x

x

}

dx

Ia,b ö�� .a < b ø a = b ,a > b :ÝþÂ�ðüõ ÂÑ÷ ¤¢ ´ó�� �¨.a > 0 Ý��îüõ­Âê �fµì�õ ,´¨� ¢Âê a �� ´±Æ÷145
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∫ π/20 sinp x cosq xdx =
12B

(
p+ 12 ,

q + 12 )

,26) B(p, q) = B(p+ 1, q) + B(p, q + 1),27) B(p, q) =
p+ q

p
B(p, q + 1),28) B(p, q) =

q − 1
p

B(p+ 1, q − 1),29) B(p, q)B(p+ q, r) = B(q, r)B(p, q + r).�î À�û¢ ö�È÷ x =
11+ y

Â�çµõ Â��ç� �� (30
B(p, q) =

∫ ∞0 xp−1 dx
(1+ x)p+qù�Ú÷� ,À�ª�� ´±·õ ¢�Àä� b ø a Âð� �î À��î ´��� (31

∫ ∞0 arctan(ax) − arctan(bx)

x2 dx =
π2 ln

(
(a+ b)a+b

abba

)ý� m > 0 Âû ý�¥� �� �î À�û¢ ö�È÷ (32.∫ ∞0 1− cos(mx)

x
e−x dx =

12 ln(1+m2).∫ 10 xn − 1
lnx

dx = ln(n+ 1) À��î ´��� (33
∫ ∞0 dx

(x2 + a)n+1 = À��î ´��� (34
π2 1× 3× · · · × (2n− 1)2nn!an+1/2.∫ ∞0 xne−ax dx =

n!

an+1 À��î ´��� (35À��î ´��� (36∫ ∞0 cos(mx)1+ x2 dx =

∫ ∞0 x sin(mx)1+ x2 dx =
π2e−m�î �µ� ��÷ ø Àþ¢Âð ÓþÂã� 8.4.7 ¤¢ �î �õ�ð â��� ×Þî ��öøÀ� �¤ ý¤��Æ� ùbÀ�»�� ý�úó�ÂÚµ÷� ,Àª ÓþÂã� 9.4.7 ßþÂÞ� ¤¢���� Âþ¥ ¢¤��õ �� .¢�Þ÷ �±¨�½õ ö���üõ ,¢�þ¥ ö�À�� �b ±¨�½õ:À��î�¤ ∫ ∞0 x4(1+ x5)

(1+ x)15 dx ¤�ÀÖõ (1 .ñ�·õ 10.4.7.À��î �±¨�½õÝþ¤�¢ 9.4.7 ¥� 30 ßþÂÞ� ×Þî �� .Û�
∫ ∞0 x4(1+ x5)

(1+ x)15 dx =

=

∫ ∞0 x10−1
(1+ x)10+5 dx+

∫ ∞0 x5−1
(1+ x)5+10 dx

= B(10,5) + B(5,10)

= 2B(5,10)

= 2Γ(5) Γ(10)

Γ(15)

= 2 4× 3× 2× 114× 13× 12× 11× 10

:À��î ´��� 8.4.7 ¤¢ �øÂÈõ ©ø¤ �� (5
∫ ∞0 e−x

2 sin(xy)

x
dx =

√
π

∫ y0 e−t
2
dtß�¨��� À�÷��¿�) L{f(t)} =

∫ ∞0 e−stf(t)dt À��î ­Âêù�Ú÷� ,s > 0 Âð� �î À��î ´��� �¤�¬ ßþ� ¤¢ .(f(t)6) L{1} =
1
s
, (s > 0)7) L{t} =

1
s2 , (s > 0)8) L

{
tk
}

=
k!

sk+1 , (k ∈ N, s > 0)9) L
{
ect
}

=
1

s− c
, (s > c)10) L

{
tect
}

=
1

(s− c)2 , (s > c)11) L
{ 1√

t

}

= Γ

(12) ,12) L{sin(at)} =
a

s2 + a2 ,13) L{cos(at)} =
s

s2 + a2 ,14) L{sinh(at)} =
a

s2 − a2 , (s > |a|)15) L{cosh(at)} =
s

s2 − a2 . (s > |a|):ù�Ú÷� ,F (s) = L{f(t)} Âð� �î À��î ´���16) L
{
e−ctf(t)

}
= F (s+ c),17) L{f(t− c)} = e−csF (s),18) L{f(ct)} =
1
c
F
(s

c

)

,19) L{f ′(t)} = sF (s) − f(0).ý� t > 0 Âû ý�¥� �� �î À�û¢ ö�È÷ (20
Γ(t) =

∫ 10 {

ln

(1
t

)}

dtý� k ∈ N Âû ý�¥� �� �î À�û¢ ö�È÷ (21
Γ(k)(x) =

∫ ∞0 tx−1e−t (ln t)k dtÛØª �� �¤ q ø p ý�µ� ,0 < q ø 0 < p ý�¥� �� À��î ­Âê�¤�¬ ßþ� ¤¢ .Ý��î ÓþÂã� B(p, q) =
∫ 10 xp−1(1− x)q−1 dx�î À�û¢ ö�È÷22) B(p, q) =

Γ(p)Γ(q)

Γ(p+ q)
,23)

∫ π/20 sinp xdx =
12B

(
p+ 12 ,

12) ,24)

∫ π/20 cosp xdx =
12B

(
p+ 12 ,

12) ,146



Û³�õ ¥� ù¢�Ôµ¨� 5.7 ùÂ¨�÷ ñ�ÂÚµ÷� 7 ÛÊêø Àª�� ÂÔ¬ Óó�¿õ ý¢Àä n À��î ­Âê (5 ñ�·õ
Im,n,p :=

∫ 10 xm(1− xn)p dx.À����� �¤ Im,n,p ¤�ÀÖõ�¤�¬ ßþ� ¤¢ ,xn = y Ý��î ­Âê .Û�
Im,n,p =

∫ 10 xm−n+1(1− xn)p(xn−1 dx)
=

1
n

∫ 10 y(m−n+1)/n(1− y)p dy

=
1
n

∫ 10 y(m+1)/n−1(1− y)(p+1)−1 dy
=

1
n

B

(
m+ 1
n

, p+ 1):À�û¢ ö�È÷ �¤ Âþ¥ ý�úþø�Æ� ¥� ×þ Âû .ßþÂÞ� 11.4.7. ∫ 10 dx
√1− x8 =

√28√πΓ2(14) (1. ∫ π/20 sin2m−1 θ cos2n−1 θ dθ
(a sin2 θ + b cos2 θ)m+n

=
Γ(n)Γ(m)2ambnΓ(n+m)

(2
∫ ∞0 xm−1(1−xa)n dx = an

n!

m(m+ a) · · · (m+ an)
(3.¢�ª ù¢�Ôµ¨� y = xa Â�çµõ Â��ç� ¥� :üþ�Þ�û�¤ .:üþ�Þ�û�¤ . ∫ ∞0 xme−n

2x2 dx =
12nm+1Γ

(
m+ 12 ) (4.¢�ª ù¢�Ôµ¨� y = n2x2 Â�çµõ Â��ç� ¥�.∫ ∞0 x4(1+ x5)

(1+ x)15 dx = 0 (5Û³�õ ¥� ù¢�Ôµ¨� 5.7´½� Ç¿� �� ,Û³�õ ¤��ê� �Â÷ ¥� ù¢�Ôµ¨� ��õÀÖõ ùbÀû�Èõ ý�Â�.¢�ª �ã��Âõ ×þ ÛÊê ¥� ��÷ ß�Þûø limit ��¤�µ¨¢ ×Þî �� .ÓþÂã� �� �±¨�½õ 1.5.7ý�úó�ÂÚµ÷� ø ù¢�Þ÷ ù¢�Ôµ¨� ùÂ¨�÷ ñ�ÂÚµ÷� ÓþÂã� ¥� ö���üõ int:¢�Þ÷ Û� �¤ ý¤��Æ�
F := b− > int(f(x), x = a..b)

Û³�õ
−−−−→

F (b)=

∫ b

a

f(x)dx

limit(F(x), x = infinity)
Û³�õ

−−−−→ lim
b→∞

F(b) �÷�Þ÷ ý�Â�

=
15005¤¢ ,À�ª�� ´±·õ üÖ�Ö� ¢�Àä� n ø m À��î ­Âê (2 ñ�·õ�¤ Im,n :=

∫ 10 xm−1 + xn−1
(1+ x)m+n

dx ñ�ÂÚµ÷� ¤�ÀÖõ �¤�¬ ßþ�.À��î �±¨�½õÝþ¤�¢ y = 1/x­Âê �� .Û�
Im,n =

∫ 10 xm−1
(1+ x)m+n

dx+

∫ 10 xn−1
(1+ x)m+n

dx

=

∫ 10 xm−1
(1+ x)m+n

dx+

∫ ∞1 ym−1
(1+ y)m+n

dy

=

∫ ∞0 xm−1
(1+ x)m+n

dx

= B(m,n)ñ�ÂÚµ÷� ¤�ÀÖõ ,Àª�� ´±·õ ý¢Àä n �î ü�¤�¬ ¤¢ (3 ñ�·õ.À��î �±¨�½õ �¤ In :=

∫ 10 dx√1− xnÝþ¤�¢ xn = sin2 θ Â�çµõ Â��ç� �� .Û�
In =

∫ 10 dx√1− xn

=
2
n

∫ π/20 sin2/n−1 θ cos θ

cos θ
dθ

=
2
n

∫ π/20 sin2/n−1 θ dθ
(1)
=

2
n

Γ
(1
n

)

Γ
(12)2Γ

(1
n + 12).´¨� ùÀª ù¢�Ôµ¨� 9.4.7 ¥� 25 ßþÂÞ� ¥� (1) ¤¢ �îý¢�Àä� q ø p ø ù��¿ó¢ ¢�Àä� b ø a �î ü�¤�¬ ¤¢ (4 ñ�·õ�±¨�½õ �¤ ∫ b

a

(x − a)p(b − x)q dx ñ�ÂÚµ÷� ¤�ÀÖõ ,À�ª�� ´±·õ.À��î�¤�¬ ßþ� ¤¢ ,x = a cos2 θ + b sin2 θ Ý��î ­Âê .Û�
∫ b

a

(x− a)p(b − x)q dx =

=

∫ π/20 (b− a)p sin2p θ (b− a)q

cos2q θ2(b − a) sin θ cos θ dθ

= 2(b − a)p+q+1 ∫ π/20 sin2p+1 θ cos2q+1 θ dθ
(1)
= 2(b − a)p+q+1Γ(p+ 1)Γ(q + 1)2Γ(p+ q + 2)

= (b − a)p+q+1B(p+ 1, q + 1).´¨� ùÀª ù¢�Ôµ¨� 9.4.7 ¥� 25 ßþÂÞ� ¥� (1) ¤¢ �î147



ùÂ¨�÷ ñ�ÂÚµ÷� 7 ÛÊê Û³�õ ¥� ù¢�Ôµ¨� 5.7ù¢�Ôµ¨� evalf ¤�µ¨¢ ¥� ý¢¤��õ ß��� ¤¢ .À÷�¢Âðüõ Â� �f��ä �¤ ö��÷�Þ÷ ý�Â� .À�î �±¨�½õ �¤ ö� ü±þÂÖ� ¤�ÀÖõ �� À��î
int(cos(x ∧ 2), x = 0..infinity)

Û³�õ
−−−−→ 1

4

√
2
√
π

int(x ∧ 2sin(x ∧ 3), x = 1..infinity)
Û³�õ

−−−−→
∫ +∞

1

x2 sin

(
1

x4

)

dx

evalf(%)
Û³�õ

−−−−→ 0.9819638240"Û±ì Í¡ �b¹�µ÷' ü�ãõ �� % ,Û³�õ Í�½õ ¤¢ �Ø�þ� ¼�®��.´¨�üµ÷Âµ�þ� §¤¢� ¤¢ . 3.5.7
http://webpages.iust.ac.ir/m_nadjafikhah/r1.html.´¨� ùÀª ù¢¤ø� ���õ¥ ßþ� ¤¢ ÂµÈ�� â���õ ø �úó�·õ

F := b− > int(1/(x ∧ 3 + 1)(x), x = 0..b)
Û³�õ

−−−−→

F(b) =

∫ b

0

1

1 + x3
dx

F(b)
Û³�õ

−−−−→16 ln

∣
∣
∣
∣
∣

b2 − b+ 1
b2 + 2b+ 1 ∣∣∣∣∣ +

13√3 arctan

(13√3(2b − 1)

)

+

π18√3
limit(F(x), x = infinity)

Û³�õ
−−−−→ 2

9
π
√

3�b �õ�¢ ý�¤�¢ Û³�õ .¤�ÀÖõ ß��ã� �� �±¨�½õ 2.5.7ß��ã� �¤ ùÂ¨�÷ ý�úó�ÂÚµ÷� À÷���üõ �î ´¨� ��¤�µ¨¢ ¥� üã�¨øý�úó�ÂÚµ÷� üµ��¤ �� int ¤�µ¨¢ �� ö���üõ ßþ�Â���� À�î ¤�ÀÖõ,À�î Û� �¤ üó�ÂÚµ÷� À÷��µ÷ Û³�õ �»÷��� .¢�Þ÷ �±¨�½õ �¤ ùÂ¨�÷

148



8 ÛÊê
ý¢Àä ýÂ¨ ø �ó�±÷¢ý� n ≥ 2 Âû Ǒ�¥� �� ø x0 = x1 = 1 :ü��÷�±�ê �b ó�±÷¢ (5 ñ�·õ.xn = xn−1 + xn−2,x3 = 4 ,x2 = 1 ,x1 = 3 :π ¢Àä ��ì¤� �b ó�±÷¢ (6 ñ�·õ. . . ø x6 = 9 ,x5 = 5 ,x4 = 1.´¨� �ó�±÷¢ {xn}∞n=a À��î ­Âê .ÓþÂã� 3.1.8ø ´¨� ℓ ¢Àä Â��Â� ø ¢���õ �ó�±÷¢ À� Ý���ðüõ ü�¤�¬ ¤¢�î lim
n→∞

xn = ℓ Ý�Æþ�÷üõ
∀ε ∃N ∀n (n > N ⇒ |xn − ℓ| < ε)´¨� �ÂÚÞû ℓ ¢Àä �� {xn}∞n=a �b ó�±÷¢ ü�¤�¬ ¤¢ ,ÂÚþ¢ ö��� ��

ℓ �� xn �b Ü¬�ê ´±ì�ä ý� ε > 0 Âû Ǒ�¥� �� �î (À�îüõ Û�õ ,�þ)�î ý��ó�±÷¢ .(|xn− ℓ| < ε Àã� �� ý� n ¥� ,ü�ãþ) ¢�ª ε ¥� ÂµÞî.Ý�õ�÷üõ �Âð�ø ,Àª�±÷ �ÂÚÞû
{1/2n}∞n=0 �b ó�±÷¢ �î À�û¢ ö�È÷ (1 .ñ�·õ 4.1.8. lim

n→∞
1/2n = 0 :´¨� �ÂÚÞû ÂÔ¬ ��

− log2 ε < n �þ 1/ε < 2n ü�ãõ �� |1/2n−0| < ε ¯Âª .Û�ßþ� ¤¢ .Àª�� − log2 ε Â��Â� N �î Ý��î ­Âê Àþ�� Å� .´¨��¤�¬
∀ε ∃N ∀n

(

n > N ⇒
∣
∣
∣
∣

12n − 0∣∣∣
∣
< ε

)

ℓ =
32 �� {3n+ 12n+ 5}∞

n=−3 �b ó�±÷¢ �î À�û¢ ö�È÷ (2 ñ�·õ.´¨� �ÂÚÞû�þ 132(2n+ 5)
< ε ü�ãõ �� ∣∣∣

∣

3n+ 12n+ 5 − 32 ∣∣∣∣ < ε ¯Âª .Û��î ¢�ª ­Âê ´¨� üê�î Å� .´¨� 134ε − 52 < n

N =
134ε − 52

´Ö�Ö� .´¨� ýÂ¨ ø �ó�±÷¢ ��úÔõ �� üþ��ª� ÛÊê ßþ� ¥� éÀûÝ�û�Ôõ ßþ� �ÂÏ �� ñ�ÂÚµ÷� ø Û�Æ÷�ÂÔþ¢ ��Æ� �f �¬� �î ´Æ÷���Þ� üÜ¬� �b ��õ¥ �î ¢Àä ñ�·õ ö���ä �� .À�îüõ �À�� ü�ãõÝ�Þã� �� ß��»Þû .´¨� ö��� Û��ì �û�ó�±÷¢ Í¨�� ,Àª��üõ �ú·½�üõ ÓþÂã� Û��ì Ý¬� â���� ,üã��� ý�û�ó�±÷¢ �� �ó�±÷¢ ��úÔõ.À�ª���ó�±÷¢ ×þ À� 1.8üã��� (ý¢À ä) �b ó� ± ÷¢ .Ó þÂ ã � 1.1.8�bä�Þ¹õ ,À�÷�õ) Z ¤¢ ¤�À÷�Âî ß���� ¥� �bä�Þ¹õ Âþ¥ ×þ ¥� ´¨�.R ý�µ� ({a, a+ 1, · · · , n, n+ 1, · · ·}ùb¢ÂÈê ¢�Þ÷ �� �¤ R �� {a, a+ 1, · · ·} ¥� x �b ó�±÷¢ °Üè�ö�È÷ xa, xa+1, · · · , xn, · · · ùb¢ÂµÆð ¢�Þ÷ �� �þ ø {xn}∞n=a�µÔð �ó�±÷¢ �� n �b ÜÞ� ö� �� ø xn = x(n) �¹�þ� ¤¢ �î ,À�û¢üõ.¢�ªüõ�bä�Þ¹õ ¥� ´¨� �¤�±ä {xn}∞n=a �b ó�±÷¢ ¢Â�
{xa, xa+1, · · · , xn, · · ·}¢¤�¢ �¤ P ´�¬�¡ ´±ì�ä {xn}∞n=a �b ó�±÷¢ Ý���ðüõ ü�¤�¬ ¤¢´�¬�¡ ý�¤�¢ xn ý� n ≥ N Âû Ǒ�¥� �� �î ¢�ª ´ê�þ ý� N �î.Àª�� P�î xn = n :üã�±Ï ¢�Àä� �b ó�±÷¢ (1 .ñ�·õ 2.1.8.{n}∞n=1 ;1 ≤ n;0 ≤ n �î xn = 2n + 1 :¢Âê ¢�Àä� �b ó�±÷¢ (2 ñ�·õ.{2n+ 1}∞n=0.{(1/2)

n}∞
n=−3 ;−3 ≤ n �î xn = 1/2n �b ó�±÷¢ (3 ñ�·õ,x2 = 3 ,x1 = 2 :"xn = ñø� ¢Àä ß�õ� n' �b ó�±÷¢ (4 ñ�·õ. . . ø x4 = 7 ,x3 = 5149



ý¢Àä ýÂ¨ ø �ó�±÷¢ 8 ÛÊê �ó�±÷¢ ×þ À� 1.8,xn = n
√
n−1 Ý��î­Âê Âð� �Âþ¥ , lim

n→∞
n
√
n = 1 (6 ñ�·õÝþ¤�¢ ,0 ≤ xn ö�� ù�Ú÷�

n = (xn + 1)n

= 1+ nxn +
n(n− 1)2 x2n + · · · + xnn

> 1+
n(n− 1)2 x2n,N = 2/ε < n Âð� Å� .| n

√
n− 1| = xn <

√2/n ßþ�Â����.Àª ´��� ÝØ� ø ∣∣ n
√
n− 1∣∣ < ε ù�Ú÷�, lim

n→∞
yn = m ø lim

n→∞
xn = ℓ À��î ­Âê .��Ìì 5.1.8�¤�¬ ßþ� ¤¢1) lim

n→∞
axn = aℓ 2) lim

n→∞
xn + yn = ℓ+m3) lim

n→∞
xn − yn = ℓ−m 4) lim

n→∞
xnyn = ℓm:ù�Ú÷� ,m 6= 0 ø yn 6= 0 ý� yn 6= 0 Âû ý�¥� �� Âð� (5. lim
n→∞

xn
yn

=
ℓ

m.ℓ ≤ m ù�Ú÷� ,xn ≤ yn ´±ì�ä ¤¢ Âð� (6�� �î ´Æû ý� N1 ,ù��¿ó¢ ǫ1 > 0 Ǒ�¥� �� ­Âê �� ��� :��±��
ǫ2 > 0 Âû Ǒ�¥� �� ��÷ ø |xn − ℓ| < ǫ1 ý� n ≥ N1 Âû Ǒ�¥�.|yn − ℓ| < ǫ2 ý� n ≥ N2 Âû Ǒ�¥� �� �î ´Æû ý� N2 ,ù��¿ó¢
a = 0 ´ó�� �Âþ¥ ,a 6= 0 Ý��îüõ ­Âê (1) ��±�� ý�Â�
N = N1 ø ǫ1 = ǫ/a ­Âê �� �¤�¬ ßþ� ¤¢ .´¨� üúþÀ��î Ý��îüõ �Ñ��õ

∀ǫ ∃N ∀n
(

n ≥ N ⇒ |axn − aℓ| < ǫ
)��÷ ø ǫ1 = ǫ2 = ǫ/2 Ý��îüõ ­Âê (2) ��±�� ý�Â�ý� n ≥ N Âû Ǒ�¥� �� �¤�¬ ßþ� ¤¢ .N = max

{
N1, N2}Ýþ¤�¢

|xn + yn − (ℓ+m)| = |xn − ℓ+ yn −m|

≤ |xn − ℓ| + |yn −m|

<
ǫ2 +

ǫ2 = ǫ.´¨� (2) ��±ª (3) ��±��Ǒ�¥� �� �î ´Æû ý� N3 øM Ý��îüõ ­Âê (4) ��±�� ý�Â�Ý��îüõ ­Âê ö��î� (ßþÂÞ�) |yn| < M ý� n ≥ N3 Âû
N = max

{
N1, N2, N3} Âð� .ǫ2 =

ǫ2(|ℓ| + 1)
ø ǫ1 =

ǫ2Mù�Ú÷� n ≥ N ø
|xn yn − ℓm| = |xn yn − ℓyn + ℓyn − ℓm|

≤ |yn||xn − ℓ| + ℓ|yn −m|

< M
ǫ2M + ℓ

ǫ2[|ℓ| + 1]

<
ǫ2 +

ǫ2 = ǫ

. lim
n→∞

an = 0 ù�Ú÷� ,|a| < 1 Âð� �î À��î ´��� (3 ñ�·õ,�¤�¬ ßþ� Â�è ¤¢ .´¨� üúþÀ� ÝØ� ù�Ú÷� ,a = 0 Âð� .Û�­Âê ´¨� üê�î ßþ�Â���� .´¨� |a|n < ε ü�ãõ �� |an−0| < ε.N = − log|a| ε ¢�ªÂ��Â� m Âð� �Âþ¥ .lim an

n!
ý� a ∈ R Âû Ǒ�¥� �� (4 ñ�·õ:n > 2m Âû Ǒ�¥� �� ù�Ú÷� ,Àª�� [|a|] + 1

∣
∣
∣
∣

an

n!
− 0∣∣∣

∣
=

|a|n
n!

=
|a|2m
(2m)!

|a|2m+ 1 |a|2m+ 2 · · · |a|
n

≤ |a|2m
(2m)!

m2m+ 1 m2m+ 2 · · · m
n

≤ |a|2m
(2m)!

(12)n−2m
=

|2a|2m
(2m)!

(12)n ¢�ª ­Âê Âð� �î
N =

−(2m)!

|2a|2m log2 ε < n.¢�ªüõ ´��� ÝØ� ø ∣∣∣
∣

an

n!
− 0∣∣∣

∣
< ε ù�Ú÷�. lim

n→∞
n
√
a = 1 ý� 0 < a Âû Ǒ�¥� �� �î À�û¢ ö�È÷ (5 ñ�·õ:ÝþÂ�ðüõ ÂÑ÷ ¤¢ ´ó�� �¨ .Û�

xn = n
√
a−1 �¹�µ÷ ¤¢ ø 1 < n

√
a ù�Ú÷� ,1 < a Âð� (Óó�:ßþ�Â���� .´¨� ´±·õ

a = (xn + 1)n

= 1+ nxn +
n(n− 1)2 x2n + · · · + nxn−1n + xnn

> 1+ nxnù�Ú÷� ,N =
a− 1
ε

< n Âð� Å� .xn < a− 1
n

�þ
∣
∣ n
√
a− 1∣∣ = |xn − 0| < ε. lim

n→∞
n
√
a = 1 ßþ�Â���� ø. lim

n→∞
n
√
a = 1 �¹�µ÷ ¤¢ ø n

√
a = 1 ù�Ú÷� ,a = 1 Âð� (�´ÞÆì Õ��Îõ �¹�µ÷ ¤¢ ø 1 < 1
a
ù�Ú÷� ,0 < a < 1 Âð� (��þ ,∣∣∣∣

∣

n

√1
a
− 1∣∣∣∣

∣
< ε �¹�µ÷ ¤¢ . lim

n→∞
n

√1
a

= 1 Ýþ¤�¢ (Óó�). lim
n→∞

n
√
a = 1 ßþ�Â���� .∣∣1− n

√
a
∣
∣ < ε n

√
a < ε150



�ó�±÷¢ ×þ À� 1.8 ý¢Àä ýÂ¨ ø �ó�±÷¢ 8 ÛÊê�¤�¬ �¤¢�õ ¤¢ �Â¿õ ø �¤�¬ ö¢Âî �Â® �� (5 ñ�·õ:Ýþ¤�¢
lim
n→∞

(√

n2 + n+ 1−
√

n2 − n+ 1) =

= lim
n→∞

2n
√

n2 + n+ 1+
√

n2 − n+ 1
= lim

n→∞
2

√1+ 1
n + 1

n2 +
√1− 1

n + 1
n2

=
2√1+
√1 = 1À�û¢ ö�È÷ ,�ó�±÷¢ À� ÓþÂã� ¥� ù¢�Ôµ¨� �� .ßþÂÞ� 7.1.81) lim

n→∞
2n2 − n+ 1
n2 + 2n+ 3 = 22) lim

n→∞
1+ 2+ · · · + n

n2 =
123) lim

n→∞
1
n

cos
(nπ2 ) = 04) lim

n→∞

(√2n+ 3−
√2n− 1) = 0:À��î �±¨�½õ �¤ Âþ¥ ý�û�ó�±÷¢ ¥� ×þ Âû À�5)

4n2 − 4n+ 32n3 + 3n− 1 6)
5n3 + 2n2 − 3n+ 74n3 − n2 + n+ 17)

1+ 22 + · · · + n25n3 + n+ 1 8)
3n2 + n+ 24n2 + 2n+ 79)

n
√

n6 10)
n
√6n+ 311)

3√
n2 − n3 + n 12)

√

n2 + 1+
√
n4√

n3 + n−√
n13)

√
n√

n+ 1+
√
n

14)
3√1− n3 + n15)

cos(n3)2n − 3n6n+ 1 16)

3√
n2 sin(n!)

n+ 117)
√2 4√2 8√2 · · · 2n√2 18)

n2n19)
1
n

loga n (a > 1) 20)
1

n
√
n!21)

12 × 34 × · · · × 2n− 12n22)
1
n2 +

2
n2 + · · · + n− 1

n223)
1− 2+ 3− · · · − 2n
√

n2 + 1+
√4n2 − 124)

1+ 12 + 14 + · · · + 12n1+ 13 + 19 + · · · + 13n

Âû Ǒ�¥� �� ý� N3 ø M > 0 Ý��îüõ ­Âê (5) ��±�� ý�Â��î Ý��îüõ ­Âê ö��î� .(ßþÂÞ�) M < |yn| ý� n ≥ N3¢�ª ­Âê Âð� ñ�� .ǫ2 =
|m|M2|ℓ| ø ǫ1 =

M2 ǫù�Ú÷� n ≥ N ø N = max
{
N − 1, N2, N3}

∣
∣
∣
∣

xn
yn

− ℓ

m

∣
∣
∣
∣
=

∣
∣
∣
∣

mxn − ℓyn
myn

∣
∣
∣
∣

=
|mxn +mℓ−mℓ− ℓyn|

|m||yn|

<
|m||xn − ℓ| + |ℓ||yn −m|

|m|M

=
1
M

|xn − ℓ| + |ℓ|
|m|M |yn −m|

<
ǫ2 +

ǫ2 = 4ǫÀþ�� Å� ,Àª�±÷ ℓ ≤ m Âð� �î Ý��îüõ ­Âê (6) ��±�� ý�Â�ý� N2 ø N1 ¢�Àä� ,ǫ1 = ǫ2 =
ℓ−m2 ­Âê �� ñ��.m < ℓù�Ú÷� n ≤ N = max{N1, N2} Âð� �î ´Æû

|xn − ℓ| < ǫ1 ⇒ xn > ℓ− ǫ1 =
ℓ+m2

|yn − ℓ| < ǫ2 ⇒ yn < ℓ+ ǫ2 =
ℓ+m2

2 .´¨� ¢�Ì� ¤¢ ­Âê �� �î yn < ℓ+m2 < xn �¹�µ÷ ¤¢:Ýþ¤�¢ n2 Â� Ý�ÆÖ� �� (1 .ñ�·õ 6.1.8
lim
n→∞

3n2 + 5n+ 4
n2 + 2 = lim

n→∞
3+ 5/n+ 4/n21+ 2/n2

=
3+ 0+ 01+ 0 = 3:Ýþ¤�¢ ,1+2+ · · ·+n =

n(n+ 1)2 �Ø�þ� �� ���� �� (2 ñ�·õ
lim
n→∞

1+ 2+ · · · + n

n2 = lim
n→∞

n(n+ 1)/2
n2

= lim
n→∞

(12 +
12n) =

12:Ýþ¤�¢ 4.1.8 ñ�·õ ¥� (5) ´ÞÆì �� ���� �� (3 ñ�·õ
lim
n→∞

n
√5n =

(

lim
n→∞

n
√5)( lim

n→∞
n
√
n
)

= 1× 1 = 1:Ýþ¤�¢ ,ßµìÂð íÂµÈõ �Â¿õ �� (4 ñ�·õ
lim
n→∞

( 2n32n2 + 3 +
1− 5n25n+ 1 ) =

= lim
n→∞

2n3 − 13n2 + 310n3 + 2n2 + 15n+ 3 =
15151



ý¢Àä ýÂ¨ ø �ó�±÷¢ 8 ÛÊê �û�ó�±÷¢ üþ�ÂÚÞû ý�ú÷�õ¥� 2.8Å� .ℓ − 1 < xn < ℓ + 1 �þ −1 < xn − ℓ < 1 �¹�µ÷ ¤¢.��� ¥� Ýû ø ´¨� ¤�À÷�Âî ß�þ�� ¥� Ýû xn ý� n ≥ N Âû Ǒ�¥� ��¢�ª ­Âê �»÷���
A = max{x1, · · · , xN} , B = min{x1, · · · , x)N}ý� n Âû Ǒ�¥� �� ù�Ú÷�

ℓ+A− ℓ < xn < ℓ+B + 1
2 .´¨� (3) ÝØ�Ë±Ö� ÅØä (4) ÝØ�,x2 =

√

a+
√
a ,x1 =

√
a �b ó�±÷¢ (1 .ñ�·õ 4.2.8­øÂÔõ ý¢Àä 0 < a �î xn =

√

a+

√

a+ · · · + √
a ø ...´¨� �ÂÚÞû �ó�±÷¢ ßþ� À��î ´��� .ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ ´¨� ´��� ø.À����� �¤ ö� À� Å³¨ ø.xn+1 =

√
a+ xn âì�ø ¤¢ �î Àþ�üõ Â� �ó�±÷¢ ÓþÂã� ¥� .Û��ó�±÷¢ ßþ� �î Ý�û¢üõ ö�È÷ ,�ó�±÷¢ ßþ� üþ�ÂÚÞû ��±�� ý�Â�.´¨� ¤�À÷�Âî ��� ¥� ø ý¢�ã¬ù�Ú÷� ,xn+1 < xn Ý��î ­Âê Âð� �Âþ¥ ,´¨� ý¢�ã¬ �ó�±÷¢

a +
14 < ßþ�Â���� .´¨� a + xn < x2n �þ √a+ xn < xn�þ ,(xn − 12)212 +

√

a+
14 < xn <

12 −
√

a+
14�î �Â� .´¨� ¤�Øª�Ëì��� ×þ ßþ� ,�õ�1 =

12 +

√14
<

12 +

√

a+
14

<
12 −

√

a+
14

<
12 − 12 = 0ý� n Âû ý�¥�� ßþ�Â���� ø ,´¨� ÍÜè xn+1 < xn ­Âê Å�.xn+1 ≥ xn�þ ù�Ú÷� ,b = max {2, a} Âð� �Âþ¥ ,´¨� ¤�À÷�Âî ��� ¥� �ó�±÷¢ø xn > a �¤�¬ ßþ� Â�è ¤¢ �þ ø ,xn ≤ b �¹�µ÷ ¤¢ ø xn ≤ a�¹�µ÷ ¤¢

x2n = a+ xn−1
≤ a+ xn ≤ xn + xn = 2xn.xn ≤ b Ýû ¥�� �Áó ø xn < 2 ßþ�Â���� ,xn > 0 ��®ø �� ö�� ø.xn ≤ b ý� n Âû ý�¥�� ü�ãþ

25) 3√(n+ 1)2 − 3√(n− 1)226)
11× 2 +

12× 3 + · · · + 1
n(n+ 1).´¨� �µØþ ¢��ø �¤�¬ ¤¢ �ó�±÷¢ À� À��î ´��� (27�û�ó�±÷¢ üþ�ÂÚÞû ý�ú÷�õ¥� 2.8¤øÀÖõ �ó�±÷¢ ×þ À� Õ�ì¢ ¤�ÀÖõ ßµê�þ ,âì��õ ¥� ý¤��Æ� ¤¢¥� ö���ÞÏ� ¥� Å� .¢�Þ÷ ß�ÞÌ� �Â÷� ¢��ø ö���üõ �õ� ,´Æ�÷��) ü±þÂÖ� ý�úªø¤ �þ ø üÜ�Ü½� ý�û©ø¤ �� ö���üõ ,À� ¢��ø.¢�Þ÷ �¤¢�±õ ö� ¤�ÀÖõ ßµê�þ �� (Â���³õ�î ×Þîý¢�ã¬ ü�¤�¬ ¤¢ �¤ {xn}∞n=a �b ó�±÷¢ .ÓþÂã� 1.2.8ü�¤�¬ ¤¢ �¤ �ó�±÷¢ .xn+1 ≥ xn ý� n ≥ a Âû Ǒ�¥� �� �î Ý���ð�� .xn+1 > xn ý� n ≥ a Âû Ǒ�¥� �� �î Ý���ð ý¢�ã¬ �fÀ�î�.´¨� ÓþÂã� Û��ì üóø�÷ �fÀ�î� ø üóø�÷ �b ó�±÷¢ ���Èõ �¤�¬��� ¥� ü�¤�¬ ¤¢ �¤ {xn}∞n=a �b ó�±÷¢ .ÓþÂã� 2.2.8

n ≥ Âû Ǒ�¥� �� �î ¢¢Âð ´ê�þ ö��� M ý¢Àä �î Ý���ð ¤�À÷�Âî�î Ý���ð ¤�À÷�Âî ß���� ¥� ü�¤�¬ ¤¢ �¤ �ó�±÷¢ .xn ≤ M ý� a.M ≤ xn ý� n ≥ a Âû Ǒ�¥� �� �î ¢¢Âð ´ê�þ ö��� M ý¢Àä.À�õ�÷üõ ¤�À÷�Âî �b ó�±÷¢ ,Àª�� ¤�À÷�Âî ß���� ø ��� ¥� �î ý��ó�±÷¢,¤�À÷�Âî ��� ¥� ø ý¢�ã¬ �b ó�±÷¢ Âû (1 .��Ìì 3.2.8.´¨� �ÂÚÞû.´¨� �ÂÚÞû ,¤�À÷�Âî ß���� ¥� ø üóø�÷ �b ó�±÷¢ Âû (2.´¨� ¤�À÷�Âî ,�ÂÚÞû �b ó�±÷¢ Âû (3.´¨� �Âð�ø ,ö�Âî ü� �b ó�±÷¢ Âû (4
a = sup{xn|n ∈ N} Ý��îüõ ­Âê (1) ��±�� ý�Â� :��±��Õ��Îõ �ä�Þ¹õ ßþ� ø Àª�� �û xn �bÞû üþ��� ö�Âî ßþÂµØ��î.´¨� ��õÂ��¨ ý�¤�¢ �Áó ø ´¨� üú� Â�è ø ¤�À÷�Âî ��� ¥� ­ÂêÅ� .Àª�±÷ ß��� Ý��î ­Âê lim

n→α
xn = a Ý�û¢üõ ö�È÷ý� n ∈ N ×þ ý� N > 0 Âû Ǒ�¥� �� �î ´Æû ý� 0 < ǫ

xn−a > ǫ �¤�¬ ßþ� ¤¢ �õ� .|xn−a| > ǫ �î ¢¤�¢ ¢��ø ö����û xn üþ��� ö�Âî ßþÂµØ��î a À÷���üÞ÷ Å� .xn > a + ǫ �þ.´¨� Ëì��� �î Àª��¥� ø üóø�÷ (2) ´ó�� ¤¢ ù�Ú÷� ,yn = −xn ¢�ª ­Âê Âð�.´¨� yn ý¤�À÷�Âî ��� ¥� ø ý¢�ã¬ ü�ãõ �� xn ý¤�À÷�Âî ß�þ��.´¨� ��Þ� ö�ûÂ� (1) ´ÞÆì �� ��� ø­Âê �� ö��î� .ℓ = lim
n→α

xn Ý��î ­Âê (3) ��±�� ¢¤�õ ¤¢.|xn−ℓ| < 1ý� n ≥ N Âû Ǒ�¥� �� �î ´Æû ý� N ×þ ,ǫ = 1152



�û�ó�±÷¢ üþ�ÂÚÞû ý�ú÷�õ¥� 2.8 ý¢Àä ýÂ¨ ø �ó�±÷¢ 8 ÛÊêùÀ�õ�÷ Â³÷ ¢Àä �¤ �ó�±÷¢ ßþ� À� .´¨� ¤�À÷�Âî ��� ¥� ø ý¢�ã¬.Ý�û¢üõ ö�È÷ e ¢�Þ÷ �� ø,ß���÷ ý��ÜÞ�ø¢ ñ�õÂê ¥� ù¢�Ôµ¨� �� ¤�Ñ�õ ßþ� ý�Â� .Û�Ý�Æþ�÷üõ
xn = 1+ n

1
n

+
n(n− 1)2 (1

n

)2
+ · · ·

· · · + n(n− 1) · · · (n(n− 1))

n!

(1
n

)n

= 2+
12!

(1− 1
n

)

+
13!

(1− 1
n

)(1− 2
n

)

+ · · ·

· · · + 1
n!

(1− 1
n

)(1− 2
n

)

· · ·
(1− n− 1

n

)

≤ 2+
12!

(1− 1
n+ 1)

+
13!

(1− 1
n+ 1)(1− 2

n+ 1)+ · · ·

· · · + 1
n!

(1− 1
n+ 1)(1− 2

n+ 1) · · ·

· · ·
(1− n− 1

n+ 1)
+

1
(n+ 1)!

(1− 1
n+ 1)(1− 2

n+ 1) · · ·

· · ·
(1− n

n+ 1)
= xn+1 ùø�ã� .´¨� ý¢�ã¬ {xn}∞n=1 Å�

xn = 2+
12!

(1− 1
n

)

+
13!

(1− 1
n

)(1− 2
n

)

+ · · ·

· · · + 1
n!

(1− 1
n

)(1− 2
n

)

· · ·
(1− n− 1

n

)

≤ 2+
12!

+
13!

+ · · · + 1
n!

≤ 2+
12 +

12× 2 + · · · + 12× 2× · · · × 2
︸ ︷︷ ︸Ûõ�ä n−1

= 1+

(1+
12 +

14 + · · · + 12n−1)
= 1+

1− (1/2)
n1− 1/2

= 3−
(12)n−1 ≤ 3�ÂÚÞû xn �b ó�±÷¢ ßþ�Â���� .´¨� ¤�À÷�Âî �¨ ¢Àä �� ��� ¥� xn Å��î Ý�÷�¢üõ .À�õ�÷üõ e ¢Àä �¤ �ó�±÷¢ ßþ� À� ¤�ÀÖõ .´¨�

­Âê ,Ýþ¢�¢ ö�È÷ �¤ {xn}∞n=1 �b ó�±÷¢ üþ�ÂÚÞû ¥� �î ñ���¹�µ÷ x2n = a + xn �î ßþ� �� ���� �� ø lim
n→∞

xn = ℓ Ý��îüõÝþÂ�ðüõ
ℓ2 = lim

n→∞
x2n

= lim
n→∞

(a+ xn−1) = a+ ℓ.ℓ =
12 (1±

√1+ 4a) �þ ℓ2 − ℓ − a = 0 ßþ�Â����,Àª�� üÔ�õ �ú÷� À� ℓ ö���üÞ÷ Å� ,À�µ±·õ �û xn �bÞû ö��
lim
n→∞

xn = ü�ãþ .´¨� ¢ø¢Âõ 12 (1−
√1+ 4a) �¹�µ÷ ¤¢.12 (1+

√1+ 4a)ø x1 = b ,À�û��¿ó¢ ´±·õ ¢Àä ø¢ b ø a À��î ­Âê (2 ñ�·õö�È÷ Ý�û��¡üõ .xn+1 =
12 (xn +

a

xn

)ý� 1 ≤ n Âû Ǒ�¥� ��¤�Ñ�õ ßþ� ý�Â� .´¨� �ÂÚÞû √
a ¢Àä �� �ó�±÷¢ ßþ� �î Ý�û¢.Ý��îüõ ´��� �¤ xn ý¤�À÷�Âî ß���� ¥� ø ö¢�� üóø�÷Ǒ�¥� �� �î Ý�÷�¢üõ âì�ø ¤¢ ,´¨� ¤�À÷�Âî ß���� ¥� ´±ì�ä xn�¹�µ÷ ¤¢ ,´¨� ¤�ÂìÂ� h+

1
h

≥ 2 ýø�Æõ�÷ ,ý� h´±·õ ¢Àä Âû
xn+1 =

12 (xn +
a

xn

)

=

√
a2 (

xn√
a

+

√
a

xn

)

≥
√
a2 × 2 =

√
a.xn ≥ √

a ý� n ≥ 2 Âû Ǒ�¥� �� ,ü�ãþ�Âþ¥ ,´¨� üóø�÷ xn
xn+1
xn

=
12 (1+

a

xn

)

≤ 12 (1+
a

(
√
a)2) = 1ù�Ú÷� , lim

n→∞
xn = ℓ Ý��î ­Âê Âð� .´¨� �ÂÚÞû �ó�±÷¢ ,ßþ�Â����Ýþ¤�¢ xn ÓþÂã� ¥�

ℓ = lim
n→∞

xn+1
= lim

n→∞
12 (xn +

a

xn

)

=
12 (ℓ+

a

l

)Å� ,À�µ±·õ �û xn �bÞû ö�� .ℓ = ±√
a �þ 2ℓ2 = ℓ2 + a �þ. lim

n→∞
xn =

√
a ßþ�Â���� ø ´¨� ¢ø¢Âõ −√

a.e =2¤7178. . . Â³÷ ¢Àä (3 ñ�·õ
xn À��î ´��� .ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ xn = (1+ 1/n)

n �ó�±÷¢153



ý¢Àä ýÂ¨ ø �ó�±÷¢ 8 ÛÊê �û�ó�±÷¢ üþ�ÂÚÞû ý�ú÷�õ¥� 2.8
×þ Âû �î À��î ´��� ��� ©ø¤ �� .ßþÂÞ� 5.2.8�¤ �ú÷� À� ö�Øõ� �¤�¬ ¤¢ .À�µÆû �ÂÚÞû Âþ¥ ý�û�ó�±÷¢ ¥�:À��î �±¨�½õ1) xn =

xn−1
a+ xn−1 , x0 = a > 12) xn =
n2

n2 − 1 , n > 13) xn =
2n

(n+ 2)!
4) xn =

n!

nn5) xn = 2+
12!

+
13!

+ · · · + 1
n!6) xn =

101 × 113 × · · · × n+ 92n− 17) xn =
15+ 1 +

152 + 1 + · · · + 15n + 18) xn =
13+ 1 +

132 + 2 + · · · + 13n + n9) xn =

(1− 12)(1− 14) · · ·
(1− 12n)10) xn =

(1+
12)(1+

14) · · ·
(1+

12n)À�û¢ ö�È÷ ,ex := lim
n→∞

(1+
x

n

)n �î ü�¤�¬ ¤¢ (11. lim
n→∞

(1− x

n

)−n
= exý�¥� �� �î ´¨� ö��� {xn}∞n=1 �b ó�±÷¢ À��î ­Âê (12À�û¢ ö�È÷ �¤�¬ ßþ� ¤¢ . lim

n→∞
nxn = ℓ ö�ù¢�Ôµ¨� 11 ßþÂÞ� ¥� :üþ�Þ�û�¤ . lim

n→∞
(1+ xn)

n
= eℓ.À��î�î À�û¢ ö�È÷ �¤�¬ ßþ� ¤¢ ,1 < b ø 1 < a À��î ­Âê 13. lim

n→∞
n
(

n
√
ab− 1) = ln a+ ln bý� k ∈ N Âû Ǒ�¥� �� À��î ­Âê .ÓþÂã� 6.2.8�b ó�±÷¢ Âþ¥ ×þ �¤ {xnk

}α
k=1 �b ó�±÷¢ �¤�¬ ßþ� ¤¢ .nk < nk+1.Ý�õ�÷üõ {xn} �b ó�±÷¢ ¥��b ó�±÷¢ ¥� �ó�±÷¢ Âþ¥ ×þ ,ñø� ¢�Àä� �b ó�±÷¢ (1 .ñ�·õ 7.2.8.´¨� üã�±Ï ¢�Àä�

:á�Þ¹õ ¤¢ Å� ,e ≈2¤7178
e := lim

n→∞

(1+
1
n

)nÝ��î ­Âê (4 ñ�·õ
xn =

1
n+ 1 +

1
n+ 2 + · · · + 1

n+ n.´¨� �ÂÚÞû {xn}∞n=1 �b ó�±÷¢ �î À��î ´���¥� ø ý¢�ã¬ �ó�±÷¢ ßþ� �î Ý�û¢üõ ö�È÷ ¤�Ñ�õ ßþ� ý�Â� .Û�:´¨� ¤�À÷�Âî ���
xn+1 − xn =

12n+ 1 +
12n+ 2 − 1

n

=
1

(2n+ 1)(2n+ 2)
> 0

xn =
1

n+ 1 +
1

n+ 2 + · · · + 1
n+ n

<
1
n

+
1
n

+ · · · + 1
n

︸ ︷︷ ︸Ûõ�ä n

= 1À� �î Ýþ�ù¢�¢ ö�È÷ 3.3.6 ßþÂÞ� ¥� (5) ´ÞÆì ¤¢ ,ùø�ã�.´¨� ln2 Â��Â� {xn}∞n=1�b ó�±÷¢ �î À�û¢ ö�È÷ γ = 0*577215 Âóø� ¢Àä (5 ñ�·õ
xn := 1+

12 +
13 + · · · + 1

n
− lnnÀ� .´¨� À� ý�¤�¢ ßþ�Â���� ø ,´¨� ¤�À÷�Âî ß���� ¥� ø üóø�÷.À�û¢üõ ö�È÷ γ ¢�Þ÷ �� ø ùÀ�õ�÷ Âóø� ¢Àä �¤ �ó�±÷¢ ßþ��Âþ¥ ,´¨� ¤�À÷�Âî ß���� ¥� xn �b ó�±÷¢ .Û�

xn = 1+
12 + · · · + 1

n− 1 +
1
n
− lnn

=

∫ 21 dx+

∫ 32 dx2 + · · ·

· · · +
∫ n

n−1 dx

n− 1 +
1
n
−
∫ n1 dx

x

≥
∫ 21 dx

x
+

∫ 32 dx

x
+ · · · +

∫ n

n−1 dxx +
1
n
− lnn

=
1
n

≥ 0 �Âþ¥ ,´¨� üóø�÷ �ó�±÷¢ ßþ� ùø�ã�
xn+1 − xn =

1
n+ 1 − ln(n+ 1) + lnn

=

∫ n+1
n

dx

n+ 1 − ln(n+ 1) + lnn

≤
∫ n+1
n

dx

x
− ln(n+ 1) + lnn

= [ln |x|]n+1
n − ln(n+ 1) + lnn = 0154



�û�ó�±÷¢ üþ�ÂÚÞû ý�ú÷�õ¥� 2.8 ý¢Àä ýÂ¨ ø �ó�±÷¢ 8 ÛÊê.|ym−a| < 1/2m ý�m Âû Ǒ�¥� �� ,Ǒ�ÂÖµ¨� �� ��� Å� .Àª�� xn
2 .´¨� �ÂÚÞû a �� {xn}∞n=1 ¥� {ym}∞n=1 �b ó�±÷¢ Âþ¥ ,ßþ�Â����¤¢ {xn}∞n=a �b ó�±÷¢ Ý���ðüõ ü�¤�¬ ¤¢ .ÓþÂã� 11.2.8,´¨� üª�î �b ó�±÷¢ ×þ ¤�Êµ¡� �� �þ ø À�îüõ ëÀ¬ üª�î ¯Âª
n ≥ N Âû Ǒ�¥� �� �î ¢¢Âð ´ê�þ ý� N ×þ ,ε > 0 Âû Ǒ�¥� �� �î.|xn − xm| < ε ý� m ≥ N Âû ø.´¨� üª�î ,�ÂÚÞû �b ó�±÷¢ Âû (1 .��Ìì 12.2.8.´¨� �ÂÚÞû ,üª�î �b ó�±÷¢ Âû (2�� ßþ�Â���� . lim

n→α
xn = ℓ Ý��î ­Âê (1) ��±�� ý�Â� :��±��ý� n > N Âû Ǒ�¥� �� �î ´Æû ý� N ×þ ý� ǫ > 0 Âû Ǒ�¥�ßþ� ¤¢ .m ≥ N ø n ≥ N Ý��îüõ ­Âê ñ�� .|xn − ℓ| < ǫ/2�¤�¬

|xn − xn| = |xn − ℓ+ ℓ− xm|

< |xn − ℓ| + |xm − ℓ|

<
ǫ2 +

ǫ2 = ǫ.´¨� üª�î {xn} �b ó�±÷¢ Å�.´¨� üª�î �b ó�±÷¢ ×þ {xn} Ý��î ­Âê (2) ��±�� ý�Â�ý� n ≥ N Âû Ǒ�¥�� �î ´Æû ý� N ×þ ,ǫ = 1 Ǒ�¥� ���b ó�±÷¢ ü�ãþ .1+xN < xn < 1+xN ü�ãþ .|xN−xn| < ǫ = 1Âþ¥ ×þ ,¤�À÷�Âî �b ó�±÷¢ Âû 11 ��Ìì �� ��� �õ� .´¨� ¤�À÷�Âî {xn}�b ó�±÷¢ �î Ý��î ´��� ´¨� üê�î ö��î� .¢¤�¢ {xnk
} �ÂÚÞû �b ó�±÷¢ö��î� .´¨� �ÂÚÞû {xnk

} �î ´¨� �ÂÚÞû ýÀ� ö�Þû �� {xn}´Æû ý� N1 ×þ ǫ > 0 Ǒ�¥� �� {xn} ö¢�� üª�î ­Âê �� ���×þ ,ß��»Þû .|xn − xm| < ǫ/2 ù�Ú÷� n,m ≥ N1 Âð� �î
ℓ �î |xnk

− ℓ| < ǫ/2 ý� k ≥ N2 Âû Ǒ�¥� �� �î ´Æû ý� N2ý� k Âû Ǒ�¥� �� �î ¢�¢ ö�È÷ ö���üõ .´¨� {xnk
} �b ó�±÷¢ Âþ¥ À�Ýþ¤�¢ m ≥ N ø N = max{N1, N2} ­Âê �� Å� .nk ≥ k

|xm − ℓ| = |xm − xnm + xnm − ℓ|

≤ |xm − xnM | + |xnm − ℓ|

<
ǫ2 +

ǫ2 = ǫ

2 .´¨� ��Þ� ö�ûÂ� ø×þ ÓþÂã� ����� .ý¤�Èä� ¢Àä (1 .ñ�·õ 13.2.8ÛØÈ� ´¨� ü�¤�±ä α ý¤�Èä�
α = ±

(

x0 +
x110 +

x2102 + · · · + xn10n + · · ·
)¼�½¬ ¢�Àä� üÚÞû . . . ø xn ø . . . ,x1 ,x0 ö� ¤¢ �îÀ�µÆû Ýì¤ üÚÞû . . . ø xn ø . . . ,x2 ,x1 ø 0 ≤ x0 ,À�µÆû

¥� �ó�±÷¢ Âþ¥ ×þ {1/(2n+ 1)}∞n=0 �b ó�±÷¢ (2 ñ�·õ.´¨� {1/n}∞n=1,Àª�� �ÂÚÞû ℓ �� {xn} �b ó�±÷¢ Âð� (1 .��Ìì 8.2.8.´¨� �ÂÚÞû ℓ �� ��÷ {xn} ¥� �ó�±÷¢ Âþ¥ Âû ù�Ú÷�
{xn} �b ó�±÷¢ ù�Ú÷� ,Àª�� �Âð�ø {xn} �b ó�±÷¢ ¥� ý��ó�±÷¢ Âþ¥ Âð� (2.´¨� �Âð�ø ��÷üê�î Å� .´¨� (1) Ë�Ö÷ ÅØä (2) �î ´¨� ßªø¤ :��±���b ó�±÷¢ Âþ¥ ×þ {xnk

}∞k+1 Ý��î ­Âê .¢�ª ��±�� (1) ´¨�Ǒ�¥� �� �î ´Æû ý� N ×þ ù��¿ó¢ ǫ > 0 Âû Ǒ�¥� �� .Àª�� {xn}ý� k Âû Ǒ�¥� �� ,­Âê Õ��Îõ ö�� .|xn− ℓ| < ǫ ý� n ≥ N Âû
k ≤ nk ý� k Âû Ǒ�¥� �� Å� 1 ≤ n1 ��®ø �� ø nk < nk+1ø nk ≥ N ý� k ≤ N Âû Ǒ�¥� �� �¹�µ÷ ¤¢ (�ÂÖµ¨� ��-ßþÂÞ�)
2 .´¨� �ÂÚÞû ℓ �� ��÷ {xnk

} �b ó�±÷¢ ü�ãþ .|xnk
− ℓ| < ǫ �Áó�Âþ¥ .´¨� �Âð�ø {(−1)n}∞n=0 �b ó�±÷¢ (.1 .ñ�·õ 9.2.8ø ´¨� �ÂÚÞû ×þ ¢Àä �� ö� ¥� x2n = (−1)2n = 1 �b ó�±÷¢×þ °ú�õ ¢Àä �� ö� ¥� x2n+1 = (−1)2n+1 = −1 �b ó�±÷¢ Âþ¥º�û �� xn = (−1)n Å� 1 6= −1 �î üó�� ¤¢ .´¨� �ÂÚÞû.´Æ�÷ �ÂÚÞû ý� ℓÂþ¥ ,�Âþ¥ .´¨� �ÂÚÞû ÂÔ¬ �� {1/n!}∞n=1 �b ó�±÷¢ (2 ñ�·õ�ÂÚÞû ÂÔ¬ �� �î ´¨� {1/n}∞n=1 ý�ÂÚÞû �b ó�±÷¢ ¥� ý��ó�±÷¢.Àª��üõý��ó�±÷¢ Âþ¥ ý�¤�¢ ¤�À÷�Âî �b ó�±÷¢ Âû .��Ìì 10.2.8.´¨� �ÂÚÞûÅ� ,Àª�� üû��µõ A Âð� .A = {xn|n ∈ N} Ý��î ­Âê :��±��

xn = a Ýþ¤�¢ n ∈ N ´þ�ú÷ü� Ǒ�¥� �� �î ´Æû a À�÷�õ ý¢Àäö�ûÂ� ø ´¨� ��Þ� ßþ� ¥� Û¬�� �b ó�±÷¢ {yn}∞n=1 Ý��î ­Âê
A ,­Âê Õ��Îõ .´¨� üû��µõ�÷ A Ý��î ­Âê Å� .´¨� ��Þ�ßþÂµØ��î) ��¨ Â��¨ ý�¤�¢ Å� .´¨� ¤�À÷�Âî ��� ¥� ø üú� Â�è.a = supA Ý��î ­Âê .´¨� (üþ��� ö�Âî�î ´Æû ý� n ,��¨ Â��¨ ÓþÂã� �� ��� ,ǫ = 1 Ǒ�¥� ��,ǫ = 1/2 Ǒ�¥� �� .Àª�� xn ö� y0 Ý��î­Âê .a−1 < xn < a

a − 1/2 < xn < a �î ´Æû ý� n ,��¨ Â��¨ ÓþÂã� �� ���Ý��î ­Âê Ǒ�ÂÖµ¨� �� .Àª�� xn ö� y1 Ý��î ­Âê .xn 6= y0 ø×þ ,ǫ = 1/2m Ǒ�¥� �� �¤�¬ ßþ� ¤¢ .Àª�� ùÀª ��¿µ÷� ym−1.a − 1/2m < xn < a ý� n ≥ N Âû Ǒ�¥� �� �î ´Æû ý� NüØþ Ûì�� �û xn ßþ� ß�� ¥� ´¨� üû��µõ�÷ �û xn ¢�Àã� ö��ö� ym Ý��î ­Âê .À�îüõ ëÂê y0, y2, · · · , ym−1 �� �î ´Æû155



ý¢Àä ýÂ¨ ø �ó�±÷¢ 8 ÛÊê �û�ó�±÷¢ üþ�ÂÚÞû ý�ú÷�õ¥� 2.8�b ó�±÷¢ �î Ý�û¢üõ ö�È÷ (3 ñ�·õ
xn = 1+

12 + · · · + 1
n.´Æ�÷ üª�î xn �î Ý�û¢üõ ö�È÷ ¤�Ñ�õ ßþ� ý�Â� .´¨� �Âð�øù�Ú÷� ,m = 2n Âð� �Âþ¥

|xm − xn| =
1

n+ 1 +
1

n+ 2 + · · · + 1
m

>
1
m

+
1
m

+ · · · + 1
m

︸ ︷︷ ︸Ûõ�ä m−n=n

=
n

m
=
12Ëì��� ×þ �î ¢�ªüÞ÷ ÂµØ��î 1/2 ¥� ε üª�î ¯Âª ¤¢ ü�ãþ.´¨�ù¢�¢ �b ó�±÷¢ �î À�û¢ ö�È÷ ¢¤�õ Âû ¤¢ .ßþÂÞ� 14.2.8:Àª��üõ �ÂÚÞû �¹�µ÷ ¤¢ ø ´¨� üª�î ùÀª1) xn =

sin12 +
sin222 + · · · + sinn2n2) xn =

cos1!1× 2 +
cos2!2× 3 + · · · + cosn!

n(n+ 1)3) xn = 1+
122 +

132 + · · · + 1
n24) xn = 1− 12!

+
14!

− · · · + (−1)n

(2n)!ø x2 = b ,x1 = a ,0 < w < 1 À��î ­Âê (5
xn+2 = wxn+1 + (1− w)xn,üª�î {xn}∞n=1 �b ó�±÷¢ �î À�û¢ ö�È÷ .1 ≤ n Âû Ǒ�¥� ��.Àª��üõ �ÂÚÞû �¹�µ÷ ¤¢ ø1 < k üã�±Ï ¢Àä Âû ¥� 10 ý�¹� ¢�Àä� Çþ�Þ÷ ¤¢ (6¢�Àä� Çþ�Þ÷ ¢¤�õ ¤¢ üú��Èõ ÝØ� .¢Âî ù¢�Ôµ¨� ö���üõ�¤ ö� ,ÝØ� ßþ� �¤�¬ ö��� ßÞ® .¢¤�¢ ¢��ø k �b þ�� Â�.(À��î �ã��Âõ 13.2.8 ¥� (1) ´ÞÆì ��) À��î ´���ý� n ≥ 1 Âû Ǒ�¥� �� ø x1 = a > 0 À��î ­Âê (7¥� Âþ¢�Öõ ��Àî Ǒ�¥� �� �î À��î Õ�Ö½� .xn+1 = 3+4/xn.´¨� �ÂÚÞû {xn}∞n=1 �b ó�±÷¢ aË±Ö�õ ü�¤�¬ ¤¢ �¤ {xn}∞n=a �b ó�±÷¢ .ÓþÂã� 15.2.8Âû Ǒ�¥� �� ø 0 < C < 1 �î ¢�ª ´ê�þ ö��� C ý¢Àä �î Ý���ð.|xn+2 − xn+1| ≤ C|xn+1 − xn| ý� n ≥ 1

ÂµÖ�ì¢ ö��� �� .(À�ÖÜãµõ {0,1,2, · · · ,8,9} �bä�Þ¹õ �� ,ü�ãþ)ö� ¤¢ �î α = lim
n→∞

yn

yn = ±
(

x0 +
x110 +

x2102 + · · · + xn10n) , n ∈ N�ÂÚÞû {yn}∞n=0 �b ó�±÷¢ ,ü�ãþ !¢¤�¢ ¢��ø α �î Ý��îüõ ´���üª�î {yn}∞n=0 �ó�±÷¢ �î Ý��îüõ ´��� ,¤�Ñ�õ ßþ� ý�Â� .´¨�:´¨�
|ym − yn| =

∣
∣
∣±
( xn+110n+1 + · · · + xm10m )∣∣∣

≤ xn+110n+1 + · · · + xm10m
≤ 910n+1 + · · · + 910m
=

910n+1 1− (1/10)
m−n1− 1/10

<
910n+1 11− 1/10 =

110n�¹�µ÷ ¤¢ , 110n < ε �î |xm − xn| < ε ü�¤�¬ ¤¢ ,Å�¤¢ ø ´¨� üª�î {yn}∞n=a �b ó�±÷¢ ßþ�Â���� .N = − log10 ε < n.¢¤�¢ ¢��ø α ý¤�Èä� ¢Àä �Ø�þ� �¹�µ÷ .Àª��üõ �ÂÚÞû �¹�µ÷�b ó�±÷¢ (2 ñ�·õ
xn = −1+

12!
− · · · + (−1)n

n!üª�î ¤�îÁõ �b ó�±÷¢ �î À�û¢ ö�È÷ .ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ ,1 ≤ n �î.Àª��üõ �ÂÚÞû �¹�µ÷ ¤¢ ø ,´¨��î Ý��îüõ ���� ¤�Ñ�õ ßþ� ý�Â� .Û�
|xm − xn| =

∣
∣
∣
∣
∣
∣

m∑

j=1 (−1)j

j!
−

n∑

j=1 (−1)j

j!

∣
∣
∣
∣
∣
∣

=

∣
∣
∣
∣
∣
∣

m∑

j=n+1 (−1)j

j!

∣
∣
∣
∣
∣
∣

≤
m∑

j=n+1 1j!
≤

m∑

j=n+1 12j−1
=

12n 1−
(12)m−n1− 1/2

<

(12)n−1
n− > �þ (1/2)n−1 < ε �î |xm − xn| < ε ü�¤�¬ ¤¢ Å�.N =

[

log1/2 ε]+1 ¢�ª­Âê ´¨� üê�î ßþ�Â���� ..log1/2 ε156



�û�ó�±÷¢ üþ�ÂÚÞû ý�ú÷�õ¥� 2.8 ý¢Àä ýÂ¨ ø �ó�±÷¢ 8 ÛÊê
=

(
n+ 1
n+ 2)n+1

=

(1− 1
n+ 2)n+1

=

(1− 1
n+ 2)n+2 (1− 1

n+ 2)−1
≤

(1− 1
n+ 2)n+2 (1− 10+ 2)−1

=
12 (1− 1

n+ 2)n+2
< C �¹�þ� ¤¢ �î

C = lim
n→∞

2(1− 1
n+ 2)n+2

(1)
= lim

N→∞
2{(1+

1
N

)N
}−1

= 2e−1 < 1.N = −(n+ 2) �î ´¨� ùÀª ­Âê (1) ¤¢�î ÝþÀþ¢ 6.1.8 ñ�·õ ¥� (2) ´ÞÆì ¤¢ (3 ñ�·õ
lim
n→∞

1+ 2+ · · · + n

n2 =
12�¹�µ÷ ,ßþ�Â���� .´Æ�÷ Ë±Ö�õ ¤�îÁõ �b ó�±÷¢ �î üó�� ¤¢Ë±Ö�õ ý��ó�±÷¢ ,�ÂÚÞû �b ó�±÷¢ Âû �î ¢¤�À÷ üõø�ó' �î ÝþÂ�ðüõ".Àª��

|xn+2 − xn+1|
xn+1 − xn

=

=

∣
∣
∣
∣

1+ · · · + (n+ 2)

(n+ 2)2 − 1+ · · · + (n+ 1)

(n+ 1)2 ∣
∣
∣
∣

∣
∣
∣
∣

1+ · · · + (n+ 1)

(n+ 1)2 − 1+ · · · + n

n2 ∣
∣
∣
∣

=

∣
∣
∣
∣

(n+ 3)

(n+ 2)
− (n+ 2)

(n+ 1)

∣
∣
∣
∣

∣
∣
∣
∣

(n+ 2)

(n+ 1)
− (n+ 1)

n

∣
∣
∣
∣

=
n(n+ 1)

(n+ 1)(n+ 2)
=

n

n+ 2:(C = 1 ,ü�ãþ) À�îüõ Û�õ ×þ �� Â¡� �¤�±ä �î.´Æ�÷ Ë±Ö�õ ÂÑ÷ ¢¤�õ �b ó�±÷¢ ,ßþ�Â���� . lim
n→∞

n

n+ 2 = 1ù¢�¢ �b ó�±÷¢ �î À�û¢ ö�È÷ ¢¤�õ Âû ¤¢ .ßþÂÞ� 18.2.8:Àª��üõ �ÂÚÞû ßþ�Â���� ø ´¨� Ë±Ö�õ ùÀª

ßþ�Â���� ø ´¨� üª�î ,Ë±Ö�õ �b ó�±÷¢ Âû .��Ìì 16.2.8.Àª��üõ �ÂÚÞûý� n ≥ a Âû Ǒ�¥� �� ø 0 < C < 1 Ý��î ­Âê :��±��,n < m Âð� ,�¤�¬ ßþ� ¤¢ |xn+2 − xn+1| < C|xn+1 − xn|ù�Ú÷�
|xm − xn| =

∣
∣
∣(xm − xm−1) + (xm−1 − xm−2) + · · ·

· · · + (xn+1 − xn)
∣
∣
∣

≤ |xm − xm−1| + |xm−1 − xm−2| + · · ·

· · · + |xn+1 − xn|

≤ C|xm−1 − xm−2| + C|xm−2 − xm−3|
· · · + C|xn − xn−1|...

≤ Cm−2|x2 − x1| + Cm−3|x2 − x1| + · · ·

· · · + Cn−1|x2 − x1|
= Cn−11− Cm−n1− C

A <
Cn−11− C

AÂð� ü�ãþ , Cn−11− C
A < ε Âð� Å� .A = |x2 − x1| ö� ¤¢ �î�¹�µ÷ ¤¢ ø |xm − xn| < ε ù�Ú÷� ,logC

ε(1− C)

A
+ 1 < n.´¨� üª�î �ó�±÷¢ ×þ {xn}∞n=a �b ó�±÷¢�b ó�±÷¢ (1 .ñ�·õ 17.2.8

xn = 1+
42 +

96 + · · · + n2
n!�¤�¬ ßþ� ¤¢ .ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤

|xn+2 − xn+1|
|xn+1 − xn|

=

(n+ 2)2
(n+ 2)!

(n+ 1)2
(n+ 1)!

=
n+ 2

(n+ 1)2
=

n+ 2
n(n+ 2) + 1

≤ n+ 2
n(n+ 2) + 0 =

1
n�î |xn+2 − xn+1| < C|xn+1 − xn| ù�Ú÷� ,n ≥ 2 Âð� Å�.´¨� �ÂÚÞû �¹�µ÷ ¤¢ ø üª�î ,Ë±Ö�õ �ó�±÷¢ ßþ� ü�ãþ .C =

12.ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ xn = 1 +
24 + · · · + n!

nn
�b ó�±÷¢ (2 ñ�·õ:�¤�¬ ßþ� ¤¢

|xn+2 − xn+1|
|xn+1 − xn|

=

(n+ 2)!

(n+ 2)n+2
(n+ 1)!

(n+ 1)n+1157



ý¢Àä ýÂ¨ ø �ó�±÷¢ 8 ÛÊê �û�ó�±÷¢ üþ�ÂÚÞû ý�ú÷�õ¥� 2.8×þ {yn}∞n=a À��î ­Âê .ñ�µ¨� �b �Ìì 20.2.8ö��� {xn}∞n=a �b ó�±÷¢ ø ´¨� +∞ �� �Âð�ø ø ý¢�ã¬ �b ó�±÷¢¤¢ .Àª��üõ �ÂÚÞû α ¢Àä �� {xn+1 − xn
yn+1 − yn

}∞

n=a

�î ´¨��»÷��� .´¨� �ÂÚÞû α ¢Àä �� ��÷ xn/yn �b ó�±÷¢ �¤�¬ ßþ�Àû��¡ �Âð�ø ��÷ xn/yn �b ó�±÷¢ ,Àª�� �Âð�ø {xn+1 − xn
yn+1 − yn

}∞

n=a.¢��
yn ý�¹� ø 1/xn ¥� xn ý�¹� ,Û±ì �b �Ìì ¤¢ ´¨� üê�î :��±��
2 .¢�ª ù¢�Ôµ¨� 1/yn ¥�ö�È÷ , lim

n→∞
xn = a Ý��î ­Âê (1 .ñ�·õ 21.2.8ý�Â� .´¨� a Â��Â� ��÷ lim

n→∞
x1 + x2 + · · · + xn

n
�î Ý�û¢üõ.xn = x1 + x2 + · · · + xn ø yn = n Ý��îüõ ­Âê ¤�Ñ�õ ßþ��Ø�þ� �� ���� �� ø 20.2.8 ����� �¤�¬ ßþ� ¤¢

lim
n→∞

zn+1 − zn
yn+1 − yn

= lim
n→∞

xn+1 = a,

lim
n→∞

yn = lim
n→∞

n = +∞ �î ÝþÂ�ðüõ �¹�µ÷
lim
n→∞

x1 + x2 + · · · + xn
n

= lim
n→∞

zn
yn

= aù�Ú÷� ,yn = n! ø xn = 2n ­Âê �� (2 ñ�·õ
lim
n→∞

2n
n!

= lim
n→∞

xn
yn

= lim
n→∞

xn+1 − xn
yn+1 − yn

= lim
n→∞

2n+1 − 2n
(n+ 1)! − n!

= lim
n→∞

2n
n× n! �¹�µ÷ ¤¢

lim
n→∞

2n
n!

=

(

lim
n→∞

1
n

)(

lim
n→∞

2n
n!

)

= 0× lim
n→∞

2n
n!

= 0. lim
n→∞

2n
n!

= 0 �fõ��ó� ,Å�Ýþ¤�¢ 20.2.8 ¤¢ yn = n ø xn = lnn­Âê �� (3 ñ�·õ
lim
n→∞

lnn

n
= lim

n→∞
xn
yn

= lim
n→∞

xn+1 − xn
yn+1 − yn

= lim
n→∞

ln(n+ 1) − ln(n)

(n+ 1) − n

= lim
n→∞

ln

(
n+ 1
n

)

= 0

1) xn =
4n
n!

2) xn =
(n!)2
(2n)!3) xn = 1− 12 +

14 − · · · + (−1)n2n4) xn =
13+ 1 +

132 + 1 + · · · + 13n + 1�� �ÂÚÞû üþ�û�ó�±÷¢ {yn} ø {xn} Âð� .��Ìì 19.2.8�¤�¬ ßþ� ¤¢ ,Àª�� üóø�÷ ý��ó�±÷¢ {yn} ø À�ª�� ÂÔ¬
lim
n→α

xn
yn

= lim
n→α

xn − xn+1
yn − yn−1.üû��µõ�÷ �� ø Àª�� üû��µõ ��¤¢ .L < ∞ �î lim

n→α

xn − xn+1
yn − yn−1 = L Ý��î ­Âê :��±��Âû Ǒ�¥� �� �î ´Æû ý� N ×þ ǫ > 0 Âû Ǒ�¥� �� �¤�¬ ßþ�Ûõ�î ¤�Ï �� �þ ∣∣∣
∣

xn − xn+1
yn − yn+1 − L

∣
∣
∣
∣
< ǫ ý� n ≥ N

L− ǫ <
xn − xx+1
yn − yx+1 < L+ ǫ (1.8 )

(L − ǫ)(yn − yn+1) < xn − xn+1 < (L+ ǫ)(yn − yn+1). . . ,n+1 ,n Ǒ�¥� �� �¤ (1.8 ) ñ�õÂê ö��î� .yn > yn+1 �Âþ¥�� ,Ý��îüõ âÞ� Ýû �� �¤ �ú÷� ß�êÂÏ ø Ý�Æþ�÷üõ n + p − 1 ø´ª�¢ Ý�û��¡ ,°��Â� ßþ�
(L − ǫ)(yn − yn+p) < xn − xn+p < (L+ ǫ)(yn − yn+p)�� ø Ý�û¢üõ Û�õ ´þ�ú÷ü� �� �¤ p ø �µêÂð À� ß�êÂÏ ¥� ö��î�Ýþ¤ø�üõ ´¨¢

(L− ǫ)(y − 0) < xn − 0 < (L+ ǫ)(yn − 0)�þ L − ǫ < xn/yn < L + ǫ Ýþ¤�¢ 0 < yn ö�� ,ßþ�Â���� ø.´¨� L �� �ÂÚÞû ��÷ {xn/yn} Å� .|xn/yn − L| < ǫ�b ó�±÷¢ ,ü�ãþ .´¨� ´þ�ú��� L = ∞ Ý��î ­Âê ñ��Ǒ�¥�� Å� .À�î Û�õ ´þ�ú÷ü� �� {(xn − xn+1)/(yn − yn+1)}ý� n ≥ N Âû Ǒ�¥� �� �î ´Æû ý� N ×þ ý� M > 0 Âû
yn > yn+1 ö�� ,�¹�µ÷ ¤¢ .(xn − xn+1)/(yn − yn+1) > M

xn − xn+1 > M(yn − yn+1) (2.8 )
n + p− 1 ø . . . ,n+ 1 ,n Ǒ�¥�� �¤ (2.8 ) ß�êÂÏ ��÷ ¤�� ßþ�ßþ�Â���� .Ý��îüõ âÞ� Ýû �� ø �µª�÷

xn − xn+p > M(yn − yn+p)�� xm > Myn ¢�ªüõ �¹�µ÷ p → ∞ �� ß�êÂÏ ¥� ýÂ�ðÀ� ��
2 .´¨� ´þ�ú÷ü� �� �Âð�ø ��÷ {xn/yn} ßþ�Â���� .xn/yn > M158



�û�ó�±÷¢ üþ�ÂÚÞû ý�ú÷�õ¥� 2.8 ý¢Àä ýÂ¨ ø �ó�±÷¢ 8 ÛÊêÂÑ÷ ¤¢ �¤ xn = n2/2n �b ó�±÷¢ (1 .ñ�·õ 24.2.8�Âþ¥ ,´¨� �ÂÚÞû xn �¤�¬ ßþ� ¤¢ ,ÀþÂ�Ú�
lim
n→∞

xn+1
xn

= lim
n→∞

(n+ 1)22n+1
n22n

=
12 lim
n→∞

(
n+ 1
n

)2
=

12 < 1.´¨� �ÂÚÞû 23.2.8 �f �Ìì ����� ,�¹�µ÷ ¤¢ øßþ� ¤¢ .ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ xn = nn/n! �b ó�±÷¢ (2 ñ�·õ�Âþ¥ ´¨� �Âð�ø �ó�±÷¢ ,�¤�¬
lim
n→∞

xn+1
xn

= lim
n→∞

(n+ 1)n+1
(n+ 1)!
nn

n!

= lim
n→∞

(
n+ 1
n

)n

= lim
n→∞

(1+
1
n

)n

= e > 1.´¨� �Âð�ø 23.2.8 �f �Ìì ����� ,�¹�µ÷ ¤¢ ø:Ýþ¤�¢ 23.2.8 �b �Ìì ¥� ��¨ ´ÞÆì ×Þî �� (3 ñ�·õ
lim
n→∞

n
n
√
n!

= lim
n→∞

n

√

nn

n!

= lim
n→∞

(n+ 1)n+1
(n+ 1)!
nn

n!

= lim
n→∞

(
n+ 1
n

)n

= e

lim
n→α

xx+1
xn

üóø Àª�� ¢���õ lim
n→α

n
√
xn ´¨� ßØÞõ (4 ñ�·õßþ� ¤¢ .xn = 2−n+(−1)n Ý��î ­Âê �f ·õ �Âþ¥ .Àª�� ¢���õ�¤�¬

lim
n→α

n
√
xn = lim

n→α

(2−n−1+(−1)n+1)1/n
= lim

n→α
2−1+

(−1)n
n =

12
xx+1
xn

=
2−n−1+(−1)n+12−n+(−1)n

=

{ 2 Àª�� ¢Âê n Âð�2−3 Àª�� �ø¥ n Âð�

.ßþÂÞ� 22.2.8�ÂÚÞû ÂÔ¬ �� n2
a2 �b ó�±÷¢ ù�Ú÷� ,a > 1 Âð� �î À�û¢ ö�È÷ (1.´¨�:À�û¢ ö�È÷ �¤ Âþ¥ ý�úþø�Æ� ¥� ×þ Âû2) lim

n→∞
1p + 2p + · · · + np

np+1 =
1

p+ 13) lim
n→∞

{1p + 2p + · · · + np

np
− n

p+ 1} =
124) lim

n→∞
1p + 3p + · · · + (2n− 1)p

np+1 =
2p
p+ 1ÂÔ¬ Óó�¿õ ��Þ� �� ý��ó�±÷¢ xn Âð� .��Ìì 23.2.8,�¤�¬ ßþ� ¤¢ . lim

n→∞
xn+1
xn

= ℓ ø Àª��ø ´¨� ÂÔ¬ �� �ÂÚÞû xn ù�Ú÷� ,ℓ < 1 Âð� (Óó�.Àª��üõ ´þ�ú��� �� �Âð�ø xn ù�Ú÷� ,ℓ > 1 Âð� (�¢���õ lim
n→∞

xn+1
xn

ø ù¢�� ´±·õ ��Þ� �� ý��ó�±÷¢ xn Âð� (�.´¨� Â��Â� üÜ±ì �� ø ¢¤�¢ ¢��ø ��÷ lim
n→∞

n
√
xn ù�Ú÷� ,Àª��ßþ� ¤¢ . lim

n→∞
n
√
xn = ℓ ø Àª�� ´±·õ ý��ó�±÷¢ xn Âð�,�¤�¬ø ´¨� ÂÔ¬ �� �ÂÚÞû xn ù�Ú÷� ,ℓ < 1 Âð� (¢.Àª��üõ ´þ�ú��� �� �Âð�ø xn ù�Ú÷� ,ℓ > 1 Âð� (û

ǫ > 0 Ǒ�¥� �� Å� |ℓ| < 1 ø lim
n→α

xn+1
xn

= ℓ ö�� (Óó� :��±��Ǒ�¥� �� �î ´Æû N À�÷�õ ¼�½¬ ý¢Àä |ℓ| + ǫ < 1 �î ù��¿ó¢­Âê Âð� �¤�¬ ßþ� ¤¢ .∣∣∣
∣

xn + 1
xn

− ℓ

∣
∣
∣
∣
< ǫ ý� n ≥ N Âûßþ�Â���� .|xx+1| < k|xn| �þ ∣∣∣∣xn+1

xn

∣
∣
∣
∣
< k ù�Ú÷� k = ǫ+ |ℓ| ¢�ªù�Ú÷� n ≥ N Âð�

|xn| < k|xn−1| < k2|xn−2| < · · · < kn−N |xN | =
|xN |
kN

.kn. lim
n→α

xn = 0 ßþ�Â���� ø lim
n→α

kn = 0Å� k < 1 ö�� �õ�ý� ǫ > 0 Ǒ�¥�� .|ℓ| > 1 ø lim
n→α

xn+1
xn

= ℓ ö�� (� ��±��ý� n ≥ N Âû Ǒ�¥� �� �î ´Æû ý� N ×þ |ℓ| − ǫ > 1 �îÅ� |ℓ| − ǫ <
|xn+1|
|xn|

< |ℓ| + ǫ ßþ�Â���� .∣∣∣
∣

an+1
an

− ℓ

∣
∣
∣
∣
< ǫÂû Ǒ�¥� �� ø 1 < k �¤�¬ ßþ� ¤¢ ,k = |ℓ| − ǫ Ý��î ­Âê Âð�ßþ�Â���� .|xx+1| > k|xn| ý� n ≥ N

|xn| > k|xn| > k2|xn−2| > · · · > kn−N |xN |. lim
n→α

|xn| = α ßþ�Â���� ø lim
n→α

kn = α �õ� .|xn| > |xN |
kN

kn �þ(¢) ��Ø�� ��±�� .´¨� �¤�¡ ��µî ßþ� �b Ü¬�� ¥� (�) ��±��
2 .¢�ªüõ ù¢Â³¨ ùÀ�÷��¡ �� ø ´¨� (�) ø (Óó�) ��±ª (û) ø159



ý¢Àä ýÂ¨ ø �ó�±÷¢ 8 ÛÊê �ó�±÷¢ À� �� â��� À� �bÎ��¤ 3.8ý¤�ÂìÂ� ý�Â� üê�î ø �¥� ¯Âª .��Ìì 1.3.8�ÂÚÞû {xn}∞n=a �b ó�±÷¢ Âû Ǒ�¥� �� �î ´¨� ßþ� lim
x→x0 f(x) = ℓ.Àª��üõ �ÂÚÞû ℓ �� {f(xn)}∞n=a �b ó�±÷¢ ,x0 ��Âû Ǒ�¥� �� ,ßþ�Â���� . lim

x→x0 f(x) = ℓ Ý��î ­Âê :��±��
|x − x0| < δ �î x Âû Ǒ�¥� �� �î ´Æû ý� δ > 0 ,ǫ > 0�ÂÚÞû ý��ó�±÷¢ {xn} Ý��î ­Âê ñ�� .|f(x) − ℓ| < ǫ Ýþ¤�¢Âû Ǒ�¥� �� �î ´Æû ý� N ×þ δ > 0 Ǒ�¥� �� Å� .´¨� x0 ��ý� n ≥ N Âû Ǒ�¥� �� ßþ�Â±Ü�� .|xn − x0| < δ ý� n ≥ N.´¨� �ÂÚÞû ℓ �� {f(xn)} �Áó ø |f(xn) − ℓ| < ǫ,x0 �� {xn} ý�ÂÚÞû �b ó�±÷¢ Âû Ǒ�¥� �� Ý��î ­Âê ñ���î (ÍÜè ­Âê) Ý��î ­Âê .Àª�� �ÂÚÞû ℓ �� {f(xn)} �b ó�±÷¢Âû Ǒ�¥� �� �î ´Æû ý� ǫ > 0Å� .Àª�� ÍÜè lim

x→x0 f(x) = ℓ.|f(x) − ℓ| < ǫ ø |x − x0| < δ �î ´Æû ý� x×þ ý� δ > 0
|xn − x0| < �î ´Æû ý� xn Å� .δ = 1

n ø n ∈ N Ý��î ­Âê´¨� �ÂÚÞû x0 �� {xn} °��Â� ßþ� �� .|f(x) − ℓ| < ǫ ø 1/n
{f(xn)} Å� .¢�ªüÞ÷ ǫ ¥� ÂµÞî ℓ ¥� f(xn) �b Ü¬�ê �î üó��¤¢
2 .´¨� ­Âê é�¡ �î ´Æ�÷ �ÂÚÞû ℓ ��À� ¤�ÀÖõ �b ±¨�½õ ý�Â� (1 .ñ�·õ 2.3.8ø xn = 1/n Ý��îüõ ­Âê 1.3.8 ¤¢ , lim

n→∞
n sin (1/n)ßþ�Â���� .f(x) = sinx/x

lim
n→∞

n sin

(1
n

)

= lim
n→∞

sin
(1
n

)1
n

= lim
x→0 sinx

x
= 1À� ¤�ÀÖõ �b ±¨�½õ ý�Â� (2 ñ�·õ

lim
n→∞

n

(

cos

(√
n

n

)

− 1).f(x) =
cosx− 1

x2 ø xn =
1√
n
Ý��îüõ ­Âê 1.3.8 ¤¢ßþ�Â����

lim
n→∞

n

(

cos

(√
n

n

)

− 1) = lim
n→∞

cos(xn) − 1
(xn)2

= lim
x→0 cosx− 1

x2
=

−12�� �Âþ¥ . lim
n→∞

n
√1+ αn = 0 ù�Ú÷� ,0 < α < 1 Âð� (3 ñ�·õÝþ¤�¢ un = αn ­Âê

lim
n→∞

n
√1+ αn = lim

n→∞
(1+ αn)

1/n
= lim

n→∞

{

(1+ un)
1/un

}un/n

.¢¤�À÷ ¢��ø lim
n→α

xn+1
xn

ßþ�Â����À� ¤�ÀÖõ (5 ñ�·õ
lim
n→α

{(21)1(32)2 (34)3 · · ·(n+ 1
n

)n
}1/2.À��î �±¨�½õ �¤Ýþ¤�¢ 23.2.8 ¥� (�) ´ÞÆì �� ��� .Û�

lim
n→α

((21)1(32)2 (34)3 · · ·(n+ 1
n

)n
)1/2

=

= lim
n→α

(21)1 (32)2 (34)3 · · ·(n+2
n+1)n+1

(21)1 (32)2 (34)3 · · ·(n+1
n

)n

= lim
n→α

(
n+ 2
n+ 1)n+1

= lim
n→α

(1+
1

n+ 1)n+1
= eÂþ¥ ý�û�ó�±÷¢ ¥� ×þ Âû üþ�ÂÚÞû ¤¢ .ßþÂÞ� 25.2.8:À��î ¶½�1) xn =

n
√5n 2) xn =

(n!)2
(2n)!

3) xn =
3n
n3ùÀª �ÂÎõ ý�ä¢� Û�ó¢ Âî£ �� �þ ,7 �� 4 ¢¤��õ ¥� ×þ Âû ¤¢:À�û¢ ö�È÷ �¤ ö� ö¢�� ÍÜè ,ñ�·õ ×þ �b ��¤� �þ �þ ø ��±�� �¤.´¨� �Âð�ø∑1/xn ù�Ú÷� ,Àª�� �ÂÚÞû∑ xn Âð� (4.´¨� �ÂÚÞû ��÷∑x2n ù�Ú÷� ,Àª�� �ÂÚÞû∑ xn Âð� (5.´¨� �ÂÚÞû ��÷∑ |xn| ù�Ú÷� ,Àª�� �ÂÚÞû∑ x2n Âð� (6.´¨� �ÂÚÞû ��÷∑xn/n ù�Ú÷� ,Àª�� �ÂÚÞû∑ xn Âð� (7. lim

n→∞

n
√

(n+ 1)(n+ 2) · · · (2n)

n
=
4
e
À�û¢ ö�È÷ (8�ó�±÷¢ À� �� â��� À� �bÎ��¤ 3.8�¤ �ó�±÷¢ À� ��÷ ø üÖ�Ö� Â�çµõ �� ùÂ�çµõ ×þ â��� ×þ À� ö��î ���ãó�Îõ �¤ ��úÔõ ø¢ ö� ö��õ �bÎ��¤ Ç¿� ßþ� ¤¢ .Ýþ�ù¢Âî �ãó�Îõ.Ý��îüõ160



ýÂ¨ 4.8 ý¢Àä ýÂ¨ ø �ó�±÷¢ 8 ÛÊê9) lim
n→∞

(

n2 − 1
n2 + 1)n−1

n+1 10) lim
n→∞

tann
(
π4 +

1
n

)11) lim
n→∞

2n − 2−n2n + 2−n 12) lim
n→∞

(
n+ 22n− 1)n213) lim

n→∞

(1+
(−1)n

n

)csc

(

π
√1+n2)14) lim

n→∞

{
m
√

(n+ a1) · · · (n+ am) − n
}.¢¤�À÷ ¢��ø lim

x→0 sin (1/x) �î À�û¢ ö�È÷ (15ýÂ¨ 4.8.À�µÆû �û�ó�±÷¢ ¥� Ýúõ ¤��Æ� ø «�¡ ý��µ¨¢ (�û�µª¤ �þ) �úþÂ¨¢¤�õ ¤¢ ,Ýþ��µÔð �û�ó�±÷¢ ¢¤�õ ¤¢ ö��î �� �»÷� Âû ,ßþ�Â����.À�ª�� üõ ¼�½¬ ��÷ �úþÂ¨¢�Àä� ¥� ý��ó�±÷¢ {xn}∞n=a À��î ­Âê .ÓþÂã� 1.4.8­øÂÔõ �b ó�±÷¢ �� k ü��� á�Þ¹õ ,ý� k ≥ a Âû Ǒ�¥� �� .´¨�ÓþÂã� Sk = xa + xa+1 + · · · + xk =

k∑

j=a

xj �¤�¬ �� �¤�þ) {xn}∞n=a Àó�õ �b ó�±÷¢ �� ýÂ¨ �¤ {Sk}∞k=a �b ó�±÷¢ .Ý��îüõ�þ ø ∞∑

n=a

xn ¢�Þ÷ �� ø ùÀ�õ�÷ (xn üõ�Þä �b ÜÞ�
xa + xa+1 + · · · + xn + · · · .Ý�û¢üõ ö�È÷¤¢ Å� ,´¨� �ó�±÷¢ ×þ ýÂ¨ Âû ö�� .¢�¢¤�Âì 2.4.8ýÂ¨ Âð� .´Ôð ß¿¨ ö���üõ ö� üþ�Âð�ø �þ ø üþ�ÂÚÞû ¢¤�õö�È÷ ∞∑

n=a

xn ¢�Þ÷ �� ��÷ �¤ ö� À� ¤�ÀÖõ ,Àª�� �ÂÚÞû ∞∑

n=a

xn�þ ∞∑

n=a

xn = lim
n→∞

n∑

k=a

xk :ÂµÖ�ì¢ ö��� �� .Ý�û¢üõ
xa + xa+1 + · · · + xn + · · · =

= lim
n→∞

{xa + xa+1 + · · · + xn}�Âþ¥ ,´¨� �ÂÚÞû 2 �� ∞∑

n=0 12n ýÂ¨ (1 .ñ�·õ 3.4.8
∞∑

n=0 12n = lim
n→∞

n∑

k=0 12k
= lim

n→∞
1− (1/2)

n+11− (1/2)

= 2− lim
n→∞

(12)n = 2

1.3.8 Õ��Îõ �¹�µ÷ ¤¢ , lim
n→∞

un = 0 �õ�
lim
n→∞

n
√1+ αn =

(

lim
u→0(1+ u)1/u) lim

n→∞
αn/n

= exp

{

lim
n→∞

αn

n

}À� ßþ� .Ý��î �±¨�½õ �¤ lim
n→∞

αn

n
À� ¤�ÀÖõ ´¨� üê�î Å��Âþ¥ ,´¨� ÂÔ¬ Â��Â�0 ≤ lim

n→∞
αn

n
≤ lim
n→∞

αn = 0.Àª��üõ e0 = 1 Â��Â� ÂÑ÷ ¢¤�õ À� ,�¹�µ÷ ¤¢.¢¤�À÷ ¢��ø lim
x→∞

sinx �î Ý�û¢ ö�È÷ (4 ñ�·õ
yn = 2nπ + π/2 ø xn = nπ ý�û�ó�±÷¢ ¤�Ñ�õ ßþ� ý�Â� .Û��¤�¬ ßþ� ¤¢ .ÝþÂ�ðüõ ÂÑ÷ ¤¢ �¤

lim
n→∞

xn = lim
n→∞

yn = ∞ �î üó�� ¤¢
lim
n→∞

sin(xn) = lim
n→∞

0 = 0,
lim
n→∞

sin(yn) = lim
n→∞

1 = 1..¢¤�À÷ ¢��ø lim
x→∞

sinx À� 1.3.8 ����� ,�¹�µ÷ ¤¢.¢¤�À÷ ¢��ø lim
x→0 tan (1/x) À� �î À�û¢ ö�È÷ (5 ñ�·õ

yn =
12nπ + π4 ø xn =

1
nπ

ý�û�ó�±÷¢ ¤�Ñ�õ ßþ� ý�Â� .Û��¤�¬ ßþ� ¤¢ .ÝþÂ�ðüõ ÂÑ÷ ¤¢ �¤
lim
n→∞

xn = lim
n→∞

yn = 0,
lim
n→∞

tan

( 1
xn

)

= 0,
lim
n→∞

tan

( 1
yn

)

= 1,.Àª�� ¢���õ À÷���üÞ÷ ÂÑ÷ ¢¤�õ À� ,1.3.8 Õ��Îõ �¹�µ÷ ¤¢ øÂû ¤�ÀÖõ ,b > 0 ø a > 0 �î ü�¤�¬ ¤¢ .ßþÂÞ� 3.3.8:À��î �±¨�½õ �¤ Âþ¥ ¢øÀ� ¥� ×þ1) lim
n→∞

n2 + 3n− 12n2 − n+ 1 2) lim
n→∞

n tan
(π

n

)3) lim
n→∞

n
(

n
√2− 1) 4) lim

n→∞

(

a− 1+ n
√
b

a

)n5) lim
n→∞

(
n
√
a+ n

√
b2 )n

, 6) lim
n→∞

(
n+ 2
n+ 3)n7) lim

n→∞
cosn

( 2√
n

) 8) lim
n→∞

n2(n
√2− n+1√2)161



ý¢Àä ýÂ¨ ø �ó�±÷¢ 8 ÛÊê ýÂ¨ 4.8
+

(18 +
18 +

18 +
18)+ · · ·

· · · +
( 12n +

12n + · · · + 12n)
︸ ︷︷ ︸Ûõ�ä 2n−1

= 1+
12 +

12 +
12 + · · · + 12

︸ ︷︷ ︸Ûõ�ä n

= 1+
n2.À�îüõ Û�õ ´þ�ú��� �� Â¡� �¤�±ä ,n→ ∞ üµìø �îý�úä�Þ¹õ �b ó�±÷¢ �Âþ¥ ,´¨� �Âð�ø ∞∑

n=0(−1)n ýÂ¨ (5 ñ�·õ:À�îüÞ÷ ëÀ¬ üª�î ¯Âª ¤¢ ö� ü���
|Sn+1 − Sn| =

∣
∣
∣
∣
∣

n+1∑
k=0(−1)k −

n∑

k=0(−1)k

∣
∣
∣
∣
∣

=
∣
∣
∣(−1)n+1∣∣

∣ = 1:À��î �±¨�½õ �¤ Âþ¥ ý�úþÂ¨ á�Þ¹õ À� .ßþÂÞ� 4.4.81)

∞∑

n=0 2n− 1
n2(n+ 1)22)

∞∑

n=0 e−nα cos(nα), (α ∈ R)3) 1− 12 +
14 − · · · + (−1)n2n + · · ·4)

12 +
34 +

58 + · · · + 2n− 12n + · · ·5)
11× 4 +

14× 7 + · · · + 1
(3n− 2)(2n+ 1)

+ · · ·6)
11× 2× 3 +

12× 3× 4 + · · · + 1
n(n+ 1)(n+ 2)7)

∞∑

n=1 (√n+ 2− 2√n+ 1+
√
n
)8) q sinα+ q2 sin(2α) + · · · + qn sin(nα) + · · ·?À�µÆû �Âð�ø ×�õ�Àî ?À�þ�ÂÚÞû Âþ¥ ý�úþÂ¨ ¥� ×þ ��Àî9)

∞∑

j=0 (−1)j

j + 1 10)

∞∑

k=0 k22k11)
∞∑

n=1 1
√

n(n+ 1)
12)

∞∑

n=0 2nn!

�Âþ¥ ,´¨� �ÂÚÞû ×þ �� ∞∑

n=1 1
n(n+ 1)

ýÂ¨ (2 ñ�·õ
∞∑

n=0 1
n(n+ 1)

= lim
n→∞

n∑

k=0 1
k(k + 1)

= lim
n→∞

n∑

k=0{1k − 1
k + 1}

= lim
n→∞

{
n∑

k=0 1k −
n∑

k=0 1
k + 1}

= lim
n→∞

{1− 1
n+ 1} = 1ý�û�ä�Þ¹õ �b ó�±÷¢ �Âþ¥ ,´¨� �ÂÚÞû ∞∑

n=0 1n!
ýÂ¨ (3 ñ�·õÂð� ,âì�ø ¤¢ .´¨� ¤�À÷�Âî ��� ¥� ø ý¢�ã¬ ö� ü���

Sn =

n∑

k=0 1k! = 2+
12 + · · · + 1

n!ý¢�ã¬ �ó�±÷¢ ù�Ú÷�
Sn+1 = Sn +

1
(n+ 1)!

> Sn:Àª��üõ ¤�À÷�Âî ��� ¥� ø
Sn = 2+

12 +
16 + · · · + 1

n!

≤ 2+
12 +

14 + · · · + 12n−1
= 2+

1− (12 )n1− 12 < 3�î (ùÀ�÷��¡ ùbÀúä Â� ßþÂÞ� ö���ä ��) ¢�¢ ö�È÷ ö���üõ
lim
n→∞

(2+
12 +

13!
+ · · · + 1

n!

)

= lim
n→∞

(1+
1
n

)n

= e´ÞÆì ¤¢ �Âþ¥ .´¨� �Âð�ø ∞∑

n=1 1n ×�÷�õ¤�û ýÂ¨ (4 ñ�·õü��� ý�û�ä�Þ¹õ �b ó�±÷¢ �î Ýþ¢�¢ ö�È÷ 13.2.8 ñ�·õ ¥� (3)Û�ó¢ .´¨� �Âð�ø ßþ�Â���� ø À�îüÞ÷ ëÀ¬ üª�î ¯Âª ¤¢ ö�:¢¤ø� ö���üõ ö� ý�Â� ��÷ üõø¢
S2n =

2n
∑

k=1 1k
= 1+

(12)+

(13 +
14)

+

(15 +
16 +

17 +
18)+ · · ·

· · · +
( 12n−1 + 1 +

12n−1 + 2 + · · · + 12n)
≥ 1+

(12)+

(14 +
14)162



�úþÂ¨ üþ�ÂÚÞû ý�ú÷�õ¥� 5.8 ý¢Àä ýÂ¨ ø �ó�±÷¢ 8 ÛÊê
{Sn}∞n=a �î ´¨� ö� ∞∑

n=a

xn ýÂ¨ üþ�ÂÚÞû ý�Â� üê�î ø �¥�.Àª�� ¤�À÷�Âî ��� ¥��b ó�±÷¢ �Âþ¥ .´¨� �Âð�ø ∞∑

n=1 1√
n
ýÂ¨ (1 .ñ�·õ 4.5.8

Sn = 1+
1√2 + · · · + 1√

n

≥ 1√
n

+
1√
n

+ · · · + 1√
n

︸ ︷︷ ︸Ûõ�ä n

= n
1√
n

=
√
n .Àª��üõ ö�Âîü� ��� ¥��ÂÚÞû ∞∑

n=0 qn ü¨À�û ýÂ¨ ù�Ú÷� ,0 < q < 1 Âð� (2 ñ�·õ�b ó�±÷¢ �Âþ¥ ,´¨�
Sn = 1+ q + · · · + qn

=
1− qn+11− q

=
11− q

− qn+11− q

≤ 11− q .Àª��üõ ¤�À÷�Âî ��� ¥�üµìø �ú�� ø üµìø ∞∑

n=a

xn ýÂ¨ .üª�î ö�õ¥� 5.5.8Ǒ�¥� �� �î ¢�ª ´ê�þ ý� N ×þ ,0 < ε Âû Ǒ�¥� �� �î ´¨� �ÂÚÞû.∣∣∣∣
∣

m∑

k=n

xk

∣
∣
∣
∣
∣
< ε ý� m > n Âû ø n ≥ N Âû

{Sn} ,��� ��®øÂÔõ �� �î ¢�ª ���� ´¨� üê�î :��±��
2 .´¨� ¤�À÷�Âî ��� ¥� ø ý¢�ã¬ ý��ó�±÷¢,0 < a ≤ 1 �î ∞∑

n=1 1
na

ü÷��� ýÂ¨ (1 .ñ�·õ 6.5.8Âð� ,âì�ø ¤¢ .À�îüÞ÷ ëÀ¬ üª�î ¯Âª ¤¢ �Âþ¥ ,´¨� �Âð�øù�Ú÷� ,m = 2n
∣
∣
∣
∣
∣

m∑

k=n

1
ka

∣
∣
∣
∣
∣

=

2n∑
k=n

1
ka

≥
2n∑
k=n

1
k

≥
2n∑
k=n

12n =
12

13)
∞∑

n=1 (n!)2
(2n)!

14)
∞∑

n=1 1
√

(2n− 1)(2n+ 1)15) 1+
132 +

152 + · · · + 1
(2n− 1)2 + · · ·16) 1+

23 +
35 + · · · + n2n− 1 + · · ·×þ a ø ù¢�� �� k �b�¤¢ ý��ÜÞ� À�� ×þ P (x) ù�ð Âû (17�±¨�½õ �¤ ∞∑

n=0 P (n)

n!
an ýÂ¨ ¤�ÀÖõ ,Àª�� ù��¿ó¢ üÖ�Ö� ¢Àä.À��î�úþÂ¨ üþ�ÂÚÞû ý�ú÷�õ¥� 5.8Ý�ÖµÆõ Â�è ý�úªø¤ ¥� ��÷ �úþÂ¨ ´ó�� ¤¢ ,�û�ó�±÷¢ ¶½� À�÷�Þû�ÂÚÞû �ãó�Îõ ¢¤�õ ýÂ¨ �þ�' �î Ç¨Â� ßþ� �� ¾¨�� ý�Â�.À�õ�÷üõ ö�õ¥� �¤ �úªø¤ ßþ� .¢�ªüõ ù¢�Ôµ¨� "?Â�¡ �þ Àª��üõý¢�Àã� �ú�� �¹�þ� ¤¢ ,ßþ�Â���� ;´¨� ¢�þ¥ ¤��Æ� �ú÷�õ¥� ßþ� ¢�Àã�.Ý��îüõ �ÂÎõ �¤ �ú÷�õ¥� ßþÂµÞúõ ¥�üþ�ÂÚÞû ý�Â� �¥� ¯Âª .üõ�Þä �b ÜÞ� ö�õ¥� 1.5.8. lim
n→∞

xn = 0 �î ´¨� ö� ∞∑

n=a

xn ýÂ¨�¤�¬ ßþ� ¤¢ .´¨� α �� �ÂÚÞû α∑

n=a

xn Ý��î ­Âê :��±��
lim
n→α

xn = lim
n→α

{
n∑

i=a

xi −
n−1∑
i=a

xi

}

= lim
n→α

n∑

i=a

xi − lim
n→α

n−1∑
i=a

xi

=

α∑

n=a

xn −
α∑

n=a

xn

= α− α = 0
2 .´¨� ��Þ� ö�ûÂ� °��Â� ßþ� �� ø�Âþ¥ ,´¨� �Âð�ø ∞∑

n=0(−1)n ýÂ¨ (1 .ñ�·õ 2.5.8.¢¤�À÷ ¢��ø �f ¬� lim
n→∞

(−1)n,´¨� �Âð�ø ∞∑

n=0 qn ü¨À�û ýÂ¨ ù�Ú÷� ,1 ≤ |q| Âð� (2 ñ�·õ. lim
n→∞

qn 6= 0 �¤�¬ ßþ� ¤¢ �Âþ¥�� ýÂ¨ ×þ ∞∑

n=a

xn Âð� .ý¤�À÷�Âî ö�õ¥� 3.5.8¯Âª ù�Ú÷� ,Sn = xa + xa+1 + · · ·xn ø Àª�� üÔ�õ�÷ ��Þ�163



ý¢Àä ýÂ¨ ø �ó�±÷¢ 8 ÛÊê �úþÂ¨ üþ�ÂÚÞû ý�ú÷�õ¥� 5.8ø ∞∑

n=a

xn À��î ­Âê .ýÀ� �bÆþ�Öõ ö�õ¥� 9.5.8ø ¢���õ lim
n→∞

xn
yn

À� ø À�ª�� ´±·õ ��Þ� �� ýÂ¨ ø¢ ∞∑

n=b

ynüþ�Âð�ø ø üþ�ÂÚÞû ,�¤�¬ ßþ� ¤¢ .Àª�� ´þ�ú��� ø ÂÔ¬ Óó�¿õ¢�ª ÂÔ¬ lim
n→∞

xn
yn

Âð� .´¨� üØþ ∞∑

n=b

yn ø ∞∑

n=a

xn ýÂ¨ ø¢Âð� .¢�� Àû��¡ �ÂÚÞû ��÷ ∞∑

n=a

xn ù�Ú÷� ,Àª�� �ÂÚÞû ∞∑

n=b

yn ø��÷ ∞∑

n=b

yn ù�Ú÷� ,Àª�� �ÂÚÞû ∞∑

n=a

xn ø ¢�ª ´þ�ú��� lim
n→∞

xn
yn.´¨� �ÂÚÞû�ÂÚÞû ∞∑

n=1 n2
(2+ 1/n)

n ýÂ¨ (1 .ñ�·õ 10.5.8�Âþ¥ ,´¨�
lim
n→∞

n2/(2+
1
n

)n

n2/2n = lim
n→∞

(1+
12n)−n

=

{

lim
n→∞

(1+
12n)2n}−1/2

= e−1/2.(?�Â�) ´¨� �ÂÚÞû ∞∑

n=0 n22n ýÂ¨ ø
�Âþ¥ ,´¨� �Âð�ø ∞∑

n=1 4n+ 1
√

n3 + 3n− 1 ýÂ¨ (2 ñ�·õ
lim
n→∞

n+1√
n3+3n−11√

n

= lim
n→∞

4n2 + n
√

n4 + 3n2 − n

= lim
n→∞

4+ 1
n

√1+ 3
n2 − 1

n3 = 4¥� (2) ´ÞÆì �����) ∞∑

n=1 1√
n

=

∞∑

n=1 1
n1/2 ü÷��� ýÂ¨ ø.´¨� �Âð�ø 6.5.8ýÂ¨ ×þ ∞∑

n=a

xn À��î ­Âê .�µ��±þ� ö�õ¥� 11.5.8¤¢ .À�µÆû üÔ�õ ø ´±·õ ö��õ ¤¢ üØþ �û xn ü�ãþ ,´¨� ü÷�¨�÷ö� ∞∑

n=a

xn ýÂ¨ üþ�ÂÚÞû ý�Â� üê�î ø �¥� ¯Âª ,�¤�¬ ßþ�.Àª�� ÂÔ¬ �� �ÂÚÞû ø üóø�÷ {|xn|}∞n=a �b ó�±÷¢ �î ´¨�
lim
n→α

xn ,xn ≥ xn+1 ý� n Âû Ǒ�¥� �� Ý��î ­Âê :��±��ö�È÷ Ý�û��¡üõ �¤�¬ ßþ�¤¢ .xn > 0 ø ´¨� ÂÔ¬

¤¢ �Âþ¥ ,´¨� �ÂÚÞû ,1 < a �î ∞∑

n=1 1
na

ü÷��� ýÂ¨ (2 ñ�·õ.(?�Â�) lim
n→∞

an

na
= 0 �Ø÷� Û�ó¢ �� :À�îüõ ëÀ¬ üª�î ¯Âªßþ� ¤¢ .an < na ù�Ú÷� ,n ≥ N0 Âð� �î ´Æû ý� N0 ,ßþ�Â�����¤�¬

∣
∣
∣
∣
∣

m∑

k=n

1
ka

∣
∣
∣
∣
∣

=
m∑

k=n

1
ka

≤
m∑

k=n

1
ak

=
1
an

1−
(1
a

)m−n+11−
(1
a

)

<
1

(a− 1)an−1�¹�µ÷ ¤¢ ,0 < 1
a
< 1 ö�� ø

lim
n→∞

1
(a− 1)an−1 =

a

a− 1 lim
n→∞

(1
a

)n

= 0.ù�Ú÷� ,n > N Âð� �î ´Æû ý� N ×þ ,0 < ε Âû Ǒ�¥� �� Å�.¢�ªüõ ÂµØ��î ε ¥� ÂÑ÷ ¢¤�õ Û®�Ô�ø¢ ∞∑

n=b

yn ø ∞∑

n=a

xn À��î ­Âê .�Æþ�Öõ ö�õ¥� 7.5.8Ý�ª�� �µª�¢ ý� n ≥ N Âû Ǒ�¥� �� ø À�ª�� ´±·õ ��Þ� �� ýÂ¨ù�Ú÷� ,0 ≤ xn ≤ yn.Àª��üõ �ÂÚÞû ��÷ ∞∑

n=a

xn ù�Ú÷� ,Àª�� �ÂÚÞû ∞∑

n=b

yn Âð� (Óó�.Àª��üõ �Âð�ø ��÷ ∞∑

n=a

yn ù�Ú÷� ,Àª�� �Âð�ø ∞∑

n=b

xn Âð� (��Âþ¥ ,´¨� �ÂÚÞû ∞∑

n=0 2n + 13n + 1 ýÂ¨ (1 .ñ�·õ 8.5.82n + 13n + 1 <
2n + 2n3n = 2(23)n.(∣∣∣

∣

23 ∣∣∣∣ < 1 �Âþ¥) ´¨� �ÂÚÞû ∞∑

n=0(23)n ü¨À�û ýÂ¨ ø�Âþ¥ ,´¨� �Âð�ø ∞∑

n=2 1
√

n2 − 1 ýÂ¨ (2 ñ�·õ1
n

=
1√
n2 < 1

√

n2 − 1.´¨� �Âð�ø ∞∑

n=1 1n ×�÷�õ¤�û ýÂ¨ ø164



�úþÂ¨ üþ�ÂÚÞû ý�ú÷�õ¥� 5.8 ý¢Àä ýÂ¨ ø �ó�±÷¢ 8 ÛÊêø g(x) ≥ 0 ù�Ú÷� ,x ≥ e Âð� Å� . g′(x) =
1
x
ù�Ú÷� ,ÝþÂ�Ú�üêÂÏ ¥� .´¨� ý¢�ã¬ f ′(x) ßþ�Â����

f ′(e) = f(e)
1− 1
e2 = 0

f(x) ,ßþ�Â���� .f ′(x) ≥ 0 ý� x ≥ e Âû ý�¥� �� �¹�µ÷ ¤¢�»÷��� �î À�îüõ ´��� ßþ� .´¨� ý¢�ã¬ [e; +∞) ùb¥�� Â�.xn+1 = f(n+ 1) > f(n) = xn ù�Ú÷� ,n ≥ 4 > e�¹�þ� ¤¢ �Âþ¥ .´¨� �Âð�ø 2− 32+
43− 54+ · · ·ýÂ¨ 3 ñ�·õ�î ¢¢Âðüõ �Ñ��õ .xn = (−1)n n+1

n

lim
n→α

xn = lim
n→α

(−1)n
n+ 1
n

= lim
n→α

(1+
1
n

)

lim
n→α

(−1)n

= lim
n→α

(−1)n .¢¤�À÷ ¢��ø Â¡� À� �îÀ��î ­Âê .üª�î ü®�±Ö÷� ö�õ¥� 13.5.8¯Âª ,�¤�¬ ßþ� ¤¢ .´¨� ´±·õ ø üóø�÷ ý��ó�±÷¢ {xn}∞n=1ýÂ¨ �î ´¨� ö�∑∞
n=1 xn üþ�ÂÚÞû ý�Â� üê�î ø �¥�

∞∑

n=02nx2n = x1 + 2x2 + 4x4 + 8x8 + · · ·.Àª�� �ÂÚÞû�î Ýþ¤�¢ ���� :��±��
x1 ≤ x1
x2 + x3 ≤ x2 + x2 = 2x2
x4 + x5 + x6 + x7 ≤ x4 + x4 + x4 + x4 = 4x4 = 22x22...
x2n + x2n+1 + · · · + x2n+1−1 ≤ x2n + · · · + x2n

︸ ︷︷ ︸�� 2n

= 2nx22Ýþ¤�¢ ,��� ý�ûÂÎ¨ ö¢Âî âÞ� �� ,ßþ�Â����2n+1−1∑

k=1 xk ≤
n∑

k=0 2k x2k ≤
∞∑

k=0 2k x2k,ßþ�Â���� ø ´¨� ¤�À÷�Âî ��� ¥� ∞∑

n=1 xn ´±·õ ��Þ� �� ýÂ¨ Å�
2 .´¨� �ÂÚÞûö���üõ 2 ¢Àä ý�¹� �î ¢�ª ���� .´ª�¢¢�þ 14.5.8.¢�¢ ¤�Âì �¤ ×þ ¥� Âµð¤�� ¼�½¬ ¢Àä Âû

�b ó�±÷¢ ¤�Ñ�õ ßþ� ý�Â� .´¨� �ÁÚÞû α∑

n=0 (−1)n xn �î Ý�û¢�î ¢�ªüõ �Ñ��õ .ÝþÂ�ðüõ ÂÑ÷ ¤¢ �¤ Sn =

n∑

i=0 (−1)i xi

S0 = x0 > 0
S1 = x0 − x1

= S0 − x1 < S0
S2 = x0 − x1 + x2

= S0 + (x2 − x1) < S0
= S1 + x2 > S1

S3 = x0 − x1 + x2 − x3
= S2 − x3 < S2
= S1 + (x2 − x3) > S1ý� n Âû Ǒ�¥� �� �î ¢¢Âðüõ �Ñ��õ Ǒ�ÂÖµ¨� �� Å�

S0 > S2 > · · · > S2n > S2(n+1) > · · · > 0 (3.8 )
S1 < S3 < · · · < S2n+1 < S2(n+1)+1 < · · · < S0 (4.8 )´¨� ¤�À÷�Âî ÂÔ¬ �� ß�þ�� ¥� ø üóø�÷ {S2n}αn=0 �b ó�±÷¢ Å��b ó�±÷¢ ,ùø�ä �� .´¨� �ÂÚÞû ℓ À�÷�õ ý¢Àä �� ßþ�Â���� ø.´¨� �ÂÚÞû S0 = x0 �� ��� ¥� ø ý¢�ã¬ {S2n+1}αn=0ý� n Âû Ǒ�¥� �� üêÂÏ ¥� .´¨� �ÂÚÞû m À�÷�õ ý¢Àä �� ßþ�Â����ßþ� ß�êÂÏ ¥� ýÂ�ð À� �� ,ßþ�Â���� .S2n−1 < S2n+1 < S2n
{Sn}αn=0 �b ó�±÷¢ Å� .ℓ = m �þ m ≤ ℓ ≤ m Ýþ¤�¢ ,�ûýø�Æõ�÷
2 .Àª��üõ ��Þ� ö�ûÂ� ø ´¨� �ÂÚÞû
∞∑

n=1 (−1)n+1
na

ü÷�¨�÷ ü÷��� ýÂ¨ (1 .ñ�·õ 12.5.8
|xn| = �¹�þ� ¤¢ ,�Âþ¥ .Àª��üõ �ÂÚÞû ,´¨� ù��¿ó¢ a > 0 �î:´¨� ÂÔ¬ �� �ÂÚÞû ø üóø�÷ 1/na

|xn+1| =
1

(n+ 1)a
≤ 1
na

= |xn|,Ýþ¤�¢ ,(0 < a) ´¨� ý¢�ã¬ f(x) = xa â��� ö�� ø
lim
n→∞

|xn| = lim
n→∞

1
na

= 0�b ó�±÷¢ ,�Âþ¥ ;´¨� �Âð�ø ∞∑

n=1 (−1)n/ n
√
n ýÂ¨ (2 ñ�·õ´õ�ä ,Âõ� ßþ� ùbÀû�Èõ ý�Â� .´Æ�÷ üóø�÷ |xn| = 1/ n

√
n�õ� .Ý��îüõ ü¨¤Â� (1;∞) ùb¥�� Â� �¤ f(x) = x−1/x â��� ÕµÈõ

g(x) = lnx − 1 �¤ ö� �¤�¬ Âð� ø f ′(x) = f(x)
ln x− 1
x2165



ý¢Àä ýÂ¨ ø �ó�±÷¢ 8 ÛÊê ÕÜÎõ üþ�ÂÚÞû ý�ú÷�õ¥� 6.83)
∞∑

n=0 2n+ 1
n3 + 2n+ 1 , 4)

∞∑

n=1 2n − 13n − 2n ,5)
∞∑

n=1 3+ (−1)n2n+1 , 6)
∞∑

n=1(−1)n
√
n

n+ 100 ,7)

∞∑

n=2 (−1)n√
n+ (−1)n

, 8)

∞∑

n=1 (−1)n+11− (1/3)n
,9)

∞∑

n=1 (−1)n+1
n2√n , 10)

∞∑

n=1(−1)n
sin2 n
n

,11)

∞∑

n=1(−1)n−12n sin(1/n)

n
,6)

∞∑

n=2(√n+ 2−
√

n− 2) ,13)

∞∑

n=3 1
n(lnn) {ln(lnn)} ,14)

∞∑

n=3 1
n(lnn) {ln(ln2n)}2 .
ÕÜÎõ üþ�ÂÚÞû ý�ú÷�õ¥� 6.8�þ ø ´±·õ ��Þ� �� ý�úþÂ¨ �� â��¤ ¶½� �bÞû Û±ì Ç¿� ¤¢À�ì ßþ� Ý�û��¡üõ .¢�� (ü÷�¨�÷) ùÀª ñÂµ�î ��Þ� �� ý�úþÂ¨:À÷�ªüõ Ý�ÆÖ� ï¤�� ùb¢��÷�¡ ø¢ �� �úþÂ¨ �÷�Ú�þ� .Ýþ¤�¢Â� �¤.¯øÂÈõ ý�ÂÚÞû ý�úþÂ¨ ø ÕÜÎõ ý�ÂÚÞû ý�úþÂ¨ý�ÂÚÞû ü�¤�¬ ¤¢ �¤ ∞∑

n=a

xn ýÂ¨ .ÓþÂã� 1.6.8�ÂÚÞû �î ý�ýÂ¨ .Àª�� �ÂÚÞû ∞∑

n=a

|xn| ýÂ¨ �î Ý���ð ÕÜÎõ.¢�ªüõ ùÀ�õ�÷ ¯øÂÈõ ý�ÂÚÞû ,Àª�±÷ ÕÜÎõ ý�ÂÚÞû �õ� ,Àª��,Àª��üõ �ÂÚÞû ,ÕÜÎõ ý�ÂÚÞû ýÂ¨ Âû �î ´¨� ßªø¤.´¨� ÍÜè °ÜÎõ ßþ� ÅØä üóø
∞∑

n=1 1n ×�÷�õ¤�û ýÂ¨ Ý�÷�¢üõ (1 .ñ�·õ 2.6.8×�÷�õ¤�û ýÂ¨ �î üó�� ¤¢ ,(4.4.8 ¥� (4) ´ÞÆì) ´¨� �Âð�ø.(12.5.8 ¥� (1) ´ÞÆì) ´¨� �ÂÚÞû ∞∑

n=1 (−1)n+1
n

ü÷�¨�÷.´¨� ¯øÂÈõ ý�ÂÚÞû ∞∑

n=1 (−1)n+1
n

ýÂ¨ �¹�µ÷ ¤¢

ü÷��� ýÂ¨ ø ,p > 0 À��î ­Âê (1 .ñ�·õ 15.5.8�¤�¬ ßþ� ¤¢ .ÝþÂ�ðüõ ÂÑ÷ ¤¢ �¤ ∞∑

n=11/np0 ≤ xn+1 =
1

(n+ 1)p
≤ 1
np

= xnýÂ¨ :¢Â� ¤�Ø� ö���üõ ¢¤�õ ßþ� ¤¢ �¤ 13.5.8 ö�õ¥� ßþ�Â���� øü¨À�û
∞∑

n=02nx2n =

∞∑

n=02n 1
(2n)p

=

∞∑

n=1( 12p−1)nüµÆþ�� ü�ãþ ,1/2p−1 < 1 �î ´¨� �ÂÚÞû üµìø �ú�� ø üµìø�� ∞∑

n=11/np ü÷��� ýÂ¨ üµìø �ú�� ø üµìø ,ßþ�Â���� .0 < p−1.1 < p �î ´¨� �ÂÚÞû 0 < p ö���.´¨� �Âð�ø ∞∑

n=3 1
n lnn

ýÂ¨ (2 ñ�·õ�b ó�±÷¢ �î Ý��îüõ ´��� �Àµ�� °ÜÎõ ßþ� ö¢�¢ ö�È÷ ý�Â�Ý��îüõ ���� ,¤�Ñ�õ ßþ� ý�Â� .´¨� üóø�÷ ø ´±·õ {xn}∞n=1´¨� ´±·õ [3; +∞) ùb¥�� Â� f(x) = x ln x â��� ÕµÈõ ´õ�ä �îý¢�ã¬ ù¥�� ßþ� Â� f(x) ßþ�Â���� ø (f ′(x) = lnx + 1 �Âþ¥),Àª��üõ üóø�÷ ù¥�� ßþ� Â� 1
f(x)

=
1

x lnx
â��� �¹�µ÷ ¤¢ .´¨�ßþ�Â���� ø0 ≤ xn+1 =

1
f(n+ 1)

≤ 1
f(n)

= xn�î Ý��î üõ ���� ,Å³¨
∞∑

n=02nx2n =
∞∑

n=02n 12n ln(2n)

=
∞∑

n=1 1
n ln2

=
1

ln2 ∞∑

n=1 1nö�õ¥� ����� ,�¹�µ÷ ¤¢ .´¨� �Âð�ø ∞∑

n=1 1n ×�÷�õ¤�û ýÂ¨ ø.Àª��üõ ∞∑

n=3 1
n lnn

�Âð�ø ýÂ¨ ,13.5.8¥� ×þ Âû üþ�Âð�ø ø üþ�ÂÚÞû ¤¢ .ßþÂÞ� 16.5.8:À��î ¶½� Âþ¥ ý�úþÂ¨1)
∞∑

n=1 nn+1/n
(n+ 1/n)n

, 2)
∞∑

n=0 n52n + 3n ,166



ÕÜÎõ üþ�ÂÚÞû ý�ú÷�õ¥� 6.8 ý¢Àä ýÂ¨ ø �ó�±÷¢ 8 ÛÊê
= lim

n→∞

(
n+ 1
n

)n

= lim
n→∞

(1+
1
n

)−n
= e−1 < 1,Àª��üõ �Âð�ø ,´¨� ù��¿ó¢ a 6= 0 �î ∞∑

n=0 n!

an
ýÂ¨ (2 ñ�·õ�Âþ¥

ℓ = lim
n→∞

∣
∣
∣
∣
∣

(n+ 1)!/an+1
n!/an

∣
∣
∣
∣
∣

= lim
n→∞

n+ 1
|a| = ∞ > 1ýÂ¨ üþ�ÂÚÞû ¤¢ (3 ñ�·õ

(13)2 +

(13 .25)2 +

(13 .25 .37)2 + · · ·.À��î ¶½��¹�µ÷ ¤¢ .xn =

( 1.2. · · ·n3.5. · · · (2n+ 1)

)2 �ó�Æõ ßþ� ¤¢ .Û�
ℓ = lim

n→α

∣
∣
∣
∣

xn+1
xn

∣
∣
∣
∣

= lim
n→α

(2n+ 3)2
(n+ 1)2

= lim
n→α

4n2 + 12n+ 9
n2 + 2n+ 1 = 4 > 1.Àª��üõ �Âð�ø ùÀª ù¢�¢ ýÂ¨ Å�×þ ∞∑

n=a

xn À��î ­Âê .üª�î �bÈþ¤ ö�õ¥� 5.6.8ßþ� ¤¢ .Àª��üõ ¢���õ ℓ = lim
n→∞

n
√

|xn| ø ´¨� ù��¿ó¢ ýÂ¨�¤�¬�¹�µ÷ ¤¢ ø ÕÜÎõ ý�ÂÚÞû ∞∑

n=a

xn ýÂ¨ ù�Ú÷� ,ℓ < 1 Âð� (Óó�.´¨� �ÂÚÞû.´¨� �Âð�ø ∞∑

n=a

xn ýÂ¨ ù�Ú÷� ,ℓ > 1 Âð� (�.0 ≤ ℓ < 1 Âð� (Óó� :ÝþÂ�ðüõ ÂÑ÷ ¤¢ ´ó�� ø¢ :��±���Áó ø ℓ < r < 1 �î ´Æû r À�÷�õ ý¢Àä �¤�¬ ßþ� ¤¢
ε = r − ℓ Ǒ�¥� �� ö��î� . lim

n→α

n
√

|xn| < r ø 0 < r < 1�þ ∣∣∣ n
√

|xn| − ℓ
∣
∣
∣ < ε ý� n > N Âû Ǒ�¥� �� �î ´Æû ý� N ×þ�¹�µ÷ ¤¢ .|xn| < rn Å� .0 ≤ n

√

|xn| < r

∞∑

n=N

|xn| <
∞∑

n=N

rn = rN
∞∑

n=N

rn

�Âþ¥ ,´¨� ÕÜÎõ ý�ÂÚÞû ∞∑

n=1 (−1)[lnn]

n2 ýÂ¨ (2 ñ�·õ
∞∑

n=1 ∣∣∣∣ (−1)[lnn]

n2 ∣
∣
∣
∣
=

∞∑

n=1 1
n2.(6.5.8 ¥� (2) ´ÞÆì) ´¨� �ÂÚÞû ü÷��� ýÂ¨ ×þù¢�¢ ∞∑

n=a

xn ýÂ¨ À��î ­Âê .Â±õ��¢ ö�õ¥� 3.6.8�¤�¬ ßþ� ¤¢ .Àª��üõ ¢���õ lim
n→∞

∣
∣
∣
xn+1
xn

∣
∣
∣ = ℓ ø ´¨� ùÀª�¹�µ÷ ¤¢ ø ÕÜÎõ ý�ÂÚÞû ∞∑

n=a

xn ýÂ¨ ù�Ú÷� ,ℓ < 1 Âð� (Óó�.´¨� �ÂÚÞû.´¨� �Âð�ø ∞∑

n=a

xn ýÂ¨ ù�Ú÷� ,ℓ > 1 Âð� (�ÂÑ÷ ¤¢ ´ó�� ø¢ . lim
n→α

∣
∣
∣
∣

xn+1
xn

∣
∣
∣
∣

= ℓ Ý��î ­Âê :��±��.ℓ > 1 (� ø 0 ≤ ℓ ≤ 1 (Óó� :ÝþÂ�ðüõ�î ´¨� ý¢Àä r Ý��î ­Âê .0 ≤ ℓ ≤ 1 Ý��î ­Âê (Óó�
N À�÷�õ ý¢Àä ε = r − ℓ Ǒ�¥� �� �¤�¬ ßþ� ¤¢ .ℓ < r < 1�¹�µ÷ ¤¢ .∣∣∣

∣

xn+1
xn

∣
∣
∣
∣
− ℓ < ε ý� n ≥ N Âû Ǒ�¥� �� �î ´Æû

ℓ− r <

∣
∣
∣
∣

xn+1
xn

∣
∣
∣
∣
− ℓ < r − ℓ´ª�÷ ö���üõ ,ßþ�Â���� .0 ≤

∣
∣
∣
∣

xn+1
xn

∣
∣
∣
∣
< r �þ

|xn| < r|xn−1| < r2|xn−2| < · · · < rn−N |xN |
M∑

n=N

|xn| <
M∑

n=N

rn−N |xN | = |xN |
M−N∑

k=0 rk <

∞∑

k=0 rkÅ� .´¨� �ÂÚÞû 0 < r < 1 Û�ó¢ �� Â¡� ü¨À�û ýÂ¨ �î�ÂÚÞû ßþ�Â���� ø ¤�À÷�Âî ��� ¥� ��÷ ∞∑

n=a

xn ´±·õ ��Þ� �� ýÂ¨.´¨�Ǒ�¥� �� �¤�¬ ßþ� ¤¢ .ℓ > 1 Ý��î ­Âê (�ý� n > N Âû Ǒ�¥� �� �î ´Æû ý� N ×þ ε = (1− ℓ)/2�þ ∣∣∣
∣

∣
∣
∣
∣

xn+1
xn

∣
∣
∣
∣
− ℓ

∣
∣
∣
∣
< ε Ýþ¤�¢3ℓ− 12 <

∣
∣
∣
∣

xn+1
xn

∣
∣
∣
∣
<
1+ ℓ2Ǒ�¥� �� ø 1 < k �¤�¬ ßþ� ¤¢ k =

3ℓ− 12 ¢�ª ­Âê Âð� �õ�ø ´Æ�÷ ÂÔ¬ lim
n→∞

|xn| Å� .k|xn| < |xn+1| ý� n > N Âû
2 .Àª��üõ �Âð�ø ∞∑

n=a

xn ýÂ¨ ßþ�Â�����Âþ¥ ,´¨� �ÂÚÞû ∞∑

n=1 n!

nn
ýÂ¨ (1 .ñ�·õ 4.6.8

ℓ = lim
n→∞

(n+ 1)!/(n+ 1)n+1
n!/nn167
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= lim

x→∞

{

cos
(a

x

)}x2
= lim

x→∞

{1+
(

cos
(a

x

)

− 1)}x2
= lim

u→∞

{

(1+ u)1/u} lim
x→∞

x2 (cos
(a

x

)

− 1):Ýþ¤�¢ ,v =
a

x
­Âê �� üêÂÏ ¥� .u = 1− cos

(a

x

) �¹�þ� ¤¢ �î
lim
x→∞

x2 (cos
(a

x

)

− 1) = lim
v→0 cos v − 1

v2 a2
= −a

22.´¨� ��Þ� ö�ûÂ� ø ℓ = e−a
2/2 < 1 ßþ�Â�����î ¢¢Âðüõ �Ñ��õ ,´ó�� ßþ� ¤¢ 3 ñ�·õ

lim
n→α

n
√

|xn| = lim
n→α

{(
n+ 1
n

)n+1
− n+ 1

n

}−1
= lim

n→α

{(
n+ 1
n

)n

− 1}−1(
n+ 1
n

)−1
=

(

lim
n→α

(1+
1
n

)n

− 1)( lim
n→α

n

n+ 1)
= (e− 1)−1 × 1
=

1
e− 1 < 1.´¨� �ÂÚÞû ùÀª ù¢�¢ ýÂ¨ Å�ý�úþÂ¨ ¥� ×þ Âû üþ�Âð�ø ø üþ�ÂÚÞû ¤¢ .ßþÂÞ� 8.6.8:À��î ¶½� Âþ¥1) 1000+

100022!
+
100033!

+ · · · + 1000n
n!

+ · · ·2)
(1!)22!

+
(2!)24!

+
(3!)26!

+ · · · + (n!)2
(2n)!

+ · · ·3)
2× 1!1 +

22 × 2!23 +
23 × 3!33 + · · · + 2nn!

n3 + · · ·4)
3× 1!1 +

32 × 2!22 +
33 × 3!33 + · · · + 3nn!

nn
+ · · ·5)

(1!)22 +
(2!)224 +

(3!)229 + · · · + (n!)22n2 + · · ·6)
10001 +

1000× 10011× 3
+
1000× 1001× 10021× 3× 5 + · · ·7)

42 +
4× 72× 6 +

4× 7× 102× 6× 10
+
4× 7× 10× 132× 6× 10× 14 + · · ·

ýÂ¨ ßþ�Â���� .´¨� �ÂÚÞû 0 < r < 1 Û�ó¢ �� Â¡� ýÂ¨ �õ�.´¨� �ÂÚÞû ��÷ α∑

n=N

|xn|,ε =
ℓ− 12 Ǒ�¥�� �¤�¬ ßþ� ¤¢ .ℓ > 1 Ý��î ­Âê (�.∣∣∣ n

√

|xn| − ℓ
∣
∣
∣ < ε ý� n > N Âû Ǒ�¥� �� �î ´Æû ý� NÅ� 1 < 1+ ℓ2 < n

√

|xn| �þ 1− ℓ2 < n
√

|xn| − ℓ ßþ�Â����
∞ = lim

n→∞

(1+ ℓ2 )n

≤ lim
n→∞

|xn|

2 .Àª�� �ÂÚÞû À÷���üÞ÷ ∞∑

n=1xn ýÂ¨ �Áó ø
lim
n→∞

|xn+1|
|xn|

Âð� �î ¢�ªüõ ´��� .´ª�¢¢�þ 6.6.8
ℓ Â��Â� ø ¢���õ ��÷ lim

n→∞
n
√

|xn| ù�Ú÷� ,Àª�� ℓ Â��Â� ø ¢���õ.´¨� ÍÜè üÜî ´ó�� ¤¢ °ÜÎõ ßþ� ÅØä ,�õ� .´¨�´ó�� �� Â±õ��¢ ö�õ¥� ¥� ù¢�Ôµ¨� ¤¢ �»÷��� Âð� ,ßþ�Â����ù�Ú÷� ,Ý��î ù¢�Ôµ¨� ö�õ¥� ö� ¥� Ý�÷��µ÷ ßþ�Â���� ø ,Ý�¨Â� ℓ = 1´ó�� �� ,�Âþ¥) Ý��î ù¢�Ôµ¨� Ý�÷��� üÞ÷ ��÷ üª�î �bÈþ¤ ö�õ¥� ¥�.(À�õ�¹÷� Àû��¡ ℓ = 1ö�� .ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ ∞∑

n=b

an

na
ýÂ¨ (1 .ñ�·õ 7.6.8

ℓ = lim
n→∞

n

√
∣
∣
∣
∣

an

na

∣
∣
∣
∣

= lim
n→∞

|a|
( n
√
n)a

=
|a|1a = |a|üó�� ¤¢ ,´¨� �ÂÚÞû ∞∑

n=b

an

na
ýÂ¨ ù�Ú÷� ,|a| < 1 Âð� ,ßþ�Â����.Àª�� üõ �Âð�ø ýÂ¨ ßþ� ù�Ú÷� ,|a| > 1 Âð� �î,a = −1 Âð� ø ´¨� �Âð�ø ýÂ¨ ��®�� ù�Ú÷� ,a = 1 Âð�,ßþ�Â���� .´¨� �Âð�ø ýÂ¨ �¹�µ÷ ¤¢ ø an

na
= n(−1)n ù�Ú÷�üµìø �ú�� ø üµìø ∞∑

n=b

an

na
ýÂ¨ :�î Ý���Ú� Ý�÷���üõ á�Þ¹õ ¤¢.|a| < 1 �î ´¨� �ÂÚÞû�ÂÚÞû ,0 6= a ∈ R �î ∞∑

n=1{cos
(a

n

)}n3 ýÂ¨ (2 ñ�·õ�Âþ¥ ,Àª��üõ
ℓ = lim

n→∞
n

√
∣
∣
∣
∣

{

cos
(a

n

)}n3∣∣
∣
∣

= lim
n→∞

{

cos
( a

n

)}n2168
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∫ ∞0 dx

x2 + 1 = lim
a→∞

∫ a0 dx

x2 + 1
= lim

a→∞
arctana =

π2¢�ª ­Âê Âð� �Âþ¥ ,´¨� �ÂÚÞû ∞∑

n=0 n2e−√
n ýÂ¨ (2 ñ�·õø ´¨� ´±·õ [0;∞) ùb¥�� Â� y = f(x) ù�Ú÷� ,f(x) = x2e−√

x

[4;∞) ùb¥�� Â� y = f(x) Å� ,f ′(x) = x(4 −√
x)e−

√
x ö��Ýþ¤�¢ u =

√
x­Âê �� ,ß��»Þû .´¨� üóø�÷

∫ ∞4 x2e−√
xdx =

∫ ∞2 u4e−u2u du
= 2 ∫ ∞2 u5e−u du
= lim

a→∞
2 ∫ a2 u5e−udu

(1)
= lim

a→∞

[

P (u)e−u
]a2

= lim
a→∞

(

P (a)e−a − P (2)e−2)
= lim

a→∞

(
P (a)

ea
− P (2)

e2 )

(2)
= lim

a→∞

(

P (5)(a)

ea
− P (2)

e2 )

= −P (2)

e2¤¢ ø ´¨� 5 �b�¤¢ ¥� ý��ÜÞ� À�� ×þ P (u) â��� (1) ¤¢ �îùÀª ù¢�¢ ýÂ¨ ßþ�Â���� .´¨� ùÀª ù¢�Ôµ¨� ñ�µ���û �b �Ìì ¥� (2).Àª��üõ �ÂÚÞû,À�û��¿ó¢ üÖ�Ö� ¢�Àä� p ø a À��î ­Âê .ßþÂÞ� 3.7.8¶½� ùÀª ù¢�¢ ý�úþÂ¨ ¥� ×þ Âû üþ�ÂÚÞû ¤¢ �¤�¬ ßþ� ¤¢:À��î1)

∞∑

n=0 an, 2)

∞∑

n=1 1
na
,3)

∞∑

n=2 1
n(ln(n))p

, 4)

∞∑

n=2 1
n ln(n) ln(ln(n))

,5)

∞∑

n=0{arctan

(1
n

)}2
, 6)

∞∑

n=1 1
n
√

n4 + n2 − 1 .ü��� ý�û�ä�Þ¹õ �b ó�±÷¢ Âð� .�ÜØþ¤¢ ö�õ¥� 4.7.8��Þ� �� ý��ó�±÷¢ {yn}∞n=b ø Àª�� ¤�À÷�Âî ∞∑

n=a

xn ýÂ¨ýÂ¨ ù�Ú÷� ,À�îüõ Û�õ ÂÔ¬ �� ���Øþ ÛØª �� �î Àª�� ´±·õ.´¨� �ÂÚÞû ∞∑

n=c

xnyn

8)

∞∑

n=2 1
n
√

ln(n)
, 9)

∞∑

n=1 n3(√2+ (−1)n)n3n ,10)

∞∑

n=1(1+ cosn2+ cosn

)2n−ln(n)

,11)

∞∑

n=0 e −3√n,12)

∞∑

n=1n2e−√
n, 13)

∞∑

n=2 nln(n)

(ln(n))n
,14)

∞∑

n=1n 1
n2+1−1, 15)

∞∑

n=1 ln

(

cosh
(
π
n

)

cos
(
π
n

)

)

.Â��µêÂÈ�� ö�õ¥� À�� 7.8ù¢�Ôµ¨� Û��ì �úþÂ¨ ¥� «�Ê¿� üþ�û�µ¨¢ ¤¢ �î �ú÷�õ¥� ßþ��bÞû ö��� ö�Øõ� �f Þä ,�¹�µ÷ ¤¢ .À�ª��üõ á��µõ ¤��Æ� ,À�µÆû.ÝþÂ�üõ ��÷ �¤ �ú÷� ¥� ü¡Â� ,´�Þû� °��Âµ� .´Æ�÷ �ú÷�üã��� y = f(x) À��î ­Âê .ñ�ÂÚµ÷� ö�õ¥� 1.7.8ø �¥� ¯Âª ,�¤�¬ ßþ� ¤¢ .Àª�� (0;∞) Â� üóø�÷ ø üÔ�õ�÷ñ�ÂÚµ÷� �î ´¨� ö� Àª�� �ÂÚÞû ∞∑

n=a

f(n) ýÂ¨ �Ø�þ� ý�Â� üê�î.Àª�� �ÂÚÞû ∫ ∞

a

f(x)dxý� x ∈ [k; k + 1] Âû ý�¥�� Å� ,´¨� üóø�÷ f ö�� :��±���¹�µ÷ ¤¢ f(k + 1) ≤ f(x) ≤ f(k) Ýþ¤�¢
f(k + 1) =

∫ k+1
k

f(k + 1) dx

=

∫ k+1
k

f(x) dx

<

∫ k+1
k

f(k) dx = f(k)Ýþ¤�¢ ,ÓÜµ¿õ ý�û n Ǒ�¥� �� �Î��¤ ßþ� ö¢Âî âÞ� ��
n+1∑
k=a+1 f(k) <

∫ n

a

f(x) dx <

n∑

k=a

f(k)¢�ªüõ �¹�µ÷ ,n→ α Ǒ�¥� �� ß�êÂÏ ¥� ýÂ�ð À� �� ø
∞∑

n=a+1 f(n) ≤
∫ ∞

a

f(x) dx ≤
∞∑

n=a

f(x)

2 .´¨� ��Þ� ö�ûÂ� øÂð� �Âþ¥ ;´¨� �ÂÚÞû ∞∑

n=0 1
n2 + 1 (1 .ñ�·õ 2.7.8´±·õ ø üóø�÷ [0;∞) Â� y = f(x) ù�Ú÷� ,f(x) =

1
x2 + 1169
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∞∑

n=1 (−1)n

n

(2+ (−1)n
)3) 1+

12 +
13 − 14 − 15 − 16 +

17 +
18 +

19 − · · ·4)
11p − 12p +

13p − 14p +
15p − 16p + · · · (p > 1)5) 1+

12 − 13 +
14 +

15 − 16 +
17 +

18 − 19 − · · ·�ÂÚÞû ýÂ¨ ×þ ∞∑

n=a

xn À��î ­Âê .Û�� ö�õ¥� 7.7.8ýÂ¨ ,�¤�¬ ßþ� ¤¢ .Àª�� ���Øþ ø �ÂÚÞû �b ó�±÷¢ ×þ {yn}∞n=b ø.´¨� �ÂÚÞû ∞∑

n=c

xnyn�¤�¬ ßþ� ¤¢ .Zn = y−yn ø y = lim
n→α

yn Ý��î­Âê :��±���� ��� Å� .´¨� ý¢�ã¬ Â�è {Zn} ø lim
n→α

Zn = 0 ø Zn ≤ 0
xnyn = yxn−xnZn �õ� .´¨� �ÂÚÞû α∑

n=a

xnZn �ÜØþ¤¢ ö�õ¥��¹�µ÷ ¤¢
α∑

n=a

xn yn = b
α∑

n=a

xn −
α∑

n=a

xn Zn²� ´Þ¨ ýÂ¨ Å� ,À�þ�ÂÚÞû ´¨�¤ ´Þ¨ ýÂ¨ ø¢ ö�� �î
2 .Àª��üõ �ÂÚÞû ��÷ýÂ¨ ù�Ú÷� ,|a| >

12 Âð� (1 .ñ�·õ 8.7.8ø xn =
π

(2a)n ­Âê �� �Âþ¥ ,´¨� �ÂÚÞû ∞∑

n=1 1an sin
( π2n )Ýþ¤�¢ yn = sin

( π2n ) / π2n
∞∑

n=1xn =

∞∑

n=1 π

(2a)n
=

π2a 11− 12a =
π2a− 1

lim
n→∞

yn = lim
n→∞

sin
( π2n ) / π2n

= lim
x→0 sinx

x
= 1ù�Ú÷� ,f(x) = sinx/x Âð� �Âþ¥ ,´¨� ���Øþ yn ø

f ′(x) =
x cos x− sinx

x2
=

x− tanx

x2 cosx
≥ 0 (0;

π2) Â�¤¢ ø π/2n+1 < π/2n �õ� .´¨� ý¢�ã¬ f(x) �¹�µ÷ ¤¢ ø�¹�µ÷
yn+1 = f

( π2n+1 ) < f
( π2n) = yn

°µî ¤¢ ø ,´¨� �¤�¡ ��µî ßþ� �b Ü¬�¡ ¥� ÝØ� ßþ� ��±��.¢¢Âðüõ ��±�� ü®�þ¤ ��ó�÷�×þ ,a ∈ R �î ∞∑

n=1 sin(an)

n
ýÂ¨ (1 .ñ�·õ 5.7.8

yn =
1
n
ø xn = sin(ax) ö¢Âî ­Âê �� �Âþ¥ ,´¨� �ÂÚÞû ýÂ¨ÂÔ¬ �� �ÂÚÞû ø üóø�÷ ,´±·õ {yn}∞n=1 �b ó�±÷¢ �Ø�þ� �� ���� �� øø ´¨�
|Sk| =

∣
∣
∣
∣
∣

k∑

n=1xk∣∣∣∣∣ =

∣
∣
∣
∣
∣

k∑

n=1 sin(na)

∣
∣
∣
∣
∣

(1)
=

∣
∣
∣
∣
∣

sin
(
(k + 1) a2) sin

(
k a2)

sin
(
a2) ∣

∣
∣
∣
∣

≤ 1
∣
∣sin

(
a2)∣∣ýÂ¨ �î ÝþÂ�ðüõ �¹�µ÷ �ÜØþ¤¢ ö�õ¥� ¥� ,Å� ;´¨� ¤�À÷�Âî.Àª��üõ �ÂÚÞû (´¨� ùÀª ù¢�¢ ýÂ¨ ö�Þû �î) ∞∑

n=a

xnyn(.´¨� ùÀª ��±�� 13.6.1 ñ�·õ ¥� (3) ´ÞÆì ¤¢ (1) ýø�Æ�)ýÂ¨ (2 ñ�·õ1+
12 − 23 +

14 +
15 − 26 + · · ·

· · · + 13n− 2 +
13n− 1 − 23n + · · ·ý¤ø¢ �¤�¬ �� xn ø yn =

1
n
Ý��î ­Âê .ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤¢¢Âðüõ ÓþÂã�

x1 = x2 = x4 = x5 = · · · = x3n+1 = x3n+2 = 1
x3 = x6 = · · ·x3n = −2ø ´¨� ÂÔ¬ �� �ÂÚÞû ø ´±·õ ,üóø�÷ yn �b ó�±÷¢ ,�¤�¬ ßþ� ¤¢ùø�ã�
|Sn| =

∣
∣
∣
∣
∣

n∑

k=1 xk∣∣∣∣∣
=







1 n = 3m+ 1 Âð�2 n = 3m+ 2 Âð�0 n = 3m Âð� ≤ 2ÂÑ÷ ¢¤�õ ýÂ¨ ö�Þû �î) ∞∑

n=1 xnyn ýÂ¨ ,4.7.8 Õ��Îõ Å�.Àª��üõ �ÂÚÞû (´¨�ö�õ¥� ×Þî �� �� Âþ¥ ý�úþÂ¨ üþ�ÂÚÞû .ßþÂÞ� 6.7.8:À�û¢ ö�È÷ �ÜØþ¤¢1)
∞∑

n=1 cos(an)

n170
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< xa

(1+
ya+1
ya

+
ya+2
ya+1 ya+1ya

+ · · ·

· · · + yn
yn−1 yn−1yn−2 · · · ya+1

ya

)

= xa

(1+
ya+1
ya

+
ya+2
ya

+ · · · + yn
ya

)

=
xa
ya

(ya + ya+1 + · · · + yn)

=
xa
ya

tn ßþ�Â����
∞∑

n=a

xn = lim
n→∞

Sn

≥ xa
ya

lim
n→∞

tn

=
xa
ya

∞∑

n=a

yn

2 .´¨� ��Þ� ö�ûÂ� ø¢�Àä� ¥� ý��ó�±÷¢ {xn}∞n=1 Âð� .���¤ ö�õ¥� 11.7.8ù�Ú÷� ,ℓ < 1 Âð� . ℓ = lim
n→∞

n

(
xn
xn+1 − 1) ø ù¢�� ´±·õ.´¨� �Âð�ø ýÂ¨ ,ℓ > 1 Âð� ø ´¨� �ÂÚÞû ∞∑

n=1xn ýÂ¨ø �¥� ¯Âª �¤�¬ ßþ� ¤¢ .yn = 1/nk Ý��î ­Âê :��±��üêÂÏ ¥� .1 < k �î ´¨� ö� ∞∑

n=a

yn ýÂ¨ üþ�ÂÚÞû ý�Â� üê�î
xn
xn+1 > yn

yn+1 ü�ãþ
xn
xn+1 >

(n+ 1)k

nk

=

(1+
1
n

)k

= 1+
k

n
+
k(k − 1)2n2 + · · · �¹�µ÷ ¤¢

n

(
xn
xn+1 − 1) > n

(
k

n
+
k(k − 1)2n2 + · · ·

)

= k +
k(k − 1)2n + · · ·¥� Âµð¤�� �¤ k ö���üõ lim

n→∞
n

(
xn
xn+1 − 1) > 1 Âð� ßþ�Â�����ø¢ ö�õ¥� �� ��� Å� ,´¨� �Âð�ø ∞∑

n=1 yn ýÂ¨ ö�� ø ´êÂð×þ.´¨� �Âð�ø ��÷∑ xn ýÂ¨ ,�Æþ�Öõ
2 (ßþÂÞ�) .¢¢Âðüõ ��±�� ���Èõ �¤�¬ �� �ø¢ ´ó��

�ÂÚÞû ∞∑

n=1 1
bn − an

ýÂ¨ ù�Ú÷� ,1 < a < b Âð� (2 ñ�·õø xn =

(1
b

)n Ý��îüõ ­Âê ,°ÜÎõ ßþ� ��±�� ý�Â� .´¨�,0 <
1
b
< 1 ö�� ,�¤�¬ ßþ� ¤¢ .yn = 1/((a

b

)n

− 1)ö�� ,ùø�ã� .´¨� �ÂÚÞû ∞∑

n=0xn =

∞∑

n=0(1b )n ýÂ¨ Å�Å� .(a
b

)n+1
<
(a

b

)n ßþ�Â���� ø a
b
< 1Å� ,a < b

yn = 1÷
{(a

b

)n

− 1}
< 1÷

{(a

b

)n+1
− 1} = yn+1ß��»Þû .´¨� ý¢�ã¬ yn �b ó�±÷¢ ,ü�ãþ

lim
n→∞

yn = lim
n→∞

1/{(a
b

)n

− 1} = −1.´¨� �ÂÚÞû ,Àª��üõ∑xnyn Â��Â� �î ÂÑ÷ ¢¤�õ ýÂ¨ ,ßþ�Â����¥� ×þ Âû üþ�ÂÚÞû ,Û�� ö�õ¥� ×Þî �� .ßþÂÞ� 9.7.8:À�û¢ ö�È÷ �¤ Âþ¥ ý�úþÂ¨1)
∞∑

n=1 n− 1
n+ 1n−1/100 2)

∞∑

n=0 n+ 1
n!3)

∞∑

n=1 p(p+ 1) · · · (p+ n− 1)

n!
× 1
np4)

∞∑

n=0 n53n + 2nø ∞∑

n=a

xn Âð� .(�Æþ�Öõ �ø¢ ö�õ¥�) ��Ìì 10.7.8ý� n ≤ a Âû Ǒ�¥� �� ��÷ ø À�ª�� ´±·õ ��Þ� �� ýÂ¨ ¤¢ ∞∑

n=a

yn�ÂÚÞû ��÷ ∞∑

n=a

xn ù�Ú÷� ,Àª�� �ÂÚÞû ∞∑

n=a

yn ø xn+1
xn

<
yn+1
yn.´¨�Ý��î ­Âê :��±��

Sn = xa + xa+1 + · · · + xn

tn = ya + ya+1 + · · · + yn �¤�¬ ßþ� ¤¢
Sn = xa

(1+
xa+1
xa

+
xa+2
xa

+ · · · + xn
xa

)

= xa

(1+
xa+1
xa

+
xa+2
xa

xa+1
xa

+ · · ·

· · · + xn
xn−1 xn−1xn−2 · · · xa+1

xa

)171



ý¢Àä ýÂ¨ ø �ó�±÷¢ 8 ÛÊê Û³�õ ¥� ù¢�Ôµ¨� 8.8
xn =

(1× 3 · · · (2n− 1)2× 4 · · · (2n)

)p �¤�¬ ßþ� ¤¢ .ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ßþ�Â���� ø
ℓ = lim

n→∞
n

(
xn
xn+1 − 1)

= lim
n→∞

n

((2n+ 22n+ 1 − 1)p)
= lim

x→∞
1− x

x

(

(1+ x)p − 1)
=

12 lim
x→∞

(1+ x)p − 1
xû

=
12 lim
x→∞

p(1+ x)p−11 =
p2ýÂ¨ ù�Ú÷� ,p < 2 Âð� ,�¹�µ÷ ¤¢ .x =
12n+ 1 �¹�þ� ¤¢ �î.Àª��üõ �Âð�ø ýÂ¨ ,2 < p Âð� ø ´¨� �ÂÚÞû ùÀª ù¢�¢Û³�õ ¥� ù¢�Ôµ¨� 8.8´½� Ç¿� �� ,Û³�õ ¤��ê� �Â÷ ¥� ù¢�Ôµ¨� ��õÀÖõ ùbÀû�Èõ ý�Â�.¢�ª �ã��Âõ ×þ ÛÊê ¥� ��÷ ß�ÞûüÜî �¤�¬ .ý¢Àä �b ó�±÷¢ ×þ À� �b ±¨�½õ 1.8.8:´¨� Âþ¥ ÛØª �� �ó�±÷¢ ×þ À� �b ±¨�½õ

limit(x(n), n = infinity)
Û³�õ

−−−−→ x(n) �b ó�±÷¢ À�Ýþ¤�¢ lim
n→∞

(1− 1/n)
2n À� �b ±¨�½õ ¢¤�õ ¤¢ �÷�Þ÷ ý�Â�

limit((1− 1/n)∧(2 ∗ n), n = infinity)
Û³�õ

−−−−→ e−2�f¢�À¹õ �¤ À� ¢�¡ ,À�î �±¨�½õ �¤ ýÀ� À÷��µ÷ Û³�õ �»÷���Àû��¡ ��ä� infinity ,¢�ª ´þ�ú��� ���� Âð� .¢�Þ÷ Àû��¡ ��ä�.ÀªüÜî �¤�¬ .ý¢Àä ýÂ¨×þ ¤�ÀÖõ �b ±¨�½õ 2.8.8:´¨� Âþ¥ ÛØª �� ýÂ¨ ×þ À� ¤�ÀÖõ �b ±¨�½õ
sum(x(n), n = a..infinity)

Û³�õ
−−−−→Àã� �� n = a ¥� x(n) ýÂ¨ á�Þ¹õÝþ¤�¢ ∞∑

n=1 (−1)n

n2 ýÂ¨ �b ±¨�½õ ¢¤�õ ¤¢ �÷�Þ÷ ý�Â�
sum((−1)∧n/n∧2, n = 1..infinity)

Û³�õ
−−−−→ −π

2

12üµ÷Âµ�þ� §¤¢� ¤¢ . 3.8.8
http://webpages.iust.ac.ir/m_nadjafikhah/r1.html.´¨� ùÀª ù¢¤ø� ���õ¥ ßþ� ¤¢ ÂµÈ�� â���õ ø �úó�·õ

Âû Ǒ�¥� �� Âð� .(üÞµþ¤�Úó ö�õ¥�) ��Ìì 12.7.8
ℓ < 1 Âð� ù�Ú÷� ,ℓ = lim

n→
n ln

(
xn
xn+1) ø xn > 0 ý� n ≤ a.´¨� �Âð�ø ∞∑

n=a

xn ýÂ¨ ℓ > 1 Âð� ø �ÂÚÞû ∞∑

n=a

xn ýÂ¨�¤�¬ ßþ� ¤¢ .yn = 1/nk Ý��îüõ ­Âê ��÷ �¹�þ� ¤¢ :��±��
xn
xn+1 > yn

yn+1 ⇔ xn
xn+1 > (1+

1
n

)

k

⇔ ln

(
xn
xn+1) > k ln

(1+
1
n

)

⇔ n ln

(
xn
xn+1) > nk

{1
n
− 12n2 +

13n3 − · · ·
}

⇔ n ln

(
xn
xn+1) > k − k2n +

k3n2 − · · ·�� ø ;¢Âî ��¿µ÷� ×þ ¥� Âµð¤�� �¤ k ö���üõ ℓ > 1 Âð� ,ßþ�Â����´ó�� .Àõ�¹÷�üõ ∞∑

n=a

xn üþ�Âð�ø �� ∞∑

n=a

yn üþ�Âð�ø ,°��Â� ßþ�
2 .¢¢Âðüõ ��±�� ���Èõ �¤�¬ �� �ø¢ø ´¨� üÖ�Ö� ý¢Àä a À��î ­Âê (1 .ñ�·õ 13.7.8ß���÷ ý��ÜÞ� ø¢ ¤¢ �� n �b ÜÞ� °þÂ® xn

(1+ a)α =

∞∑

n=0(αn)an,ü�ãþ ;Àª��üõ a = −1 ý�¥� ��
xn :=

(
α

n

)

(−1)n

=
α(α− 1) · · · (α− n+ 1)

n!
(−1)n0 < α − n + 1 ù�Ú÷� ,n > n0 := [α] + 1 Âð� �¤�¬ ßþ� ¤¢Ý�÷���üõ .À�µÆû ´õ�ä Ýû �û an �bÞû Àã� �� n0 ¥� ßþ�Â���� ø�¤�¬ ßþ� ¤¢ .À�µ±·õ �ú÷� �bÞû �î Ý��î ­Âê

ℓ = lim
n→∞

n

(
xn
xn+1 − 1)

= lim
n→∞

n

(
n+ 1
n− α

− 1)
= lim

n→∞
n(α+ 1)

n− α
= α+ 1ýÂ¨ α < 0 üµìø ,ßþ�Â����

∞∑

n=0xn =

∞∑

n=0 α(α − 1) · · · (α− n+ 1)

n!
(−1)n.´¨� �ÂÚÞûýÂ¨ (2 ñ�·õ

(12)p +

(1× 32× 4)p +

(1× 3× 52× 4× 6)p + · · ·172



9 ÛÊê
üã��� ýÂ¨ ø �ó�±÷¢


x = x0 ¤¢ ý��ÎÖ÷ üþ�ÂÚÞû :1.9 ÛØª¤¢ �¤ { 11+ x2n}∞

n=a

üã��� �b ó�±÷¢ (1 .ñ�·õ 2.1.9.À����� �¤ �ó�±÷¢ ßþ� ý��ÎÖ÷ À� .ÀþÂ�Ú� ÂÑ÷À� ßµê�þ ý�Â� .D = R ø fn(x) =
11+ x2n �¹�þ� ¤¢ .Û�:Ý��îüõ ÛÞä Âþ¥ ©ø¤ �� ö� ý��ÎÖ÷

f(x)
ý��ÎÖ÷

−−−−−−→ lim
n→∞

fn(x) = lim
n→∞

11+ x2n.f(x) = 0 ßþ�Â���� ø lim
n→∞

x2n = ∞ ù�Ú÷� ,|x| > 1 Âð�
f(x) = ßþ�Â���� ø lim

n→∞
x2n = 1 ù�Ú÷� ,|x| = 1 Âð�ßþ�Â���� ø lim

n→∞
x2n = 0 ù�Ú÷� ,|x| < 1 Âð� . 11+ 1 =

12ø C = R á�Þ¹õ ¤¢ Å� .f(x) =
11+ 0 = 1

f(x) =







0 |x| > 1 Âð�1/2 |x| = 1 Âð�1 |x| < 1 Âð�üóø À÷��µ¨��� �û fn(x) ��Þ� �î ¢�ªüõ �Ñ��õ :´ª�¢¢�þ!´Æ�÷ f(x)

ø Û�Æ÷�ÂÔþ¢ ��Æ� ,ö� â±� �� ø ��ó�÷� Ûþ�Æõ ßþÂµÞúõ ¥� üØþâ���� ¥� ý�ù¢��÷�¡ F À��î ­Âê .´¨� °þÂÖ� �b ÜÿÆõ ,ñ�ÂÚµ÷�ÓþÂã � S �b ä�Þ¹õ Â � �î (�ú þ��ÜÞ� À�� À� ÷�õ) À�ª� � ù¢�¨ö���üõ �þ� .´¨� Df ⊆ S �b �õ�¢ �� üã��� y = f(x) ø À÷�ªüõ�î Ý��î �ä¢� Ý�÷��µ� �î ý��÷�ð �� ´ê�þ �¤ ý� fn(x) ∈ F â����ö��µ � ü±þÂÖ� ÛØª �� Ûì�À� �þ ø ?D Â� f(x) =

∞∑

n=1 fn(x)ý�Â� ü���� ßµê�þ ÛÊê ßþ� ¥� éÀû ?¢�Þ÷ �ÂÎõ �¤ �ä¢� ßþ���Àî �î ´¡�¢Â� Ý�û��¡ ñ��ÿ¨ ßþ� �� ùø�ã� .´¨� �ÜÿÆõ ßþ�?À�µÆû Ý�Þã� Û��ì f(x) â��� �� fn(x) â���� ¥� «��¡üã��� �b ó�±÷¢ 1.9.Ý��îüõ ¥�è� ÓþÂã� À�� ��ý� n ≥ a Âû ý�¥� �� À��î ­Âê .Ó þÂ ã � 1.1.9
{fn(x)}∞n=a °�Âõ ùb¢��÷�¡ .Àª�� D �bä�Þ¹õ Â� â��� ×þ fn(x)
D �b �õ�¢ ø fn(x) (�� n �b ÜÞ� �þ) üõ�Þä �b ÜÞ� �� üã��� �b ó�±÷¢ �¤.Ý�õ�÷üõ×þ {fn(x0)}∞n=a ý� x0 ∈ D Âû ý�¥� �� �î ´¨� ©ø¤�� üã��� ö���ä �� �¤ üã��� �b ó�±÷¢ Âû ü�ãþ ,´¨� ý¢Àä �b ó�±÷¢.¢�Þ÷ ¤�Ê� ö���üõ "ý��ó�±÷¢' ¤�ÀÖõ ø üÖ�Ö� Â�çµõ�ÂÚÞû {fn(x)}∞n=a �î üþ�û x ∈ D �bÞû C �bä�Þ¹õ
x ∈ Âû ý�¥� �� Âð� .Ý�õ�÷üõ �ó�±÷¢ üþ�ÂÚÞû �b �õ�¢ �¤ ´¨�ý��ÎÖ÷ À� â��� �¤ f(x) â��� , lim

n→∞
fn(x) = f(x) ý� CÝ�Æþ�÷üõ ø ùÀ�õ�÷ {fn(x)}∞n=a

lim
n→∞

fn(x)
ý��ÎÖ÷

−−−−−−→ f(x),
(

C Â� ).¢�ª ���� 1.9 ÛØª ��173



üã��� ýÂ¨ ø �ó�±÷¢ 9 ÛÊê üã��� �b ó�±÷¢ 1.9ø À÷�ª ÓþÂã� U Â� g(x) ø f(x) Âð� .��Ìì 5.1.9ù�Ú÷� ,a ∈ R1) ‖f‖U ≥ 02) ‖f‖U = 0⇒ f ≡ 0( U Â� )3) ‖af‖U = |a| ‖f‖U4) ‖f + g‖U ≤ ‖f‖U + ‖g‖U.´¨� üúþÀ� (1) ÝØ� |f(x)| ≤ 0ý� x Âû Ǒ�¥� �� ö�� :��±��üúþÀ� ù�Ú÷� U Â� f ≡ Âð� �î Ý��îüõ ���� (2) ÝØ� ��±�� ý�Â�
‖f‖U = 0 �Áó ø |f(x)| = 0 ý� x ∈ U Âû Ǒ�¥� �� �î ´¨�Ǒ�¥� �� Å� .sup{|f(x)| |x ∈ U} ù�Ú÷� ‖f‖U = 0 Âð� ÅØãó��ý� x ∈ U Âû0 ≤ |f(x)| ≤ sup{|f(x)||x ∈ U} = 0.f(x) = 0 ßþ�Â���� ø�î Ý��îüõ ���� (3) ��±�� ý�Â�

‖af‖U = sup{|af(x)| |x ∈ U}

= |a| sup{|f(x)| |x ∈ U}

= |a| ‖f‖U

|a+ b| ≤ |a|+ ö�� �î ¢¢Âðüõ �Ñ��õ (4) ¢¤�õ ¤¢ ß��»ÞûÅ� ,|b|
‖f + g‖U = sup{|f(x) + g(x)||x ∈ U}

≤ sup{|f(x)| + |g(x)||x ∈ U}

≤ sup{|f(x)| |x ∈ U} + sup{|g(x)| |x ∈ U}

= ‖f‖U + ‖g‖U

2 .´¨� ��Þ� ö�ûÂ� øüã��� �b ó�±÷¢ �Ø�þ� ý�Â� üê�î ø �¥� ¯Âª .��Ìì 6.1.9´¨� ö� Àª�� ÛØÈØþ ý�ÂÚÞû y = f(x) �� U Â� {fn(x)}∞n=aÂû ý�¥� �� �î ¢¢Âð ´ê�þ ý� Nε ×þ ,ε > 0 Âû ý�¥� �� �îÂÚþ¢ ö��� �� .‖fn(x) − f(x)‖U < ε ý� n > Nε

lim
n→∞

fn(x)
ÛØÈØþ

−−−−−−→ f(x) ,
(

U Â� )
⇔ lim

n→∞
‖fn(x) − f(x)‖U = 0�� ßþ�Â���� . lim

n→α
‖fn(x) − f(x)‖U = 0 Ý��î ­Âê :��±��ù�Ú÷� n ≥ N Âð� �î ´Æû ý� N ×þ ý� ε > 0 Âû Ǒ�¥�ñ¢�ãõ ¤�Ï �� �þ ,‖fn(x) − f(x)‖U < ε

sup{|fn(x) − f(x)| |x ∈ U} < ε

.ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ {(1+
x

n

)n}∞

n=1 üã��� �b ó�±÷¢ (2 ñ�·õ¢Àä ÓþÂã� ¥� ,ùø�ã� .D = R ø fn(x) =
(1+

x

n

)n �¹�þ� ¤¢ù�Ú÷� ,x 6= 0 Âð� �î ¢�ªüõ �¹�µ÷ e
f(x) = lim

n→∞
fn(x)

= lim
n→∞

(1+
x

n

)n

= lim
n→∞

{(1+
x

n

)n/x
}x

= exá�Þ¹õ ¤¢ ,ßþ�Â���� .f(0) = fn(0) = 1 ù�Ú÷� ,x = 0 Âð� øø C = R

lim
n→∞

(1+
x

n

)n ý��ÎÖ÷
−−−−−−→ ex,

(

R Â� )üã��� �b ó�±÷¢ À��î ­Âê .ÛØÈØþ À� ÓþÂã� 3.1.9ü�¤�¬ ¤¢ .´¨� ý��ÎÖ÷ ý�ÂÚÞû f(x) �� C Â� {fn(x)}∞n=aý�ÂÚÞû f(x) �� U ⊆ C Â� {fn(x)}∞n=a üã��� �b ó�±÷¢ Ý���ðüõ¢¢Âð ´ê�þ ý� Nε ù��¿ó¢ ε > 0 Âû ý�¥� �� �î ´¨� ÛØÈØþÝ�ª�� �µª�¢ ù��¿ó¢ n ≥ Nε Âû ø ù��¿ó¢ x ∈ U Âû ý�¥� �� �îÝ�Æþ�÷üõ ´ó�� ßþ� ¤¢ .|fn(x) − f(x)| < ε

lim
n→∞

fn(x)
ÛØÈØþ

−−−−−−→ f(x),
(

U Â� ).¢�ª ���� 2.9 ÛØª ��



U Â� ÛØÈØþ üþ�ÂÚÞû :2.9 ÛØªÓþÂã� S ⊆ R Â� y = f(x) À��î ­Âê .ÓþÂã� 4.1.9:Ý��îüõ ÓþÂã� Âþ¥ �¤�Ê� �¤ S Â� f(x) ÛØÈØþ �Â÷ .¢�ª.‖f‖S := sup {|f(x)| |x ∈ S }Â·î�À� ü�ãõ �� ��õÂ��¨ Supremum �bÞÜî ÓÔ¿õ supý�¹� ù�Ú÷� ,Àª�� �µ¨��� S Â� f(x) Âð� �î ´¨� ¢�¢ ¤�Âì .´¨�.¢¢Âðüõ ù¢�Ôµ¨� (Àª��üõ Maximum ÓÔ¿õ �î) max ¥� supö� üþ��� ö�Âî ßþÂµØ��î ü�ãþ A �bä�Þ¹õ ��õÂ��¨ ,Õ�ì¢ ¤�Î�.sup[0;1] = sup[0;1) = 1 �f ·õ .�ä�Þ¹õ174



üã��� �b ó�±÷¢ 1.9 üã��� ýÂ¨ ø �ó�±÷¢ 9 ÛÊê
= lim

n→∞
sup {|fn(x) − f(x)| |0 ≤ x ≤ 1}

= lim
n→∞

sup

{∣
∣
∣
∣

11+ x2n − 1∣∣∣
∣

∣
∣
∣
∣
0 ≤ x < 1}

∪
{∣
∣
∣
∣

12 − 12 ∣∣∣∣∣∣∣∣x = 1}
= lim

n→∞
sup

{

x2n1+ x2n ∣∣∣∣∣0 ≤ x < 1}
(1)
=

12 6= 0(´ê¤ ¤�Ø� (1) ñ�·õ ¤¢ �î �»÷� À�÷�Þû üªø¤ ��) �¤ (1) ýø�Æ�.À��î ��±��üã��� �ó�±÷¢ ù�Ú÷� ,U ⊆ [2;∞) ¢�ª ­Âê Âð� ñ�� ßþ� ��.Àª��üõ ÛØÈØþ ý�ÂÚÞû ÂÔ¬ �� U Â� ­øÂÔõ�� ,�¤�¬ ßþ� ¤¢ .fn(x) =
sin(nx)

n
À��î ­Âê (3 ñ�·õý� x ∈ R Âû ý�¥�

|f(x)| =
∣
∣
∣ lim
n→∞

fn(x)
∣
∣
∣

= lim
n→∞

∣
∣
∣
∣

sin(nx)

n

∣
∣
∣
∣

≤ lim
n→∞

1
n

= 0 ßþ�Â����
lim
n→∞

fn(x)
ý��ÎÖ÷

−−−−−−→ 0, (

R Â� )�Âþ¥ ,´¨� ÛØÈØþ üþ�ÂÚÞû ßþ� ,ùø�ã�
lim
n→∞

‖fn(x) − f(x)‖R =

= lim
n→∞

sup {|fn(x) − 0|| x ∈ R}

= lim
n→∞

sup

{ | sin(nx)|
n

∣
∣
∣
∣
x ∈ R

}

= lim
n→∞

1
n

sup {| sin(nx)|| x ∈ R}

= lim
n→∞

1
n

sup {| sinx||0 ≤ x ≤ 2π}
= lim

n→∞
1
n

= 0.U = [0;1] ø fn(x) = nx(1 − x)n À��î ­Âê (4 ñ�·õÂð� �õ� .fn(x) = 0 ù�Ú÷� ,x = 1 �þ x = 0 Âð� ,�¤�¬ ßþ� ¤¢ßþ�Â���� ø 0 < 1− x < 1 ù�Ú÷� ,x ∈ (0;1)

lim
n→∞

fn(x) = lim
n→∞

nx(1− x)n

(1)
= x lim

n→∞
n

an

(2)
= x lim

y→∞
y

ayû
= x lim

y→∞
1

ay ln a
= 0

Ýþ¤�¢ sup ÓþÂã� Õ��Îõ ,ßþ�Â����
∀x ∈ U : |fn(x) − f(x)| < ε.´¨� �ÂÚÞû U Â� f(x) �� ÛØª ×þ ¤�Ï �� {fn(x)} �b ó�±÷¢ Å��� ÛØª ×þ ¤�Ï �� U Â� {fn(x)} �b ó�±÷¢ Ý��î ­Âê ñ���� �î ´Æû ý� N ù��¿ó¢ ε > 0 Ǒ�¥� �� Å� .Àª�� �ÂÚÞû f(x)�¹�µ÷ ¤¢ .|fn(x) − f(x)| < ε ý� n ∈ U Âû n > N Âû Ǒ�¥�
{|fn(x) − f(x)| |x ∈ U} < εÝþ¤�¢ ,sup ÓþÂã� ����� Å�

‖fn(x) − f(x)‖U = sup{|fn(x) − f(x)| |x ∈ U} < ε

2 . lim
n→α

‖fn(x) − f(x)‖U = 0 �¹�µ÷ ¤¢ ø
U = [0;1/2] Â� {xn}∞n=1 �b ó�±÷¢ (1 .ñ�·õ 7.1.9�Âþ¥ .´¨� f(x) = 0 �� ÛØÈØþ ý�ÂÚÞû

lim
n→∞

‖xn − 0‖U = lim
n→∞

sup

{

xn
∣
∣
∣
∣
0 ≤ x ≤ 12 }

= lim
n→∞

(12)n = 0ý��ÎÖ÷ À� â��� �� ÛØÈØþ ý�ÂÚÞû U = [0;1] Â� �î üó�� ¤¢�Âþ¥ ;´Æ�÷ ¢�¡
f(x)

ý��ÎÖ÷
−−−−−−→ lim

n→∞
fn(x) = lim

n→∞
xn

=

{ 0 0 ≤ x < 1 Âð�1 x = 1 Âð�ùø�ã� ø
lim
n→∞

‖xn − f(x)‖U = lim
n→∞

sup {|xn − f(x)||0 ≤ x ≤ 1}ÂÔ¬ �û x 6= 0 ý�¥� �� y = f(x) ø |1n − f(1)| = 0 ö��Ý�Æþ��� Ý�÷���üõ ��� �¤�±ä ý�¹� ßþ�Â���� ,´¨�
= lim

n→∞
sup {xn|0 ≤ x < 1}

= lim
n→∞

(

lim
n→1−xn)

= lim
n→∞

1 = 1ÛØÈØþ y = f(x) �� {fn(x)}∞n=1 �b ó�±÷¢ üþ�ÂÚÞû ,�¹�µ÷ ¤¢.´Æ�÷ÛØÈØþ ý�ÂÚÞû [0;1] Â� { 11+ x2n}∞

n=0 �b ó�±÷¢ (2 ñ�·õ�Âþ¥ .(2.1.9 ñ�·õ ¥� (1) ´ÞÆì) ´Æ�÷
lim
n→∞

‖fn(x) − f(x)‖U175



üã��� ýÂ¨ ø �ó�±÷¢ 9 ÛÊê üã��� �b ó�±÷¢ 1.9üþ�ÂÚÞû Û�ó¢ �� �¤�¬ ßþ� ¤¢ .x0 ∈ U Ý��î ­Âê (� ��±��ý� N1 ×þ ε > 0 Ǒ�¥� �� f(x0) �� x = x0 ¤¢ {fn} ý��ÎÖ÷.∣∣fn(x)− fm(x0)∣∣ < 3/2 ý� n,m ≥ N1 Âû Ǒ�¥� �� �î ´ÆûǑ�¥� �� ßþ�Â���� ,´¨� �ÂÚÞû U Â� ÛØª ×þ ¤�Ï �� {f ′
n} ö��ø ý� m,n > N2 Âû Ǒ�¥� �� �î ´Æû ý� N2 ×þ ε > 0 ÂûÂð� ñ�� .∣∣f ′

n(x) − f ′
m(x0)

∣
∣ < ε/2(b− a) ý� x ∈ [a, b] Âûù�Ú÷� x ∈ [a, b] ø m,n > N ø N = max{N1, N2}

∣
∣fn(x0) − fm(x0)∣∣ < ε2 ,

∣
∣f ′
n(x) − f ′

m(x)
∣
∣ <

ε2(b − a)�b �Ìì �� ��� �¤�¬ ßþ� ¤¢ .[t, x] ⊆ [a, b] ø ϕ = fn−fm ÝþÂ�ðø t < β < x �î ´Æû ý� β Ä÷�Âð�
ϕ(x) − ϕ(t) = (x− t)ϕ′(β) ßþ�Â����

∣
∣fn(x) − fm(x) − fn(t) + fm(t)

∣
∣ =

=
∣
∣(x− t)(f ′

n(β) − f ′
m(β))

∣
∣

<
∣
∣x− t

∣
∣

ε2(b− a)
≤ ε2ø ý� x ∈ [a, b] Âû Ǒ�¥� �� ,ö��î� .n,m ≥ N ø x, t ∈ [a; b] Âð�Ýþ¤�¢ ý� n,m ≥ N Âû

∣
∣fn(x) − fm(x)

∣
∣ =

∣
∣fn(x) − fm(x) − fn(x0)

+fm(x0) − fn(x0) + fm(x0)∣∣
≤

∣
∣fn(x) − fm(x) − fn(x0) + fm(x0)∣∣

+
∣
∣fn(x0) − fm(x0)∣∣

<
ε2 +

ε2 = ε.´¨� ÛØª ×þ ý�ÂÚÞû [a, b] Â� {fn} ßþ�Â���� øý�ÂÚÞû g �� {f ′
n} ø À÷��µ¨��� �Þû �û f ′

n ­Âê Õ��Îõ ö��Ýþ¤�¢ ý� y ∈ [a; b] Âû Ǒ�¥� �� .´¨� ÛØª ×þ
lim
n→α

∫ y

a

f ′
n(x) dx =

∫ y

a

g(x) dx

lim
n→α

{fn(y) − fn(a)} =

∫ y

a

g(x) dx

lim
n→α

fn(y) = f(y) §ø ,´¨� ý��ÎÖ÷ ý�ÂÚÞû f �� {fn} üóø�¹�µ÷ ¤¢ lim
n→α

fn(a) = f(a) ø
∫ y

a

g(x) dx = f(y) − f(a) =⇒ f ′(y) = g(y)

¥� (2) ¤¢ ø a =
11− x

´¨� ùÀª ­Âê (1) ¤¢ �Ø�þ� ¼�®��ßþ�Â���� .´¨� ùÀª ù¢�Ôµ¨� 1.3.8
lim
n→∞

fn(x)
ý��ÎÖ÷

−−−−−−→ 0, (

[0;1] Â� )ù�Ú÷� ,xn =
1

n+ 1 Âð� �Âþ¥ ,´Æ�÷ ÛØÈØþ üþ�ÂÚÞû ßþ� �õ�
lim
n→∞

fn(xn) = lim
n→∞

(1− 1
n+ 1)n+1

(3)
= lim

x→∞

(1− 1
x

)x

= e−1ßþ�Â���� .´¨� ùÀª ù¢�Ôµ¨� 1.3.8 �b �Ìì ¥� (3) ¤¢ �î.´¨� ÂÔ¬ Óó�¿õ �¹�µ÷ ¤¢ ø lim
n→∞

||fn(xn) − 0||U ≥ e−1
U Â� {fn(x)}∞n=a üã��� �b ó�±÷¢ À��î ­Âê .��Ìì 8.1.9.´¨� ÛØÈØþ ý�ÂÚÞû y = f(x) ����÷ f(x) ù�Ú÷� ,Àª�� �µ¨��� x0 ∈ U ¤¢ fn(x) ´±ì�ä Âð� (Óó�ùø�ã� ø ´¨� �µ¨��� x0 ¤¢

lim
x→x0 f(x) = lim

n→∞

(

lim
x→x0 fn(x))ø ù¢�� ý��ÎÖ÷ ý�ÂÚÞû f(x) �� [a; b] ⊆ U Â� fn(x) Âð� (�ý� n Âû ý�¥� �� ø Àª�� ÛØÈØþ ý�ÂÚÞû [a; b] Â� {f ′(x)}ÛØÈØþ ý�ÂÚÞû [a; b] Â� f ù�Ú÷� ,Àª�� �µ¨��� [a; b] Â� f ′

n. lim
n→∞

f ′
n = f ′ ø ´¨�Â� {fn} ø ù¢�� ÂþÁ³ó�ÂÚµ÷� [a; b] Â� fn ý� n �û ý�¥� �� Âð� (�

[a; b] Â� ��÷ f(x) ù�Ú÷� ,Àª�� ÛØÈØþ üóÂÚÞû f �� [a; b]ùø�ã� ø ´¨� ÂþÁ�ñ�ÂÚµ÷�
∫ b

a

f(x)dx = lim
n→∞

∫ b

a

fn(x) dx

fn(x) ý� n Âû Ǒ�¥� �� ö�� .x0 ∈ U Ý��î ­Âê (Óó� :��±��ý� δ > 0 ×þ ý� ε > 0 Âû Ǒ�¥� �� Å� ,´¨� �µ¨��� x0 ¤¢ù�Ú÷� ,x ∈ U ø |x− x0| < δ Âð� �î ´Æû
∣
∣fn(x) − fn(x0)∣∣ < ε3ý� N ×þ ε > 0 Ǒ�¥� �� Å� f(x0) = lim

n→α
fn(x0) ö��

∣
∣fn(x) − fn(x0)∣∣ < ε/3 ý� n ≥ N1 Âû Ǒ�¥� �� �î ´Æû
ε > 0 Ǒ�¥� �� Å� ,´¨� f �� ÛØª ×þ ý�ÂÚÞû {fn} ö��ý� x ∈ U Âû ø ý� n ≥ N2 Âû Ǒ�¥� �� �î ´Æû ý� N2 ×þ,n ≥ N = max{N1, N2} Âð� Å� .∣∣fn(x) − fn(x0)

∣
∣ < ε/3Ýþ¤�¢ x ∈ U ø |x− x0| < δ

∣
∣f(x) − f(x0)∣∣ =

∣
∣f(x) − fn(x) + fn(x)

−fn(x0) + fn(x0) − f(x0)∣∣
≤

∣
∣f(x) − fn(x)| + |fn(x) − fn(x0)∣∣

+
∣
∣fn(x0) − f(x0)∣∣ < 3 ε3 = ε176



üã��� �b ó�±÷¢ 1.9 üã��� ýÂ¨ ø �ó�±÷¢ 9 ÛÊêÝþ¤�¢ x2 �� xËþ�ã� �� �þ ø1− x2 + x4 − · · · + (−1)nx2n + · · ·ÛØÈØþ
−−−−−−→ 1

x2 + 1 , (

[−a; a] Â� )Ýþ¤�¢ U = [−a; a] ⊆ (−1;1) Â� ,ýÂ�Úó�ÂÚµ÷� ø ýÂ�ÚÖµÈõ ��1+ 2x+ 3x2 + · · · + (n+ 1)xn + · · ·ÛØÈØþ
−−−−−−→ 1

(1− x)21− 2x+ 3x2 − · · · + (−1)n(n+ 1)xn + · · ·ÛØÈØþ
−−−−−−→ 1

(1+ x)2
x− x22 +

x33 − · · · + (−1)n
xn+1
n+ 1 + · · ·ÛØÈØþ

−−−−−−→ ln(x+ 1)

x− x33 +
x55 − · · · + (−1)n

x2n+12n+ 1 + · · ·ÛØÈØþ
−−−−−−→ arctanx

{fn} Ý��î ­Âê .(©�î ö�õ¥�) ��Ìì 10.1.9�� U Â� {fn} �Ø�þ� ý�Â� üê�î ø �¥� ¯Âª .´¨� U Â� ý��ó�±÷¢
ε > 0 Âû Ǒ�¥� �� �î ´¨� ßþ� Àª�� ÛØª ×þ ý�ÂÚÞû f üã���ý� x ∈ U Âû ø ý� n,m > N Âû Ǒ�¥� �� �î ´Æû ý� N ×þ.|fm(x) − fn(x)| < εÛØª ×þ ý�ÂÚÞû f üã��� �� U Â� {fn} Ý��î ­Âê :��±��
n ≥ N Âû Ǒ�¥� �� �î ´Æû ý� N ×þ ε > 0 Ǒ�¥� �� Å� .Àª��Âû Ǒ�¥� �� ö��î� .|fn(x) − f(x)| > ε/2 ý� x ∈ U Âû øÝþ¤�¢ x ∈ U Âû ø n,m ≥ N

|fm(x) − fn(x)| = |fm(x) − f(x) − fn(x) + f(x)|

≤ |fm(x) − f(x)| + |fn(x) − f(x)|

<
ε2 +

ε2 = εǑ�¥� �� �î ´Æû ý� N ×þ ε > 0 Âû Ǒ�¥� �� Ý��î ­Âê ñ��Ǒ�¥� �� .|fm(x) − fn(x)| < ε ý� x ∈ U Âû ø m,n ≥ N Âûø À�îüõ ëÀ¬ üª�î ¯Âª ¤¢ {fn(x)} �b ó�±÷¢ ,´��� x ∈ U Âû�b ó�±÷¢ �î Ý�û¢üõ ö�È÷ .´¨� �ÂÚÞû f(x) À�÷�õ ý¢Àä �� �Áó.´¨� ÛØª ×þ ý�ÂÚÞû x 7→ f(x) �bÎ��® �� f â��� �� fn¯Âª ¤¢ α �� n ö¢�¢ Û�õ ø m ≥ N ßµêÂð ´��� �� ö��î��î ÝþÂ�ðüõ �¹�µ÷ |fm(x) − fn(x)| < ε

∣
∣
∣fm(x) − lim

n→∞
f(x)

∣
∣
∣ < ε

2 .´¨� ��Þ� ö�ûÂ� ø .|fm(x) − f(x)| < ε �þ

.[a, b] Â� lim
n→α

f ′(x) = f ′(x) Å�Âû Ǒ�¥� �� �î ´Æû N À�÷�õ ý¢Àä ε = 1 Ǒ�¥� �� (� ��±���¹�µ÷ ¤¢ .∣∣fn(x) − f(x)
∣
∣ < 1 ý� x ∈ [a, b] Âû ø n ≥ N

∣
∣f(x)

∣
∣ =

∣
∣fn(x) + f(x) − fn(x)

∣
∣

≤
∣
∣fn(x)

∣
∣+
∣
∣f(x) − fn(x)

∣
∣

<
∣
∣fn(x)

∣
∣+ 1�¹�µ÷ ¤¢ .´¨� ¤�À÷�Âî [a, b] Â� Å� ,´¨� ÂþÁ� ñ�ÂÚµ÷� fn ö��´Æû ý� N ×þ ù��¿ó¢ ε > 0 Ǒ�¥� �� ö��î� .´¨� ¤�À÷�Âî ��÷ f�� .∣∣fn(x) − f(x)

∣
∣ <

ε

b− a
ù�Ú÷� ,x ∈ [a; b] ø n > N Âð� �î°��Â� ßþ�

∣
∣
∣
∣
∣

∫ b

a

fn(x) dx −
∫ b

a

f(x) dx

∣
∣
∣
∣
∣

=

∣
∣
∣
∣
∣

∫ b

a

{fn(x) − f(x)} dx
∣
∣
∣
∣
∣

≤
∫ b

a

∣
∣fn(x) − f(x)

∣
∣ dx

≤
∫ b

a

ε

b− a
dx = ε

2 .´¨� �ÂÚÞû ∫ b

a

f(x) dx �� ∫ b

a

fn(x) dx �b ó�±÷¢ ßþ�Â����.ex := lim
n→∞

(1+
x

n

)n ÓþÂã� Õ��Îõ (1 .ñ�·õ 9.1.9�b ó�±÷¢ ý� [a; b] �b µÆ� ùb¥�� Âû Â� �î À��î ´��� ßþÂÞ� ö���ä ��ö�� ,�¹�µ÷ ¤¢ .´¨� ÛØÈØþ ý�ÂÚÞû ex â��� �� (1+
x

n

)nùø�ã� .´¨� �µ¨��� ��÷ ex Å� ,À÷��µ¨��� �û fn(x) �bÞû
(ex)′ = lim

n→∞
n
1
n

(1+
x

n

)n−1
= lim

n→∞

(1+
x

n

)n (1+
x

n

)−1
= exÂÑ÷ ¤¢ �¤ ∞∑

n=0xn =

{
n∑

k=0 xk}∞

n=0 üã��� �b ó�±÷¢ (2 ñ�·õ�î ¢�ªüõ �Ñ��õ .ÀþÂ�Ú�
lim
n→∞

fn(x)
ý��ÎÖ÷

−−−−−−→ 11− x
,

(

(−1;1) Â� ),U = [−a; a] ⊆ (−1;1) Âð� �î À�û¢ ö�È÷ ßþÂÞ� ö���ä ��Àª��üõ ÛØÈØþ �¤�Ê� U Â� üþ�ÂÚÞû ù�Ú÷�1+ x+ x2 + · · · + xn + · · ·ÛØÈØþ
−−−−−−→ 11− x

,
(

[−a; a] Â� )Ýþ¤�¢ −x �� xËþ�ã� �� ,ßþ�Â����1− x+ x2 − · · · + (−1)nxn + · · ·ÛØÈØþ
−−−−−−→ 1

x+ 1 , ( [−a; a] Â� )177
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Sa+1(x) = fa(x) + fa+1(x), · · ·
Sn(x) =

n∑

k=a

fk(x),Àó�õ �b ó�±÷¢ �� üã��� ýÂ¨ �¤ �ó�±÷¢ ßþ� .Ý��îüõ ÓþÂã�.Ý�û¢üõ ö�È÷ ∞∑

n=a

fn(x) ¢�Þ÷ �� ø ùÀ�õ�÷ {fn(x)}∞n=a°ó�Îõ �bÞûÅ� ,´¨� üã��� �b ó�±÷¢ ×þ üã��� ýÂ¨ Âû ö��¥� .À�îüõ �À�� Í�¤ ��÷ «�Ê¿� �b µ¨¢ ßþ� �� Û±ì Ç¿� ¤¢.ÛØÈØþ üþ�ÂÚÞû �ÜÞ�
C Â� ∞∑

n=a

f(x) üã��� ýÂ¨ À��î ­Âê .��Ìì 2.2.9ý�Â� üê�î ø �¥� ¯Âª .´¨� ý��ÎÖ÷ ý�ÂÚÞû y = f(x) ��0 < ε Âû ý�¥� �� �î ´¨� ö� üã��� ýÂ¨ ßþ� ÛØÈØþ üþ�ÂÚÞûý� n > Nε Âû ý�¥� �� �î ¢¢Âð ´ê�þ ý� Nε ×þ
‖

n∑

k=a

fk(x) − f(x)‖U < εüµìø �ú�� ø üµìø ,ÂÚþ¢ ö��� ��
∞∑

n=a

fn
ÛØÈØþ

−−−−−−→ f(x),
(

UÂ� ). lim
n→∞

∥
∥
∥
∥
∥

n∑

k=a

fk(x) − f(x)

∥
∥
∥
∥
∥
U

= 0 �î
2 .Àª��üõ 6.1.9 �b �Ìì ¥� ÛÊê�� ý��¹�µ÷ ßþ�ý�ÂÚÞû y = f(x) �� U Â� ∞∑

n=a

fn(x) Âð� .��Ìì 3.2.9ù�Ú÷� ,Àª�� ÛØÈØþ��÷ f(x) ù�Ú÷� ,À�ª�� �µ¨��� x0 ∈ U ¤¢ �û fn(x) �bÞû Âð� (Óó�.´¨� �µ¨��� x0 ¤¢��÷ f(x) ù�Ú÷� ,À�ª�� �µ¨��� x0 ∈ U ¤¢ �û fn(x) �bÞû Âð� (�.f ′(x0) =

∞∑

n=a

f ′
n(x0) ùø�ã� ø ´¨� ÂþÁ�ÕµÈõ x0 ¤¢ù�Ú÷� ,À�ª�� ÂþÁ�ñ�ÂÚµ÷� [α;β] ⊆ U Â� �û fn(x) �bÞû Âð� (�ùø�ã� ø Àª��üõ ÂþÁ³ó�ÂÚµ÷� [α;β] Â� ��÷ f(x)

∫ β

α

f(x) dx =

∞∑

n=a

∫ β

α

fn(x) dx

2 .Àª��üõ 5.1.9 �b �Ìì ¥� ÛÊê�� ý��¹�µ÷ ßþ�,´¨� ý¢Àä ýÂ¨ ×þ ý��ÎÖ÷ Âû ¤¢ üã��� ýÂ¨ Âû ö���� ö���üõ �¤ ý¢Àä ý�úþÂ¨ üþ�ÂÚÞû ý�ú÷�õ¥� ��Þ� Å�ÛØª �� �õ� .¢�¢ Ý�Þã� üã��� ý�úþÂ¨ ý�Â� ý��ÎÖ÷ �¤�¬?¤�Î� Â�ð�Âê

üþ�ÂÚÞû ø ý��ÎÖ÷ üþ�ÂÚÞû ¢¤�õ ¤¢ .ßþÂÞ� 11.1.9ü¨¤Â� �¤ ùÀª ù¢�¢ ý�û�ä�Þ¹õ Â� ùÀª ù¢�¢ ý�û�ó�±÷¢ ÛØÈØþ:À��î1) fn(x) = xn − xn+1, U = [0;1],2) fn(x) = xn − xn+1, U =

[0;
12] ,3) fn(x) = xn − x2n, U = [0;1],4) fn(x) =

1
x+ n

, U = (0; +∞),5) fn(x) =
nx1+ n+ x

, U = [0;1],6) fn(x) =
xn1+ xn

, U =

[0;
12] ,7) fn(x) =

xn1+ xn
, U = [0;1],8) fn(x) =

2nx1+ n2x2 , U = [0;1],9) fn(x) =
2nx1+ n2x2 , U = (1; +∞),10) fn(x) =

√

x2 +
1
n2 , U = R,11) fn(x) =

sin(nx)

n
, U = R,12) fn(x) = arctan(nx), U = (0; +∞),13) fn(x) = n(x

1
n − 1), U = [1; a],1 < a,ý�ÂÚÞû [0;1] Â� {−nxe−nx2}∞

n=1 �î À�û¢ ö�È÷ (15üã��� ýÂ¨ ý��ÎÖ÷ À� f(x) Âð� ,ùø�ã� .´Æ�÷ ÛØÈØþù�Ú÷� ,Àª�� ùÀª ù¢�¢. lim
n→∞

∫ 10 fn(x) dx 6=
∫ 10 f(x) dx �î À�û¢ ö�È÷ (16

lim
n→∞

∫ 30 n+ sinx3n+ cos2 x dx = 1Û¡�¢ üã��� �b ó�±÷¢ ÛØÈØþ üþ�ÂÚÞû ¥� :üþ�Þ�û�¤)(.¢�ª ù¢�Ôµ¨� [0;3] �bä�Þ¹õ Â� ñ�ÂÚµ÷�üã��� ýÂ¨ 2.9ýÂ¨ .Ýþ¥�¢Â�üõ ý¢Àä ýÂ¨ ��úÔõ Ý�Þã� �� Ç¿� ßþ�¤¢.´¨� üã��� ý�û�ó�±÷¢ ¥� «�Ê¿� á�÷ ×þ üã���üã��� �b ó�±÷¢ ×þ {fn(x)}∞n=a À��î­Âê .ÓþÂã� 1.2.9:�¤�¬ �� ýÀþÀ� üã��� �b ó�±÷¢ .Àª�� D �b �õ�¢ ��
Sa(x) = fa(x),178
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=

∞∑

n=0 xnn!
= f(x)

ln(f(x)) = �¹�µ÷ ¤¢ ø df(x)

f(x)
= dx ,df(x)

dx
= f(x) ,ßþ�Â�����õ� .f(x) = Aex ,ßþ�Â���� .´¨� ´��� ý¢Àä A �î ,x + lnA.f(x) = ex �¹�µ÷ ¤¢ .A = 1 �þ Ae0 = 1 Å� ,f(0) = 1�î Àª ´��� ü�ãþ

ex
ÛØÈØþ

−−−−−−→ 1+ x+
x22 + · · · + xn

n!
+ · · ·

(

[a; b] Â� )ÂÑ÷ ¤¢ U = [0; a] Â� �¤ ∞∑

n=0x2e−nx üã��� ýÂ¨ (2 ñ�·õ�¤�¬ ßþ� ¤¢ .ÀþÂ�Ú�
∣
∣
∣
∣
∣

m∑

k=n

x2e−kx∣∣∣∣
∣

=

m∑

k=n

x2e−nx
≤

m∑

k=n

a2e−ka
= a2e−na1− (e−a)m−n+11− e−a

<
a21− e−a

(e−a)n < ε Âð� Å�
N >

1
a

ln

(

a2
ε(1− e−a)

) ù�Ú÷�
∥
∥
∥
∥
∥

m∑

k=n

x2e−kx∥∥∥∥
∥
U

< εùø�ã� .Àª��üõ ÛØÈØþ ý�ÂÚÞû ∞∑

n=0 x2e−nx �¹�µ÷ ¤¢ ø
f(x) :=

∞∑

n=0x2e−nx
= x2 ∞∑

n=0(e−x)n
=

x21− e−xÝ��î ÓþÂã� À��î ­Âê .ßþÂÞ� 6.2.9
S(x) :=

∞∑

n=0(−1)n
x2n+1

(2n+ 1)!
,

C(x) :=
∞∑

n=0(−1)n
x2n

(2n)!
.

ýÂ¨ �Ø�þ� ý�Â� üê�î ø �¥� ¯Âª .üª�î ö�õ¥� 4.2.9´¨� ö� Àª�� ÛØÈØþ ý�ÂÚÞû U = [a; b] Â� ∞∑

n=a

fn(x) üã���Âû ý�¥� �� �î ¢¢Âð ´ê�þ ý� Nε ×þ 0 < ε Âû ý�¥� �� �î.∣∣∣∣
∣

m∑

k=n

fk(x)

∣
∣
∣
∣
∣
< ε Ý�ª�� �µª�¢ x ∈ U ø m ≥ Nε ø n ≥ Nε�� �î ¢¢Âðüõ ´ê�þ ý� Nε ×þ 0 < ε Âû ý�¥� �� ,ÂÚþ¢ ö��� ��.∥∥∥∥

∥

m∑

k=n

fk(x)

∥
∥
∥
∥
∥
U

< ε ý� m ≥ Nε Âû ø n ≥ Nε Âû ý�¥�üã��� ý�û�ó�±÷¢ ý�Â� üª�î �b �Ìì ¥� ÛÊê�� ý��¹�µ÷ ßþ�
2 .Àª��üõ.ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ ∞∑

n=0 xnn!
üã��� ýÂ¨ (1 .ñ�·õ 5.2.9,C = max {|a|, |b|} ­Âê �� ù�Ú÷� ,U = [a; b] ⊆ R Âð�Ýþ¤�¢ m ≥ N ø n ≥ N ,N = 2([c] + 1)

∣
∣
∣
∣
∣

m∑

k=n

xk

k!

∣
∣
∣
∣
∣

≤
m∑

k=n

|x|k
k!

≤
m∑

k=n

Ck

k!

=
Cn

n!

m∑

k=n

Ck−n

(n+ 1)(n+ 2) · · · k

=
Cn

n!

m∑

k=n

C

n+ 1 × C

n+ 2 × · · · × C

k

<
Cn

n!

m∑

k=n

(12)k−n
=

(2C)n

n!

m∑

k=n

(12)k
=

(2C)n

n!

m∑

k=n

(12)k
<

(2C)n

n!

(12)n−1 ¢�ª ­Âê Âð� Å�
log2(ε(2C)n

N !

)

+ 1 < ný�ÂÚÞû U Â� ∞∑

n=0 xnn!
,ßþ�Â���� .∥∥∥∥

∥

m∑

k=n

xk

k!

∥
∥
∥
∥
∥
U

< ε ù�Ú÷�.f(x) =

∞∑

n=0 xnn!
Ý�ª�� �µª�¢ U Â� Ý��î ­Âê .´¨� ÛØÈØþ�¤�¬ ßþ� ¤¢

f ′(x) =

(1+
∞∑

n=1 xnn!

)′

=
∞∑

n=1 nxn−1n!179



üã��� ýÂ¨ ø �ó�±÷¢ 9 ÛÊê ÛØÈØþ üþ�ÂÚÞû ý�ú÷�õ¥� 3.9ý�ÂÚÞû R Â� ∞∑

n=1 1
x2 + n2 ý�ÂÚÞû üã��� ýÂ¨ (2 ñ�·õ.fn(x) ≤ 1

n2 ù�Ú÷� ,fn(x) =
1

x2 + n2 Âð� �Âþ¥ ,´¨� ÛØÈØþ.´¨� �ÂÚÞû (a = 2 �� ü÷��� ýÂ¨) ∞∑

n=1 1
n2 ý¢Àä ýÂ¨ �õ�üã��� ýÂ¨ ÛØÈØþ üþ�ÂÚÞû §�ÂµªÂþ�ø−M ö�õ¥� ����� Å�.Ýþ¤�¢ �¤ R Â� ÂÑ÷ ¢¤�õ�µÆ� ùb¥�� ,ÛØÈØþ üþ�ÂÚÞû �b �õ�¢ �¹�þ� ¤¢ �î ¢�ª ����!´Æ�÷�� �¤ Âþ¥ üã��� ý�úþÂ¨ ÛØÈØþ üþ�ÂÚÞû .ßþÂÞ� 3.3.9:À�û¢ ö�È÷ §�ÂµªÂþ�ø−M ö�õ¥� ×Þî1)

∞∑

n=1 (−1)n

x+ 2n , U = (−2; +∞),2)

∞∑

n=1 nx1+ n5x2 , U = [0; +∞),3)

∞∑

n=1 arctan

( 2x
x2 + n3) , U = R.4)

∞∑

n=1 1
(x+ n)(x+ n+ 1)

, U = (0; +∞),5)

∞∑

n=1 n2√
n!
xn, U =

[12 ;2] ,6)

∞∑

n=1 sin((n+ 1)x)

n(n+ 1)
, U = R.ý�ÂÚÞû U = [0;1] Â� ∞∑

n=0(1 − x)xn À�û¢ ö�È÷ (7ö���üÞ÷ §�ÂµªÂþ�ø ö�õ¥� ¥� �¤ á�®�õ ßþ� üóø ,´¨� ÛØÈØþ.´êÂð �¹�µ÷
U Â� ∞∑

n=a

fn(x) üã��� ýÂ¨ Âð� .Û�� ö�õ¥� 4.3.9ÛØÈØþ ¤�À÷�Âî U Â� {gn(x)}∞n=b �b ó�±÷¢ ø Àª�� ÛØÈØþ ý�ÂÚÞû���Øþ {gn(x)}∞n=b ý¢Àä �b ó�±÷¢ ý� x ∈ U Âû ý�¥� �� ø Àª��,´¨� ÛØÈØþ ý�ÂÚÞû ∞∑

n=c

fn(x)gn(x) üã��� ýÂ¨ ù�Ú÷� ,Àª��.c ≥ max{a, b} �î¤�À÷�Âî ü�¤�¬ ¤¢ �¤ {fn(x)}∞n=a �b ó�±÷¢ .ÓþÂã� 5.3.9�� ø ý� M > 0 ´±·õ ¢Àä ×þ ý�¥� �� �î Ý���ð U Â� ÛØÈØþ.|fn(x)| < M ý� x ∈ U Âû ý�¥�

ý�ÂÚÞû U Â� S ù�Ú÷� ,U = [a; b] ⊆ R Âð� �î À�û¢ ö�È÷ùø�ã� .Àª��üõ ÛØÈØþ ý�ÂÚÞû U Â� ��÷ C ø ´¨� ÛØÈØþ.C′ = S ø S′ = C ø À÷ÂþÁ�ÕµÈõ â���� C ø S �î À�û¢ ö�È÷?�Â� ?C(x) = cosx ø S(x) = sinx´Ôð ö���üõ �þ�ÛØÈØþ üþ�ÂÚÞû ý�ú÷�õ¥� 3.9
∞∑

n=a

xn À��î ­Âê .§�ÂµªÂþ�ø−M ö�õ¥� 1.3.9ý� x ∈ U Âû ý�¥� �� ø Àª�� �ÂÚÞû ø ´±·õ ��Þ� �� ýÂ¨ ×þø ÕÜÎõ ý�ÂÚÞû U Â� ∞∑

n=a

fn(x) �¤�¬ ßþ� ¤¢ ,|fn(x)| ≤ xn.´¨� ÛØÈØþ ý�ÂÚÞû ��÷ëÀ¬ üª�î ¯Âª ¤¢ ,´¨� �ÂÚÞû ∞∑

n=a

xn ýÂ¨ ö�� :��±��Âû Ǒ�¥� �� �î ´Æû ý� N ×þ ε > 0 Ǒ�¥� �� Å� .À�îüõÝþ¤�¢ ,°��Â� ßþ� �� .∣∣∣∣
∣

m∑

i=n

xi

∣
∣
∣
∣
∣
< ε ý� m,n ≥ N

∥
∥
∥
∥
∥

m∑

i=n

fi

∥
∥
∥
∥
∥
U

≤
m∑

i=n

‖fi‖U

=

m∑

i=n

sup{|fi(x)| |x ∈ U}

<

m∑

i=n

xi < ε

U Â� ßþ�Â���� ø À�îüõ ëÀ¬ U Â� üª�î ¯Âª ¤¢ {fn} Å�
2 .´¨� ÛØª ×þ ý�ÂÚÞûÂ� ∞∑

n=1(xnn − xn+1
n+ 1) üã��� ýÂ¨ (1 .ñ�·õ 2.3.9ø −1 ≤ x ≤ 1 Âð� �Âþ¥ ,´¨� ÛØÈØþ ý�ÂÚÞû U = [−1;1]ù�Ú÷� ,fn(x) =

xn

n
− xn+1
n+ 1

f ′
n(x) = 0 ⇔ xn−1 − xn = 0

⇔ x = 0 , x = 1­Âê �� Å� .U Â� fn(x) ≤ 1
n
− 1
n+ 1 ßþ�Â����

xn =
1
n
− 1
n+ 1 �Ø�þ� �� ���� �� ø

∞∑

n=1xn = lim
N→∞

N∑

n=1(1n − 1
n+ 1)

= lim
N→∞

(1− 1
N + 1) = 1.¢¢Âðüõ �¹�µ÷ §�ÂµªÂþ�ø−M ö�õ¥� ¥� ÂÑ÷ ¢¤�õ ÝØ�180
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∞∑

n=1 (−1)n

n+ sinx
, U = [0;2π],3)

∞∑

n=1 cos 2nπ3
√

n2 + x2 , U = R,4)

∞∑

n=1 sinx sin(nx)√
n+ x

, U = [0; +∞],5)

∞∑

n=1 sin(nx)

n3 , U = [a; b] ⊆ RùÀª ù¢�¢ ýÂ¨ ÛØÈØþ üþ�ÂÚÞû �b �õ�¢ ,¢¤�õ Âû ¤¢:À��îÉ¿Èõ�¤6)

∞∑

n=1(x+
1
n

)n

, 7)

∞∑

n=1 x

(1+ x2)n ,8)
∞∑

n=1 x+ n(−1)n

x2 + n2 , 9)
∞∑

n=0 |x|
n2 + x2 .üã��� ýÂ¨ �î À�û¢ ö�È÷ .0 < α À��î ­Âê (10.´¨� ÛØÈØþ ý�ÂÚÞû R Â� ∞∑

n=1 x

nα(1+ nx2)(.Àª��üõ xn =
1√
n
¤¢ fn(x) ¤�ÀÖõ ßþÂµÈ�� :üþ�Þ�û�¤)

R Â� ∞∑

n=1 (−1)n+1
(1+ nx2)n üã��� ýÂ¨ �î À�û¢ ö�È÷ (11.´¨� ÛØÈØþ ý�ÂÚÞûüã��� ýÂ¨ �î À�û¢ ö�È÷ (12

x1+ x
+

x

(1+ x)(1 + 2x) +
x

(1+ 2x)(1 + 3x) +· · ·�b ó�±÷¢ :üþ�Þ�û�¤) .´Æ�÷ ÛØÈØþ ý�ÂÚÞû [0;1] Â�(.ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ {1
n

}∞

n=1ö��� ýÂ¨ 4.9"ü÷��� ý�úþÂ¨' ���� üã��� ý�úþÂ¨ ¥� ü¬�Ê¿� á�÷�ÜÞ� ¥� .¢¤�¢ ���®�þ¤ ý¢Â�¤�î Ûþ�Æõ ¤¢ ü÷�ø�Âê ý�û¢Â�¤�î«�Ê¿� �b µ¨¢ ßþ� ¥� �úþÂ¨ ×Þî �� Û�Æ÷�ÂÔþ¢ ��¢�ãõ Û� ¤¢Àª�� ßþ� ö� Û�ó¢ Àþ�ª .¢¢Âðüõ ü÷�ø�Âê ùb¢�Ôµ¨� �úþÂ¨ ¥��ú÷� �� ¤�î ßþ�Â���� ø À÷¤�¢ ý¢Àãµõ «��¡ ¤�îÁõ ý�úþÂ¨ �î.Àª��üõ Â�ù¢�¨
∞∑

n=0 an(x − x0)n ÛØÈ� üã��� ýÂ¨ .ÓþÂã� 1.4.9À� �þ ø lim
n→∞

n
√

|an| À� ¤�ÀÖõ Âð� .À�õ�÷üõ ö��� ýÂ¨ �¤ýÂ¨ üþ�ÂÚÞû á�ãª �¤ ö� ÅØä ,Àª�� ¢���õ lim
n→∞

∣
∣
∣
∣

an+1
an

∣
∣
∣
∣.Ý�û¢üõ ö�È÷ R ¢�Þ÷ �� ø ùÀ�õ�÷ ö���

Â� ∞∑

n=a

fn(x) üã��� ýÂ¨ Âð� .�ÜØþ¤¢ ö�õ¥� 6.3.9Âû ý�¥� �� {gn(x)}∞n=b ý¢Àä �b ó�±÷¢ ,Àª�� ÛØÈØþ ¤�À÷�Âî Uý�ÂÚÞû U Â� {gn(x)}∞n=b üã��� �b ó�±÷¢ ø Àª�� ���Øþ ý� x ∈ U��÷ ∞∑

n=c

fn(x)gn(x) üã��� ýÂ¨ ù�Ú÷� ,Àª�� ÂÔ¬ â��� �� ÛØÈØþ.c ≥ max{a, b} �î ,¢�� Àû��¡ ÛØÈØþ ý�ÂÚÞû U Â��bä�Þ¹õ Â� ∞∑

n=1 sin(nx)

n
üã��� ýÂ¨ (1 .ñ�·õ 7.3.9ö¢Âî ­Âê �� �Âþ¥ ,´¨� ÛØÈØþ ý�ÂÚÞû U =

[
π4 ;
3π4 ]

{gn(x)}∞n=1 �b ó�±÷¢ :Ýþ¤�¢ gn(x) =
1
n
ø fn(x) = sin(nx)ùø�ã� .´¨� üóø�÷ �fÀ�î� ø ´¨� ÛØÈØþ ý�ÂÚÞû ÂÔ¬ �� U Â��î �Â� ,´¨� ÛØÈØþ ¤�À÷�Âî U Â� ∞∑

n=1 fn(x) ýÂ¨
∣
∣
∣
∣
∣

N∑

n=1 sin(nx)

∣
∣
∣
∣
∣

=

∣
∣
∣
∣
∣
∣

sin
(
N+12 x

)

× sin
(
N2 x)2 sin

(
x2) ∣

∣
∣
∣
∣
∣

≤ 1
| sin

(
x2) | ≤ √2üã��� ýÂ¨ ,�ÜØþ¤¢ ö�õ¥� ����� Å�

∞∑

n=1 fn(x)gn(x) =

∞∑

n=1 sin(nx)

nÂþ¥ Âû ý�Â� �¤ °ÜÎõ ß�Þû .´¨� ÛØÈØþ ý�ÂÚÞû U Â�.¢Âî ´��� ö���üõ R − πZ �bä�Þ¹õ ¥� [a; b] �bä�Þ¹õ
[a; b] ⊆ R Â� ∞∑

n=02n sin
( x3n ) üã��� ýÂ¨ (2 ñ�·õ

gn(x) =
sin (x/3n)
x/3n ­Âê �� �Âþ¥ ,´¨� ÛØÈØþ ý�ÂÚÞû

U = Â� {gn(x)}∞n=1 �b ó�±÷¢ :Ýþ¤�¢ fn(x) = x (2/3)
n øüã��� ýÂ¨ ùø�ã� ø üóø�÷ ø ´¨� ÛØÈØþ ¤�À÷�Âî [a; b]ö�õ¥� �����) ´¨� ÛØÈØþ ý�ÂÚÞû [a; b] Â� 3x �� ∞∑

n=0 fn(x)üã��� ýÂ¨ ,Û�� ö�õ¥� ����� ,ßþ�Â���� .(§�ÂµªÂþ�ø−M
∞∑

n=0 fn(x)gn(x) =
∞∑

n=02n sin
( x3n).Àª��üõ ÛØÈØþ ý�ÂÚÞû U Â�,�ÜØþ¤¢ ø Û�� ý�ú÷�õ¥� ×Þî �� .ßþÂÞ� 8.3.9ý�û�ä�Þ¹õ Â� �¤ ùÀª ù¢�¢ üã��� ý�úþÂ¨ ÛØÈØþ üþ�ÂÚÞû:À�û¢ ö�È÷ ùÀªÉ¿Èõ1)

∞∑

n=1 cos(nx)

n
, U = [a; b] ⊆ R,181



üã��� ýÂ¨ ø �ó�±÷¢ 9 ÛÊê ö��� ýÂ¨ 4.9�ÂÚÞû ýÂ¨ ù�Ú÷� ,|x| < 1 Âð� Å� .1
R

= lim
n→∞

11 = 1 ,�î,|x| = 1 Âð� ,�õ� .´¨� �Âð�ø ýÂ¨ ù�Ú÷� ,|x| > 1 Âð� ø ´¨�.À�þ�Âð�ø ∞∑

n=0(−1)n ø ∞∑

n=01n ýÂ¨ ø¢ Âû ø x = ±1 ù�Ú÷�,ùø�ã� .(−1;1) ¥� ´¨� �¤�±ä ö��� ýÂ¨ üþ�ÂÚÞû �b �õ�¢ Å�ù�Ú÷� ,[a; b] ⊆ (−1;1) Âð�1+ x+ x2 + · · · + xn + · · ·
ÛØÈØþ

−−−−−−→ 11− x

(

[a; b] Â� )ö�� .ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ ∞∑

n=0 xnn!
ö��� ýÂ¨ (2 ñ�·õ1

R
= lim
n→∞

∣
∣
∣
∣

1/(n+ 1)!1/n!

∣
∣
∣
∣
= 0

R Â� ýÂ¨ ßþ� ü�ãþ .´¨� ∞ ýÂ¨ üþ�ÂÚÞû á�ãª Å� .ßþ� ¤¢ .f(x) =

∞∑

n=0 xnn!
Ý��î ­Âê .´¨� ÛØÈØþ ý�ÂÚÞûø f(0) = 1 �¤�¬

f ′(x) =

∞∑

n=1 nxn−1n!
=

∞∑

n=0 xnn!
= f(x)ù�Ú÷� ,À�ª�� ù��¿ó¢ a < b Âð� ,ü�ãþ .f(x) = ex �¹�µ÷ ¤¢1+ x+

x22 + · · · + xn

n!
+ · · ·

ÛØÈØþ
−−−−−−→ ex,

(

[a; b] Â� )ß��»Þû
sinhx =

ex − e−x2
= x+

x36 + · · · + x2n+1
(2n+ 1)!

+ · · ·ö��� ýÂ¨ (3 ñ�·õ
∞∑

n=1 3n + (−2)n

n
(x+ 1)nö�� .ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤1

R
= lim

n→∞
(3n+1 + (−2)n+1)/(n+ 1)

(3n + (−2)n)/n

=

(

lim
n→∞

n

n+ 1) lim
n→∞

3− 2(−23)n1+
(

−23)n  = 3�ÂÚÞû ýÂ¨ ù�Ú÷� ,|x + 1| < 13 Âð� ßþ�Â���� .R =
13 Å�Âð� ,ùø�ã� .´¨� �Âð�ø ýÂ¨ ù�Ú÷� ,|x + 1| > 13 Âð� ø ´¨�ù�Ú÷� ,x + 1 =

13 Âð� .x + 1 = ±13 ù�Ú÷� ,|x + 1| =
13�Âþ¥ ,´¨� �Âð�ø �î Ýþ¤�¢ �¤ ∞∑

n=1 1n (1 + (
−23 )n) ý¢Àä ýÂ¨

�� ö��� ýÂ¨ ×þ ∞∑

n=0 an(x − x0)n Âð� .��Ìì 2.4.9ù�Ú÷� ,Àª�� R üþ�ÂÚÞû á�ãªý�ÂÚÞû x ý�¥� �� ö��� ýÂ¨ ù�Ú÷� ,|x − x0| < R Âð� (Óó�.´¨� ÕÜÎõ.´¨� �Âð�ø x ý�¥� �� ö��� ýÂ¨ ù�Ú÷� ,|x− x0| > R Âð� (�
U Â� ö��� ýÂ¨ ù�Ú÷� ,U = [a; b] ⊆ (x0 −R;x0 + R) Âð� (�.´¨� ÛØÈØþ ý�ÂÚÞûø ∞∑

n=0 anxn Âð� .ö��� ýÂ¨ üþ�µØþ �b �Ìì 3.4.9�î) À�ª�� �ÂÚÞû y = f(x) â��� �� (−R;R) ùb¥�� Â� ∞∑

n=0 bnxn.an = bn ý� n Âû ý�¥� �� �¤�¬ ßþ� ¤¢ .(0 < RÀ��î­Âê .ö��� ý�úþÂ¨ üÜ¬� ñ�Þä� �b �Ìì 4.4.9
y = f(x) �� �î Àª�� R üþ�ÂÚÞû á�ãª �� ü÷��� ýÂ¨ ∞∑

n=0 anxn�î Àª�� r üþ�ÂÚÞû á�ãª �� ü÷��� ýÂ¨ ∞∑

n=0 bnxn ø ´¨� �ÂÚÞûßþ� ¤¢ .´¨� üÖ�Ö� ý¢Àä a ø Àª��üõ �ÂÚÞû y = g(x) ���¤�¬�ÂÚÞû y = af(x) �� R üþ�ÂÚÞû á�ãª �� ∞∑

n=0 aanxn (1.´¨��� min{R, r} ≤ üþ�ÂÚÞû á�ãª �� ∞∑

n=0(an + bn)x
n (2.´¨� �ÂÚÞû y = f(x) + g(x)üþ�ÂÚÞû á�ãª �� ∞∑

n=0(a0bn + a1bn−1 + · · ·+ anb0)xn (3.´¨� �ÂÚÞû y = f(x)g(x) �� min{R, r} ≤,¢�ª ù¢�Ôµ¨� ∞∑

n=0 anxn ¥� ∞∑

n=0 bnxn ¤¢ x ý�¹� Âð� (4ù�Ú÷� ,U =
{

x
∣
∣
∣ |x| < R ,

∞∑

n=0 an|x|n < r
} ø |a0| < r.¢�� Àû��¡ �ÂÚÞû U Â� Û¬�� ýÂ¨ýÂ¨ ∞∑

n=0 anxn À��î ­Âê .¤�Ü�� ÍÆ� �b �Ìì 5.4.9ø ´¨� �ÂÚÞû y = f(x) �� �î Àª�� R üþ�ÂÚÞû á�ãª �� ü÷���ýÂ¨ |x − a| < R �î ý� x Âû ý�¥� �� ù�Ú÷� .−R < a < R.Àª��üõ �ÂÚÞû y = f(x) �� ��÷∑∞
n=0 f(n)(a)

n! (x− a)n ö���ÂÑ÷ ¤¢ �¤ ∞∑

n=0 xn ö��� ýÂ¨ (1 .ñ�·õ 6.4.9�Â� .´¨� ×þ Â��Â� R ö��� ýÂ¨ ßþ� üþ�ÂÚÞû á�ãª .ÀþÂ�Ú�182
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R

= lim
n→∞

2n+1√|a2n+1|
=

2n+1√|a1|2n+1√3× 5× · · · × (2n+ 1)
= 0.´¨� �ÂÚÞû R Ûî Â� ýÂ¨Å� .R = ∞ ü�¤�¬ Âû ¤¢ ,ßþ�Â����¥� ´Æ�¤�±ä �ó¢�ãõ ���� á�Þ¹õ ¤¢ Å�

f(x) = (1− a0) ∞∑

n=0 (−1)n2n × n!
x2n + a1 ∞∑

n=0 (−1)nn!

(2n+ 1)!
x2n+1.´¨� ¤�Ü�� ÍÆ� ,ö��� ý�úþÂ¨ À�ó�� ý�úªø¤ ¥� üØþ (5 ñ�·õ

f(x) = sinx â��� �� n �b ±�Âõ ¤�Ü�� ÍÆ� �î Ý�÷�¢üõ ñ�·õ ö���ã��� ´¨� Â��Â� x = 0 �bÎÖ÷ ¤¢
x− x33!

+
x55!

− · · · + (−1)nx2n+1
(2n+ 1)!´ª�÷ ö���üõ �þ� �î Ý�¨Â�üõ ö��î�

sinx = x− x33!
+
x55!

− · · · + (−1)nx2n+1
(2n+ 1)!

+ · · ·ßþ� üþ�ÂÚÞû á�ãª �î Ý��îüõ ���� �ÜÿÆõ ßþ� �� ¾¨�� ý�Â�¤�ÂìÂ� R Ûî Â� ��� ýø�Æ� �¹�µ÷ ¤¢ ø ´¨� ∞ Â��Â� ö��� ýÂ¨�Âþ¥ ,Àª��üõ1
R

= lim
n→∞

n
√

|an|

= lim
n→∞

2n+1√∣∣∣
∣

(−1)n

(2n+ 1)!

∣
∣
∣
∣

= lim
n→∞

12n+1√(2n+ 1)!
= 0.Ý��î �±¨�½õ �¤ ∞∑

n=0 (−1)n3n+ 1 ý¢Àä ýÂ¨ ¤�ÀÖõ (6 ñ�·õ:Ý��îüõ �±¨�½õ �¤ ∫ 10 dx

x3 + 1 ñ�ÂÚµ÷� ¤�Ñ�õ ßþ� ý�Â� .Û�
∞∑

n=0 (−1)n3n+ 1 = lim
x→1− ∞∑

n=0 (−1)n3n+ 1x3n+1
= lim

x→1− ∫ x0 { ∞∑

n=0(−x)3n} dx

(1)
= lim

x→1− ∫ x0 dx1+ x3
= lim

x→1−[16 ln

∣
∣
∣
∣
∣

(x+ 1)2
x2 − x+ 1 ∣∣∣∣∣

+

√33 arctan

(2x− 1√3 )

+
π6√3]

=
ln23 +

π
√39.´¨� ùÀª ù¢�Ôµ¨� 9.1.9 ¥� (2) ´ÞÆì ¥� (1) ¤¢ �Ø�þ� ¼�®��

.´¨� �Âð�ø ∞∑

n=1 1n ×�÷�õ¤�û ýÂ¨ ø 1
n

(1+ (
−23 )n)/

1
n

= 1ý¢Àä ýÂ¨ ù�Ú÷� ,x+ 1 =
−13 Âð� �õ�

∞∑

n=1 (−1)n

n

(1+

(−23 )n)��Þ� �� ü÷�¨�÷ ýÂ¨ ×þ �Âþ¥ ,´¨� �Âð�ø ��÷ ßþ� �î Ýþ¤�¢ �¤
|x+1| <ýÂ¨ üþ�ÂÚÞû �b �õ�¢ ßþ�Â���� .(?�Â�) ´¨� üóø�÷ Â�è.Àª��üõ (−43 ;

−23 ) �þ 13¤¢ �¤ ε := y′′ + xy′ + y = 1 Û�Æ÷�ÂÔþ¢ �b ó¢�ãõ (4 ñ�·õÀª�� ö� ���� ×þ f(x) =

∞∑

n=0 anxn Ý��î ­Âê .ÀþÂ�Ú� ÂÑ÷Àþ�� Å� .(À�î ëÀ¬ �ó¢�ãõ ¤¢ ü�ãþ)
∞∑

n=2 n(n− 1)anx
n−2 + x

∞∑

n=1nanxn−1 +
∞∑

n=0 anxn = 1�¹�µ÷ ¤¢
∞∑

n=1 ((n+ 2)(n+ 1)an+2 + nan + an)x
n + 2a2 + a0 = 1ý� n ≥ 1 Âû ý�¥� �� ø 2a2 + a0 = 1 ßþ�Â����

(n+ 2)an+2 + an = 0 �¹�µ÷ ¤¢






a3 = −13a1,
a4 = −14a2 = −18(1− a0),
a5 = −15a3 =

115a1,... Ýþ¤�¢ á�Þ¹õ ¤¢ Å�
a2n =

(−1)n2× 4× · · · × 2n (1− a0)
=

(−1)n2n × n!
(1− a0)

a2n+1 =
(−1)n3× 5× · · · × (2n+ 1)

a1
=

(−2)nn!

(2n+ 1)!
a1Ýþ¤�¢ ���� ∞∑

n=0 anxn ö��� ýÂ¨ üþ�ÂÚÞû á�ãª �b ±¨�½õ ý�Â��ø¥ ¢�Àä� ý�Â� �î1
R

= lim
n→∞

2n
√

|a2n|
=

2n
√

|1− a0|2( n
√
n!)1/2 = 0183
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∞∑

n=1(1+
1
n

)−n2
e−nx,12)

∞∑

n=1 m(m− 1) · · · (m− n+ 1)

n!
xn,á�ãª Å³¨ ,�µê�þ �¤ Âþ¥ â���� ¥� ×þ Âû ö¤�ó ×õ ÍÆ�:À��î �±¨�½õ �¤ �Ü¬�� ö��� ý�úþÂ¨ üþ�ÂÚÞû13) f(x) = ax, 14) f(x) = cosx,15) f(x) = sinhx, 16) f(x) = coshx,17) f(x) = arctanx, 18) f(x) = arcsinx,19) f(x) = sin2 x, 20) f(x) = e−x

2
,21) f(x) =

x√1− 2x, 22) f(x)=ln





√1+ x1− x



 ,23) f(x) =
x1+ x− 2x2 , 24) f(x)=

x

(1− x)2 ,25) f(x) = (1+ x)e−x, 26) f(x) = ex cosx.:À��î �±¨�½õ �¤ Âþ¥ ý�úþÂ¨ á�Þ¹õ À�27) 1+
x22!

+
x44!

+ · · ·28) x+
x33 +

x55 + · · ·29)
x1× 2 +

x22× 3 +
x33× 4 + · · ·30) x− x33 +

x55 − · · ·Û�Æ÷�ÂÔþ¢ �b ó¢�ãõ ¤¢ ∞∑

n=0 xn

(n!)2 ö��� ýÂ¨ �î À�û¢ ö�È÷ (31.À�îüõ ëÀ¬ xy′′ + y′ − y = 0Û�Æ÷�ÂÔþ¢ �b ó¢�ãõ ¤¢ ∞∑

n=0 x4n
(4n)!

ö��� ýÂ¨ �î À�û¢ ö�È÷ (32.À�îüõ ëÀ¬ y(4) = yÂû ý¤�ÂìÂ� �b �õ�¢ Å³¨ ø ù¢�Þ÷ ´��� �¤ Âþ¥ ý�úþø�Æ� ¥� ×þ Âû:Àþ¤ø� ´¨À� �¤ ×þ33) arcsinx = x+
12 •3x3 +

1× 32× 4× 5x5
+

1× 3× 52× 4× 6× 7x7 + · · ·34) sinhx = x+
x33!

+ · · · + x2n+1
(2n+ 1)!

+ · · ·35) coshx = 1+
x22!

+ · · · + x2n
(2n)!

+ · · ·36) ln

(1+ x1− x

)

=2(x+
x33 + · · · + x2n+12n+ 1 + · · ·

)

�¤ ∞∑

n=0 (−1)nx2n
(n+ 1)(n + 3)

ö��� ýÂ¨ ý��ÎÖ÷ À� â��� (7 ñ�·õ.Àþ¤ø� ´¨À��î Ýþ¢�¢ ö�È÷ 9.1.9 ¥� (2) ´ÞÆì ¤¢ .Û�1− x+ x2 − · · · + (−1)nxn + · · ·ÛØÈØþ
−−−−−−→ 1

x+ 1 , (

(−1;1) Â� )ñ�ÂÚµ÷� [0;1] ùb¥�� Â� ø x �� ´±Æ÷ �Î��¤ ßþ� ß�êÂÏ ¥� ö��î�:ÝþÂ�ðüõ
∞∑

n=0 (−1)nxn+1
n+ 1 ÛØÈØþ

−−−−−−→ x ln(x+ 1),
(

(−1;1] Â� )Â��Â�) x = −1 ý�¥� �� ø ´¨� �ÂÚÞû ln2 �� x = 1 ý�¥� �� �îéÂÏ ø¢ ñ�� .Àª��üõ �Âð�ø (ßþ�Â���� ø ´¨� ×�÷�õ¤�û ýÂ¨:Ýþ¤ø�üõ ´¨À� ø ù¢�Þ÷ �Â® x ¤¢ �¤ ùÀõ� ´¨À� ýø�Æ�
∞∑

n=0 (−1)nxn+2
n+ 1 ÛØÈØþ

−−−−−−→ x ln(x+ 1),
(

(−1;1] Â� )Ǒ�� ùbÀä�ì ×Þî ��) [0;x] ùb¥�� Â� ùÀõ� ´¨À� ýø�Æ� ¥� ö��î�ý� x ∈ (−1;1] Âû ý�¥� �� �¹�µ÷ ¤¢ .ÝþÂ�ðüõ ñ�ÂÚµ÷� (Ǒ�� ��12 (x2 − 1) ln(x+ 1) − x24 +
x2 =

∞∑

n=0 (−1)nxn+3
(n+ 1)(n+ 3)

.,xý�¹� Å³¨ ø Ý���Þ÷ Ý�ÆÖ� x3 Â� �¤ ß�êÂÏ �î ´¨� üê�î ñ��ý� x ∈ (−1;0)∪(0;1) Âû ý�¥� �� �¹�µ÷ ¤¢ .Ý�ûÀ� ¤�Âì �¤ x2
x4 − 12x6 ln(x2 + 1) − 14x2 +

12x4 =

∞∑

n=0 (−1)nx2n
(n+ 1)(n+ 3)

.×þ Âû üþ�ÂÚÞû �b �õ�¢ ø üþ�ÂÚÞû á�ãª .ßþÂÞ� 7.4.9:Àþ¤ø� ´¨À� �¤ Âþ¥ ö��� ý�úþÂ¨ ¥�1)

∞∑

n=1 xnn3 , 2)

∞∑

n=1(1+
1
n

)n2
xn,3)

∞∑

n=1 n!

an
xn, (a > 1), 4)

∞∑

n=1 (n!)2
(2n)!

xn,5)

∞∑

n=1(ann +
bn

n2)xn, 6)

∞∑

n=1 12n+ 1 (1+ x1− x

)n

,7)
∞∑

n=1 xn

an + bn
, 8)

∞∑

n=1 xn

a
√
n
,9)

∞∑

n=1 (3+ (−1)n)
n

n
xn, 10)

∞∑

n=1 (−1)n

n!

(n

e

)n

xn,184



ö��� ýÂ¨ 4.9 üã��� ýÂ¨ ø �ó�±÷¢ 9 ÛÊê6.4.9 ¥� (7) ´ÞÆì �� ��±ª üªø¤ ¥� Å³¨ ø ´¨�(.À��î áøÂª ex =

∞∑

n=0 xnn!
ö��� ýÂ¨ �� .À���Þ÷ ù¢�Ôµ¨�ö�È÷ �¤�¬ ßþ� ¤¢ ,À�½�½¬ ¢�Àä� q ø p À��î ­Âê (38�î À�û¢

∫ 10 xp−11+ xq
dx =

1
p
− 1
p+ q

+
1

p+ 2q − 1
p+ 3q + · · ·ù�Ú÷� ,−1 < x < 1 Âð� �î À�û¢ ö�È÷ (3911+ x

+
2x1+ x2 +

4x31+ x4 +
8x71+ x8 + · · · =

11− x

n �� 1 üã�±Ï ¢Àä n �ø¢ ö��� á�Þ¹õ Sn �î ü�¤�¬ ¤¢ (37À�û¢ ö�È÷ ,Àª��
S11!

+
S22!

+ · · · + Sn
n!

+ · · · =
176 eñ¢�ãõ ùÀª �ÂÎõ ÝØ� �î À�û¢ ö�È÷ :üþ�Þ�û�¤)

∞∑

n=1 n(n+ 1)(2n + 1)

n!
= 17e

185
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üþ�±Ôó� ´¨Âúê151 ,�ÂÚÞûýÂ�Úó�ÂÚµ÷�109 , 1
(αx + β)n

√

ax2 + bx+ c
ÛØª �� â���� ¥�109 ,P (x)

√

ax2 + bx+ c ÛØª �� â���� ¥�107 ,�ø¢ ��¤¢ Ûõ�ä ×þ ¥� ý¤Á� Ûõ�ª â���� ¥�99 ,ýÂÆî â���� ¥�115 ,ü��·Ü·õ ý�þ�ð â���� ¥�116 ,�ø�Ôµõ ý�þ�ø¥ �� ü��·Ü·õ â���� ¥�110 ,P (x,(ax+ b

cx+ d

)p1/q1
, · · ·

) ÛØª �þ â���� ¥�113 ,§���Æî ø §���¨ ¼�½¬ ý�ú÷��� ¥�111 ,üÜ�Æ÷�ÂÔþ¢ ý��ÜÞ� ø¢ ¥�119 ,üµÈð¥�� ©ø¤ ��107 , Pn(x)
√

ax2 + bx+ c
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